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Tracking  Properties  and  Steady-State  Performance of 
RLS Adaptive Filter Algorithms 

EVANGELOS  ELEFTHERIOU AND DAVID D. FALCONER, FELLOW, IEEE 

Abstract-Adaptive signal processing algorithms derived from LS 
(least squares) cost functions are known to converge extremely fast and 
have excellent capabilities to “track” an unknown parameter vector. 
This paper treats analytically and experimentally the steady-state op- 
eration of RLS (recursive least squares) adaptive filters with exponen- 
tial windows for stationary and nonstationary inputs. A new forqula 
for the “estimation-noise” has been derived involving second- and 
fourth-order statistics of the filter input as well as the exponential win- 
dowing factor and filter length. Furthermore, it is shokn that the ad- 
aptation process associated with “lag effects’’ depends solely on the 
exponential weighting parameter k. In addition, the calculation of 
the excess mean square error due to the lag for an assumed Markov 
channel provides the necessary information about tradeoffs between 
speed of adaptation and steady-state error, It is also the basis for com- 
parison to the simple LMS algorithm. In a simple case of channel iden- 
tification, it is shown that the LMS and RLS adaptive filters have the 
same tracking behavior. Finally, in the last part, we present new  RLS 
restart procedures applied to transversal structures for mitigating the 
disastrous results of the third source of noise, namely, finite precision 
arithmetic. 

I. INTRODUCTION 

A N area  which  is of strong  current  practical  impor- 
tance  and  research  interest  is the adaptive  channel es- 

timation  and  equalization of rapidly  time-varying  chan- 
nels. 

Adjustment  algorithms  for  adaptive  filtering  derived 
from LS (least  squares)  cost  functions are known to con- 
verge  extremely  fast  and  have  excellent  capabilities  work- 
ing in  a  time-varying  environment.  Although  various  sim- 
ulation  results  confirming  these  facts  can  be  found in the 
literature,  there ’is little  theoretical  work  published  de- 
scribing  the  steady-state  performance  characteristics of the 
RLS  (recursive  ‘feast  squares)  adaptive  filter. 

It  is  known  that  all  adaptive  filters  capable of adapting 
at  real-time  rates  experience  losses  in  performance  be- 
cause  their  adjustments  are based on  statistical  averages 
taken  with  limited  sample  sizes [l]. For  exponentially 
windowed RLS  algorithms,  these  losses  expressed  through 
the  excess MSE (mean  square  error)  are  a  result  of  two 
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main  sources of error.  The first source of error  is  attrib- 
uted  to  the  exponential  weighting of the  squared  error  se- 
quence  and  therefore  to  the  exponential  nature of the  es- 
timators used to  estimate  the  correlation  matrix  and  the 
cross-correlation  vector [3], i.e., finite  window  effect. 
This  error,  which  we  shall  call  “estimation-noise,”  re- 
sults in a  misadjustment of the  coefficient  vector of the 
adaptive  filter  from  its  optimal  setting. An analogy  to  the 
previous  situation  is  encountered  with  the  LMS  (least 
mean  square)  adaptive  filter  because of the  gradient  noise 
[ 5 ] .  The  second  source of error  is  associated  with  filtering 
nonstationary  signals.  This  error,  which  has  been  called 
“lag  error,”  is caused by the  attempt of the  adaptive  sys- 
tem  to  track  variations of the  input  signal. At this  point, 
we  should  emphasize  that  finite-precision  arithmetic  also 
contributes  to  the  excess MSE, and in that  sense  could  be 
considered as  a third  source of noise.  More  important, 
however,  is  the  fact  that roundoff errors  trigger  numerical 
instabilities posing potential  problems in implementing  the 
RLS  adaptive  algorithms. 

The  analysis of the  stationary  and  nonstationary  char- 
acteristics of the LMS algorithm  can be found  in  the  pi- 
oneering  work of Widrow et al. in [5]. In [4], the  tracking 
ability of a  wide  class of adaptive  signal  processing  al- 
gorithms  has  been  studied.  That  work  develops  an  upper 
bound on  the  squared  error  between  the  parameter  vector 
being  tracked  and  the  value  obtained by the  algorithm. 
Also, in [6] and [7 ] ,  a  more or  less qualitative  analysis of 
a preliminary  experimental  examination of the  response 
of an  adaptive  lattice  predictor  and  a  Kalman  estimator  to 
nonstationary  inputs  has  been  presented,  respectively. 
Very recently,  the  analysis of the  behavior of an  orthog- 
onalized  LMS  adaptive  filter in a  time-varying  environ- 
ment appeared  in [8]. A discussion of the  steady-state  op- 
eration  limitations of RLS  adaptive  algorithms,  because 
of the  finite  precision  arithmetic  and  possible  solutions, 
can  be  found in the work of Cioffi and  Kailath [lo] and 
Lin  [9].  Finally,  work  more  closely  related  to  the  subject 
of the  present  paper,  and  especially  to  the  part  dealing 
with the’calculation of the  “lag  error”  time  constant,  has 
been  presented by Ling  and  Proakis  in [ 111. 

In  this  paper  we  present  an  attempt  at  quantitive  under- 
standing of the  steady-state  performance  characteristics of 
adaptive  filters  driven by RLS  algorithms. A  new,  more 
accurate  expression  for  the  “estimation-noise”  than  the 
one  given  in [3] and [ll] has  been  derived.  Furthermore, 
the  general  tracking  ability  and  the  explicit  calculation of 
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the  excess  MSE  due to the lag effects for  an  assumed  Mar- 
kov channel  provides the necessary  information  about  the 
tradeoffs between  speed  of adaptation and  steady-state 
performance. A number  of simplifying assumptions is 
made in order to obtain simple results which  give insight 
into the adaptation  process.  Finally,  we  describe new  re- 
start procedures  which  guarantee  smooth reinitialization 
and steady-state operation of  the  adaptive  algorithm with- 
out introducing any significant performance-degrading 
transients.  These restart procedures  appear to make  the 
RLS or FRLS (fast recursive least squares) transversal fil- 
ter algorithms  viable for  adaptive  equalization or channel 
estimation of time-varying  channels. 

Throughout  our analysis for  the estimation and  lag  error 
noises, we use the mathematically  more tractable trans- 
versal filter realization as opposed to a  lattice filter real- 
ization,  without  any  loss of generality,  since it has  been 
shown,  e.g.,  [12], that these  algorithms  perform  simi- 
larly, neglecting errors  due to finite word  length,  and they 
are  all equally fast converging. 

The  remainder of this paper is organized as follows. 
Section I1 is a brief review  of the RLS  adaptive filters. 
This section cites  the general concepts  of RLS adaptive 
algorithms and establishes the relevant notation that will 
be  used  in the sequel. Section 111 derives a new formula 
for  the  excess  error  due  to the “estimation-noise.” Sec- 
tion IV presents analytical results concerning the behavior 
of the RLS adaptive filters in a  time-varying  environment. 
Section V discusses restart procedures  for  RLS transver- 
sal algorithms as  a remedy to numerical roundoff errors. 
Section VI presents experimental results of  computer  sim- 
ulations that verify the developed  theory.  Finally, Section 
VI1 is a brief conclusion. 

11. RECURSIVE LEAST SQUARES ALGORITHMS 

In this section we describe briefly the basic principles 
of the LS adaptation problem.  The general adaptive filter 
is shown in Fig. 1. The system is considered to be of the 
tapped delay line  form of length N .  The  impulse  response 
of the system is denoted by the N X 1  complex vector 
C(n) (where n is the  discrete  time  index).  The adaptive 
system is acting on the input signal samples x(n) ,  while 
the other input d(n) is the so-called “desired  response.” 
If at time n the adaptive filter has the N latest inputs stored 
denoted by the vector 

X(n) = (x(n)”, x(n - l)”, - , x(n - N + l)*)*,’ 

(2.1) 

then the adaptive filter output at time n, C(n - I)* X(n),  
may differ from the ideal output d(n) by an  error e(n) 

e(n) = d(n) - C(n - 1)* X(n). (2.2) 

The  objective  of  the LS algorithms is to generate that tap- 

‘The * denotes  conjugate  scalars and conjugate  complex transposed vec- 
tors or matrices. 

DESIRED-RESPONSE 
SEQUENCE dln) 

FILTER 

$1 

SEQUENCE 
ERROR d n )  

Fig. 1. Adaptive filtering system. 

coefficient vector C(n) at time n which  minimizes  the 
weighted  cumulative  squared  error [ 121, [ 131, 

n 

J(n) = C Xn-k(d(k) - C(n)* X(k) [* .  (2.3) 
k = O  

In the  sense  of this error  minimization  criterion  then, the 
recursive least squares estimation  algorithm  makes the 
best possible use of all data {X(k ) ,  d (k) )  up to time n; 
therefore, in this sense, it converges  and tracks “as fast 
as  possible.”  The  parameter X is some  positive constant 
close to but less than 1 used  for exponential weighting of 
the past. Roughly  speaking, 1/(1 - X) represents the 
memory of the  algorithm. 

The  minimizing  vector is the solution of the discrete 
time,  Wiener-Hopf  equation 

C(n) = k(n)-‘ V(n) (2.4) 

where 
n 

R(n) = c A” - k  X(k)  X@)* (2.5) 
k = O  

and 
n 

P(n) = c X” - X(k) d(k)*. (2 * 6) 
k = O  

It  can  be  seen that for h = 1 and large n,  ( l l n )  &(n) is a 
consistent estimate of the input signal vector autocorre- 
lation matrix  and ( l /n )  P(n) is  a consistent estimate  of the 
cross correlation between the input signal vector and the 
desired response [ 121. 

At this point it should be noted that the solution of  (2.4) 
could  follow basically along  one  of  two possible direc- 
tions. The first procedure is based on the fact that (2.5) 
and (2.6) can  be written recursively in time  and, there- 
fore, that the sequence C(n) obeys  the  following  time  up- 
date relation [ 121, [ 131 : 

C(n) = C(n - 1 )  f K(n) e@)* (2.7) 

where K(n) is  the  Kalman gain defined as 

K(n) = R(n)-’ X(n) .  (2.8) 

The  inverse  estimated correlation matrix Z?(n)-’ displayed 
in (2.8) greatly accelerates  the adaptation process since it 
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performs  the  appropriate  orthogonalization of the  auto- 
correlation  matrix as  a means  to very fast  adaptation [ 141. 
This  approach,  i.e., (2.7) and  (2.8),  for  solving  (2.4) 
leads  to  the  transversal  adaptive  filter  structure;  that  is 
the  adaptive  filter  model  we are going  to  use  throughout 
our analysis. 

A second  approach  for  solving  (2.4)  is by lattice  meth- 
ods [ 151, [ 181. In  this  method,  certain  properties of the 
estimated  autocorrelation  matrix are used in order  to  ob- 
tain  order-updated  equations. We should  emphasize  that 
the RLS algorithms of lattice or transversal  filter  form 
perform  the  same  minimization of (2.3) and, therefore, 
offer  the  same  convergence  and  tracking  ability. The dif- 
ference  lies in the  manner  and  the  complexity  with  which 
the  minimization  is  achieved [12] and  the  numerical  sta- 
bility  properties as  well. 

Both approaches may be implemented  with  fast  recur- 
sive  least  squares (FRLS) algorithms  which  exploit  the 
shift  relationship  between  successive  input  vectors X(n) 
to  limit  the  computational  complexity of the  order of N 
[ m ,  ~121,  ~ 3 1 ,  [151, 1181. 

111. RLS ADAPTIVE FILTERS AND THE 
"ESTIMATION-NOISE" 

During  the  adaptation  process,  the  filter  is  trying  to 
match  its  coefficients C(n) with  those of some  unknown 
parameter  vector. For  instance, in a  channel  estimation 
situation  this  parameter  vector  will  be  the  unknown  im- 
pulse  response  to be identified,  while  in  the  equalization 
case  it  will  .be  the  impulse  response  that  minimizes  the 
overall  mean  squared error. 

It  has  been  shown [lo] that,  for X = 1 and n --f 03, LS 
adaptation  algorithms  realize  the  optimum  Wiener  solu- 
tion Copt. Unfortunately,  things  change  drastically if one 
uses  exponentially  windowed RLS algorithms  in  order  to 
track  possible  variations  in  the  unknown  channel.  In  that 
case,  the  inconsistency of the  exponential  weighted  esti- 
mators,  and  generally any finite  window  estimators, 
causes  noise  in  the  tap  coefficients  and  causes  them  to be 
on  the  average  misadjusted  from  their  optimal  values.  This 
noise  in  the  tap  coefficient  vector C(n) is  the  source of an 
excess  error (the  error  above  the MSE of the  Wiener so- 
lution),  namely, ' 'estimation-noise" or "misadjustment- 
noise. ' ' 

We  recall  [2], [5] ,  [14] that the excess MSE is 
E(AC(n)* - R * AC(n) ) .  Here R is a  positive  definite 
matrix  with  elements 

rij = E(x(n - i + 1) x(n - j + 1)*} 1 I i, j I N 

(3.1) 
and AC(n) is  an N X 1-dimerisional  tap-coefficient  error 
vector,  i.e., 

AC(n) = C(n) - Copt (3 .2) 

where Cop, is  the  solution of  the  following  matrix  equa- 
tion: 

Copt = R-' V ,  (3.3) 

and V denotes  another N X 1-dimensional  vector  with  ele- 
ments 

ui = E(x(n  - i + 1) d(n)* 1. (3.4) 

Using  the  adaptation  equation (2.7) along  with  the  defi- 
nition of the  Kalman  gain  and  the  error  sequence e(n), we 
can  easily show that 

R(n) C(n) XR(n - 1) C(n - 1) + X(n) d(n)*. (3.5) 

Defining  the  optimum  error  at  time n as 

eopt(4 Li d(n) - c:pt X(n) (3.6) 

R(n) = XR(n - 1) + X(n) X @ ) * ,  (3.7) 

and  using  the  fact  that 

equation (3,5) yields  the  following  recursive  relation  for 
the  tap-coefficient  error  vector: 

~ ( n )  A C ( ~ )  = - 1) A C ( ~  - 1) + ~ ( n )  eopt(n)*. 

(3.8) 
The  solution  to  this  equation  reads 

AC(n) = X"&(n)-' g(0) AC(0) 
n 

+ &- '  C ~ ( k )  ezpt(k) (3.9) 

where AC(0) and &(O) are  iterations  starting  fixed  quan- 
tities. In particular,  for the exponential  windowed RLS 
algorithm 8(0) is  a  diagonal  matrix  such  that 

k =  1 

ri(0) = SZ,, (3.10) 

where INN indicates  the N X N unit  matrix  and 6 is  a  small 
constant  which  ensures  positive  definiteness of &(n) for 
all n. 

Although our ultimate  aim  is  an  expression  for  the  ex- 
cess  mean  square  error,  we  shall  begin  with  the  average 
tap-coefficient  error  vector,  a  simpler  quantity,  but  one 
which  gives  some  insight  on  the  initial  convergence and 
the  parameters  involved in it. Taking  expected  values  on 
both sides of (3.9),  we  get 

E(AC(n))  = Xn6E(&(n)-' } AC(0) 

+ E  @(n)-' X n w k  X(k)  eopt(k)*] . [ k 1 1  

(3.11) 

The  optimum  error  sequence eopt(n) can  be  shown  to  be 
orthogonal  [19]  with X(n) .  We  also assume  that &(n) is 
independent of X(@ and eop,(k).2 Therefore,  the  second 
term in (3.11) is  approximately  zero,  leaving  only  the  first 
term  as  the  dominant  one  during  initial  convergence.  The 
fact  that X" -+ 0 for 1 hJ < 1 (for  the  case of h = 1, see 
[lo]), and  the  asymptotic  stationarity of the  estimated  cor- 
relation  matrix &), indicates  that  the  expected  tap-coef- 

*fi(n)  (estimate of the  autocorrelation  matrix) is a  function of all past 
history of the  input  signal  vector. 
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ficient error  vector  converges  always  to  zero as long  as 
R(n) retains its  positive  definite  nature. We  also observe 
that RLS tap-coefficient convergence  is  independent  from 
the  eigenvalue  distribution. Only the  product E{I?(n)-’ 
k(O)}, which in a worst  case  scenario  has a norm on the 
same  order  as  the product  of 6 and  the  inverse of the 
smallest  eigenvalue  of R, affects in a proportional  manner 
initial convergence.  An  excellent  discussion  on  the  choice 
of 6 can be found in [ 101. The above-mentioned  behavior 
is in contrast to the  initial  convergence  of  the LMS algo- 
rithm.  In  the  latter  case,  the  eigenvalues  themselves  form 
the  convergence  time  constants  and  determine  the  value 
of,the adaptation  size p which ensures  stability. 

In the  sequel,  the  asymptotic  behavior  of  the mean 
square  error is going  to be studied.  In  particular,  our ma- 
jor concern will be directed to the  steady-state  analysis of 
the  average  excess mean square  error in RLS  adaptive fil- 
ters  denoted by E {AC(n)* RAC(n)) ,  i.e., the  average  of 
the  error AC(n)* RAC(n) at time n with respect to all pos- 
sible  input  sequences {X(.)> and {d (n ) )  . In  order  to  fa- 
cilitate  mathematical  treatment, AC(n - 1)  and X ( n )  are 
assumed  independent of each  other. 

Let qn be defined as 

qn AC(n)* RAC(n). (3.12) 
In  Appendix A- 1 we  show  that  at  the  steady-state E { qn I 
satisfies the  following  relation: 

E{q,z}  2: X2E{q , z - l )  + (1  - X)2 trace 

* { I N N  + E { m 2  I ) %pt (3.13) 
where P(n) is a zero mean fluctuation matrix. The matrix 
S = E ] has  entries which depend on  some  fourth- 
order  statistics of the  received  signal  [see  (A2.14)]. Un- 
der  these  conditions,  the  asymptotic  value of E {q,z > will 
be 

A l - x  
%st = Em is,> = I+x trace {hGv + w ( n > 2  > >  Copt. 

(3.14) 
The  above  formula  is a general  expression  for  the  excess 
MSE due  to  “estimation-noise” in exponential  weighted 
RLS  adaptive  algorithms. 

A simplification of (3.14), which retains the  essence 
and  emphasizes  more  the  quantitive  characterization of the 
“estimation-noise,”  can be achieved if  we further  assume 
that in the  steady  state  the  diagonal  elements  only  of R 
and R(n) contribute  to  the  estimation  error  [see  Appendix 
A-2,  (A2.7)].  Thus,  asymptotically, S will be of diagonal 
form  with  elements 

y i = j  

i # j (3.15) 

where 

(3.16a) 

and 

a2 lxI2 6 var (lx(n)I2) (3.16b) 

(@x)  = (var (4n>H2. (3 .16~)  

The statistical  parameter y can be computed in a straight- 
forward  manner  for  given  channel  and  signal  statistics. In 
that case, it can  easily be  shown  that  the  steady-state  ex- 
cess mean square  error will be 

2 2  a 

This  formula  is  an  expression for the  “estimation-noise.” 
It  gives a quantitive  insight  of  the  excess MSE due  to the 
exponential  nature of the  RLS  estimators. If  we define the 
“misadjustment”  as  the  dimensionless ratio of the excess 
MSE to  the minimum MSE [SI, we get 

For values  of h very close  to 1 and y reasonably small 
(for  instance, if the  input  samples  are  assutned to be 
Gaussian  distributed then y = 2), it can be shown easily 
that 

l - x  
l + h  

1 4  -y = 1. 

Therefore,  (3.17)  becomes 

(3.19) 

(3.20) 

and the  corresponding  misadjustment  formula will be 

l - X  M=- 
l + x N .  (3.21) 

The result of (3.20) had first appeared in  [3].  A different 
proof was also  given in [ 111. That  expression is less  gen- 
eral than the  ones  we  derived  [(3.14),  (3.17)]  because its 
applicability is restricted to values  of h very close to 1. 
The key assumption  in  its  derivation is (3.19), which es- 
sentially is  equivalent to modeling  the  estimated  autocor- 
relation matrix  as  follows: 

f i(n)-’R = (1 - X) INN as n -+ 03. (3.22) 

This  model  is a degenerate  form  of the relation (A2.4) in 
Appendix  A-2,  where  the  asymptotic  variance  of  the  ele- 
ments of the  perturbation  matrix  is  considered to be very 
small or  zero. Apparently, as we decrease h, the  above 
assumption  can  no  longer  be  justified.  Thus, the influence 
of the  statistical  parameter y becomes  noticeable. 

In  any  case,  we  see  that  as  the memory  of the  system 
decreases so the  misadjustment  increases.  In  general,  fast 
adaptation  leads  to a more noisy adaptation  process. In a 
stationary  environment,  the  best  steady-state  performance 
results from slow adaptation which corresponds to X = I .  

Concluding,  we should emphasize  again that the for- 
mulas (3.14)  and (3.17) we  derived for  the  excess MSE 
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indicate that the  level of the estimation noise does not 
depend solely on  the nature of the  "windowing" but on 
some  fourth-order  statistics  of  the input signal as well. 
The  latter  is  more noticeable in fast adaptation where X 
may take values as low as 0.9. 

IV. RLS  ADAPTIVE  FILTER  RESPONSE TO 

TIME-VARYING INPUTS 
A. Tracking Behavior 

The problem  we  examine here involves adaptive filter- 
ing of an  unknown  time-varying  system  using  an  RLS 
transversal filter of length N. As a result of the nonsta- 
tionarity of the  environment,  the  optimum solution will 
be an  N-dimensional vector dependent  on  the discrete-time 
index n ,  Copt(n), reflecting variations of the autocorrela- 
tion matrix  and  cross-correlation  vector, respectively. 

The  degree of mathematical difficulty in analyzing  non- 
stationary cases  is directly related to the  particular  appli-' 
cation. In a general situation such as channel equaliza- 
tion,  both the autocorrelation matrix R(n)  and the cross- 
correlation vector V(n) will be functions of the  time.  In 
the system identification case,  however,  only  the  cross- 
correlation vector will depend  on  time. 

For  an  RLS transversal filter, the  adaptation  equation 
(2.7) yields 

C(n) = C(n - 1) + K(n) e@)* 

= C(n - 1) + &I)-' X(n) X(n)* (Copt(n - 1) 

- C(n - 1)) + eopt(n)* (4.1) 

44 4 Copt(n - 1)" + eoptw (4.2) 

where we have defined 

and eopt(n) represents the minimum (in a  mean square 
sense) error at time n. In studying tracking behavior,  we 
may exclude  the influence of the estimation noise,  since 
the deviation of E {  C(n))  from Cop,(n) determines  the re- 
sponse of the  adaptive  algorithm to the nonstationarities 
of  the  environment.  ,Taking  expected values on both sides 
of (4.1) and  assuming  that E(n) is independent of X(n)  
and eopt(n), also using the fact [ 191 that X(n) and eopt(n) 
are orthogonal,  we  get 

E{C(n)} = E{C(n - 1)) + E(&,)-' X(n)  X ( n ) * )  

* (Copt(n - 1) - E{C(n  - 1))). (4.3) 

In Appendix  A-3 we show that if the variations of the 
environment  are  slow  with respect to the memory of the 
adaptive algorithm then, independently of the adaptive 
system structure (i.e.,  equalizer  or channel  estimator), we 
approximately  have 

X(n)  X(n)* 1 = (1 - X) INN. (4.4) 

Substituting (4.4) into (4.3),  we finally get 

E{C(n)) = E { C ( n  - 1)) + (1 - X) 

* (Copt(n - 1) - E { C ( n  - 1))). (4.5) 

If  AC(z) is the z transform  of  the lag. error  vector AC(n) 
k E ( C(n)} - Copt(n), then 

The  above  transfer function has  a  zero at z = 1 and  a  pole 
at z = A. Thus,  under general time-varying  conditions, 
the lag error  vector is a  geometric  converging  process. 
The  time constant of the  process  given  by 

is the  same  for  all  coordinates i, 1 5 i I N .  It  is also 
independent  of  the  spread of the  eigenvalues of the  auto- 
correlation matrix. This is in  contrast to the  LMS algo- 
rithm  where the  time constant is, in general, different for 
each  component  and  corresponds to a  particular  eigen- 
value of R(n)  [5] .  The  independence  of  the geometrically 
converging  process  from the  eigenvalue distribution 
causes the tracking ability of  the  RLS  algorithms to be 
always at least as good as  that of the  LMS  algorithm. 

B. Calculation of the "Excess  Lag " MSE 
In this section we  are  going to derive  an  expression  for 

the "excess  lag"  MSE  concerning  a  particular applica- 
tion,  namely,  channel  estimation. 

The  model for  the  unknown  system  to  be  used in this 
investigation is a  tapped  delay line filter structure  with 
time-variant coefficients and length N .  It is assumed,  fur- 
thermore,  that  the  unknown coefficients obey a first-order 
Markov difference equation,  i. e. ,  

where 1 0 1 1  < 1 and W(n)  is a  zero  mean  Gaussian  random 
vector with  covariance  matrix 

for all k ,  1 where 8kl is the  Kronecker delta, which is 1 
for k = 1 and 0 otherwise.  Such  a  mf del has  been  used 
in [5] and [8] for  the study of  the notlstationary charac- 
teristics of  the  LMS  and  orthogonalized  LMS  algorithm, 
respectively. 

Clearly,  a  common region of  operation  for  the adaptive 
algorithm will be I/( 1 - a)  >> 1/( 1 - X). Therefore, in 
cases of interest, a will be  very  close to but less  than 1. 
Using this assumption  along  with (4.6),  (4.8),  and  (4.9), 
the  covariance  matrix  cov  {AC(n)>  of the lag error vector 
can  be calculated as 

m 1 

(4.10) 

We  observe that the lag error  covariance  matrix,  and  sub- 
sequently the excess lag MSE are  geometrical  con- 
verging  processes  with  time constant 1/(1 - X2). Fur- 
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thermore,  since in most practical situations X usually takes 
values no  lower than 0.9, we can  use  the  approximation 

1 1 -- 
1 - X2 - 2(1 - X) . (4.11) 

Finally,  using  the fact that 

elag = E{AC(n)* RAC(n)} = E(tr (RAC(n) AC(n)*)) 

(4.12) 

where tr ( e )  stands for  the  trace  of the matrix in the brack- 
ets, we get 

2 

flag = 
UW tr (R). 

2(1 - X) 
(4.13) 

The expression  given by (4.13) indicates that the  excess 
MSE  due to the  lag, q a g ,  is directly related to the variance 
of  the  source of nonstationarity, to the power  of  the input 
signal,  and to the  memory of the  RLS  algorithm as well. 
As X approaches 1 the lag error  approaches infinity. The 
extreme situation of X = 1 corresponds to an equal 
weighting  of all past information in calculating an up- 
dated coefficient vector.  For X < 1, the past is attenuated 
geometrically, and therefore,  the  algorithm  can track vari- 
ations of the input statistics. 

The total excess  MSE is the sum of the  excess MSE 
due to estimation noise and  due to lag.  Combining  (3.20) 
and (4.  13), we get 

1 - X  1 
€tot = 1+x NEopt + - x) tr (R)uL. (4.14) 

The  formula  derived  for the total excess MSE can  be  op- 
timized  with respect to the  parameter r.. Differentiating 
(4.14) and setting the result equal to  zero,  also noticing 
that 

NU: = tr (R),  (4.15) 

we get 

1 - P  
hopt = - 

1 + P  
where 

1 12 

P = (E) 
(4.16) 

(4.17) 

with the constraint P < 1. It is interesting to note that  the 
optimum Xopt is independent of the length of the adaptive 
filter. It  depends  on  the  statistics of the input signal, on 
the statistics  of  the nonstationarity driving noise,  and  on 
the minimum  MSE as well. In Fig.  2,  the total excess 
MSE has been plotted for  a hypothetical RLS adaptive 
filter of length N = 10 and eOpt = lou3. The two curves 
shown in Fig. 2 correspond to two different levels of u$, 
i.e., u& = and u& = low6.  It  appears that the  higher 
the level of the u& is,  the  smaller the hopt should  be. 

It is of great importance to compare  the  above results 
to those derived by Widrow et al. for the LMS algorithm 

Fig. 2. Total  excess MSE, ctor versus exponential  windowing  factor h. 

in [5].  We recall that  for  the LMS adaptive filter, the  time 
constant T~ ,LMS and the total excess MSE are  given by 

and 

(4.18) 

respectively, where p is the  adaptation step size and pi is 
the  eigenvalue  corresponding to the ith component of the 
tap-coefficient vector.  We  observe that if all  eigenvalues 
of R are equal and tr (R) = N ,  then by choosing p = 
(1 - X)/2, the time constants and the total excess  MSE 
corresponding to the  LMS  and  RLS  adaptive  algorithm 
become  equal.3  Hence,  one  would  expect the steady-state 
performance  of the two  algorithms  for  white inputs to be 
exactly the same at least  when the unknown coefficients 
obey  a first-order Markov stochastic difference equation. 
In many cases, the value of p,  which predicts similar 
tracking behavior  with that of the  RLS  algorithm,  might 
exceed the critical  value  for  a stable operation.  For  an 
LMS  adaptive  algorithm  with  white inputs such that tr (R)  
= N ,  it can  be  shown [16], [28] that the step size p must 
always satisfy the  following inequalities: 

1 
O < p < N .  (4.20) 

For  example, in the hypothetical situation we discussed 
previously, we have  seen that if u i  = then Xopt = 
0.904. This  value suggests p = 0.048. If an  adaptive fil- 
ter with length N I 21 is to be  used, then obviously the 
optimum  value of p which gives same tracking perfor- 
mance violates the stability bound established in (4.20). 
When the maximum  stable  value  of  the  step  size is in- 
serted instead, then there is a significant tracking advan- 
tage of the  RLS  algorithms.  Thus,  for relatively long fil- 

'Equality holds also for the covariance of the lag error  vector cov 
{ A C ( n ) )  of the two algorithms. 
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ters used in time-varying  environments,  RLS  algorithms 
yield superior tracking performance.  However,  for fairly 
short system-identification filters, where the LMS  step 
size p which  guarantees  similar  tracking  behavior  does 
not violate the stability bound  of (4.20),  there is no  track- 
ing advantage  in  using  the  more  complex  RLS  algorithm. 

V. FINITE PRECISION ARITHMETIC CONSIDERATIONS 

A. Steady-State Pe~ormance 
A crucial factor  in addition to the tracking ability and 

complexity  of  an  adqptive filter algorithm is its  numerical 
stability.  Numerical  instabilities  or finite precision prob- 
lems  pose potential problems for any recursive least 
squares adaptation  algorithm  transversal  or  lattice,  which 
minimizes (2.3),  since  according  to  (2.3)  this minimiza- 
tion explicitly or implicitly forms  and inverts an N X N 
matrix  whose  elements are found by accumulating 
weighted  sums of all  previous filter inputs.  Previous sim- 
ulation studies have repokted that  the transversal FRLS 
adaptation algorithm  tend to become unstable (the coef- 
ficients “blew  up”), especially for A less  than unity (fast 
adaptation) [lo], [12]. The  same  phenomenon  has  also 
been  observed  with  the  much  more  cbpputation-intensive 
RLS  algorithm.  The  most  stable reported recursive least 
squares transversal adaptive filter is the “square-root  Kal- 
man” filter [22], but  even in this  case, it was  considered 
necessary to  reinitialize  certain  variables of the  algorithm 
about  once  every  100  symbol intervals to avoid instabili- 
ties due to roundoff errors.  It  is worth noting that  the rel- 
atively slow  converging  simple  LMS adaptive transversal 
filter does not fall prey to numerical stability resulting 
from roundoff error.  However, digital implementation  of 
the  LMS as  a fractionally spaced  equalizer  must  be care- 
fully designed to avoid  problems  due to bias in some types 
of digital arithmetic  [23]. 

Among  lattice adaptive filters,  the  FRLS lattice has been 
found to exhibit  better  numerical stability than its FRLS 
transversal counterpart  [12].  Still  more  stable is a nor- 
malized version of the  FRLS  lattice [24], which unfortu- 
nately is more  computation  intensive, requiring square 
roots as well as multiplications and divisions. We  should 
emphasize that adaptive lattice algorithms all require many 
more  divisions  than  do the transversal filter algorithms; 
thus,  their  complexity if implemented  with  most existing 
or contemplated digital signal processing devices is even 
greater. 

It is unfortunate that  the  FRLS  or  ‘‘fast  Kalman” ad- 
aptation algorithm,  which is the least computation inten- 
sive of all  the equally fast  converging  RLS and FRLS  al- 
gorithms is also the most  numerically unstable. A recent 
study of this  type  of  algorithm  suggests modifications to 
it which may improve its numerical stability and  even de- 
crease its complexity  somewhat [lo]. 

Our  remedy  for  numerical stability problems  of  FRLS 
transversal filter is periodic reinitialization.  We  describe 
new restart procedures  which  guarantee  smooth reinitial- 
ization of the adaptive algorithm  without introducing any 

significant performance-degrading  transients.  These re- 
start procedures  appear to  make  the  FRLS transversal fil- 
ter  algorithm viable for  adaptive  equalization  or  channel 
estimation of time-varying  channels. The new restart pro- 
cedures  have  some  essential differences from those re- 
ported in [9] and [lo]. We  shall  illuminate  these differ- 
ences in the next  paragraph. 

B. Periodic Restart for FRLS Algorithms 

To avoid  buildup of roundoff errors  with  time,  we pro- 
pose interrupting and restarting the  FRLS  with critical in- 
ternal variables cleared to zero,  at  periodic  intervals,  say, 
every M symbol  intervals.  Immediately  following  such  a 
restart at  time M ,  a  simple  LMS  adaptation  algorithm, 
which  has  been initialized with the tap-coefficient vector 
C(M - 1) that  the  FRLS  algorithm  has  obtained  just be- 
fore  the restart was  initiated,  provides  the filter output 
temporarily until the restarted FRLS takes over  again after 
a short time. 

FRLS  methods  have  been  developed  which,  aided by 
the  LMS  algorithm’s  tap coefficients, converge  faster  dur- 
ing restart than  the “unaided”  FRLS algorithm  does dur- 
ing initial startup at n = 0. The transition period is so 
short (N- 1.5N  time units) and  smooth that the momentary 
reliance on  the  slower  adapting  LMS  algorithm  causes  lit- 
tle  or no performance  degradation. 

It can be shown [IO] that  following  a  restart at time MT, 
the adaptive  FRLS  algorithm  minimizes  for n 1 M . 

n 

J(n) = An-k”(d(k) - C(n)* X@)\* 
k = M  

-t- 6An-M(C(n) - C(M))* RN(C(n) - C(M))4 

(5.1) 
where C ( M )  is the  value of the  tap coefficients updated 
just prior to restart,  and 6(6 > 0) is  a  factor  used to weight 
the effect of the initial condition upon  the  cost  criterion. 
In that sense, C(M) can be  set to zero  or not. All other 
relevant internal variables will be initialized as during  the 
startup at time n = 0. The input vector x(n)  seen  by the 
FRLS  algorithm for adaptation purposes will have  com- 
ponents 

2(n) = 
0 n s M .  

The  key idea behind  the restarting methods is to remove 
from the desired response  sequence {d (n ) }  the influence 
of those components  of  the input vector g ( n )  which  are 
not available  to  the restarted FRLS.  This modification on 
the desired response will mitigate the effect of the trun- 
cation of the input vector %(n) on  the tracking ability of 
the  algorithm.  This is the  major  feature distinguishing our 
restart procedures  from  those of [9] and [lo]. 

To  see how the {d (n ) }  should  be  modified, we note that 

‘AN is the N X N diagonal matrix A,,,, = Diag (1, X-’ ,  X-’, . . . , 
X - N  + I 

). 
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if there  has  been  no  restart just prior to time nT, then we 
could express d(n) as 

d(n) = C(n)’* X(n + u(n)) (5.3) 

where u(n) is  an  error due to noise  and  random  data,  and 
where C(n)’ is  the  value C(n) would  have  in  the  absence 
of restart. Now define the  N-dimensional  vector 

X(n)(-) A X(n) - %(n), (5.4) 

i.e., X(n)‘-) contains  only  the  components  of X(n)  which 
occurred  prior  to n = M .  Thus, 

d(n) = C(n)‘* X(n)‘-’ = C(n)’* X(n) + .(n). (5.5) 

Since  the  restarted  FRLS  algorithm  only has the  vectors 
X(n)  available,  and  since  the  adapted  tap-coefficiwt vec- 
tor C(n) should  ideally  approach C(n)’, (5.5) sugg its that 
during  the restart period,  the  desired  outputs  used  for 
FRLS adaptation  should be 

a(n) = d(n) - CLMs(n)* X(n>(-) (5.6) 

where CLMs(n) is  the  current  set  of  tap coefficients from 
the  auxiliary  LMS  algorithm.  Note  that when n exceeds 
M by a number  of  symbol  intervals  equal  to  the filter’s 
memory, X ( n ) ( - )  is  zero and d(n) = d(n). Another  type 
of modification  also  suggested by (5.5) is  the  following: 

CLMs(n)* X(n) during restart  interval 
&n) = (5.7) 

after restart interval. 

The  two  suggested modifications on  the  desired  response, 
along  with  the  fact  that C(n) can be set to  zero  or not at 
the initialization of the  restart,  give  four  possible  varia- 
tions of the  periodic  restart  procedures.  These  procedures 
are  based on the modified desired  response  methods we 
described  previously,  and  all rely on an  auxiliary  LMS 
adaptation  algorithm. 

Restart  Procedure I :  The  FRLS  adaptive filter  tap  coef- 
ficients C(n) were not reinitialized at  the  initiation  of  each 
restart (n = M ) .  The desired  filter  output  for  this  proce- 
dure  was  that of (5.6).  

Restart  Procedure 2: In  this  restart  procedure, the 
adaptive filter’s tap-coefficient vector C(n) was set to zero 
at  the  initialization of the  restart.  Again, (5.6) was used 
to provide  the  desired  response. 

Restart  Procedure 3: Like  procedure 1, C(n) were not 
reinitialized,  but (5.7) was  used  for  the  desired  output. 

Restart  Procedure 4: In this procedure, C(n) were set 
to all zeros. Equation (5.7) provides  the  desired  response. 

As  suggested  in [9], another way to continue  the FRLS 
algorithms  is  to  use the unwindowed  versions  which do 
not assume that X(n)  is  zero  for  negative  time  arguments, 
since X(n> is not zero when restarting in steady-state  op- 
eration.  In  such a case, modification of the  desired re- 
sponse d(n) is not necessary.  Unfortunately,  unwindowed 
algorithms are more  computationally  intensive than the 
exponential  windowed  ones  requiring  approximately 3N 
more  multiplications  per  iteration. 

VI. SIMULATION RESULTS 
The theory  developed  in  the  previous  sections  has  been 

tested  through  computer  simulations. The adaptive filters 
used for this  investigation  were  driven by FRLS transver- 
sal algorithms as reformulated  in [ 101. 

For the  evaluation of the  estimation-noise  formula, a 
DFE (decision feedback  equalizer) was implemented.  The 
second part of our  work  concerning  the  lag effects has 
been  tested by running a channel  estimator.  In  both  cases, 
double  precision on a 36-bit  Honeywell  Level 66 Com- 
puter (28-bit mantissa)  has  been used in  order  to  delay, 
as much as  possible,  the  onset of numerical  instabilities. 

Finally,  the  restarting  methods  have  been  tested in spe- 
cific applications  such  as  decision  feedback  equalization, 
using real recorded HF data [26]. 

A .  Estimation-Noise 
In this  simulation,  we used an  FRLS  DFE with NI = 8 

forward  and N2 = 2 feedback  taps. The  number of coef- 
ficients in  the finite impulse  response  discrete  channel  is 
three with a maximum-to-minimum  eigenvalue  ratio of 
pmaxlpmin = 56. Binary signaling  was  also  assumed, i.e., 
d(n) = 1, while  the  level of the  variance of the  zero- 
mean additive  white  Gaussian  noise  was fixed to u,” = 
0.01.  For  the  given  channel and  signal  statistics,  the  sta- 
tistical  parameter y has  been  computed  as y = 0.8. 

Table I shows  the  results of our  investigation  compar- 
ing  theoretical  and  experimental  values  as a function  of 
the  exponential  windowing  factor A. The first column  cor- 
responds  to  the  misadjustment M estimated over a sample 
of 1600  iterations.  Measurements  were  taken  only  after 
initial  transients had faded away. Second  and  third col- 
umns correspond to the  predicted  theoretical  values by 
using the new formula  (3.18)  and  the  approximate one 
(3.21),  respectively. 

Fig. 3 illustrates  the  same  results  in a decibel  scale.  The 
two  solid  curves  represent  theoretical  values,  while  the 
dashed  curve  represents  experimental  ones. The small 
vertical  lines on  top of each  experimental  point  indicate 
the minimum and maximum range of variation  of  the  es- 
timated  misadjustment A over a longer  sample of 4000 
iterations. 

The  above  simulation results indicate  that  the  experi- 
mental  misadjustment  values  are  closer to the  theoretical 
ones  predicted by the new formula  (3.18).  This  conclu- 
sion is also  in  agreement  with  the  experimental results 
reported in [l 11 for  similar  kinds  of  simulation. 

B. Lag Effects 
In the  second  part  of our investigation, we simulated  an 

FRLS transversal  channel  estimator. The number of tap 
coefficients used  for  the unknown time-varying  systems 
and  the  adaptive  filter  was N = 3. As input  signal, we 
used a white  sequence  taking  values k 1 so that R = Z33. 
The additive  noise  variance was  fixed to 0,‘ = = 
0.01. 

Figs. 4 and 5 summarize  the  results of the  simulations, 
comparing  theory  and  experiments  for different values of 
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TABLE I 

A M M ,  (3.18) M ,  (3.21) 201 
0.99 
0.98 
0.97 
0.96 
0.95 
0.94 
0.93 
0.92 

~ ~~~ 

0.059 
0.109 
0.164 
0.220 
0.279 
0.340 
0.403 
0.473 

0.0504 
0.1018 
0.1541 
0.2074 
0.2616 
0.3169 
0.3739 
0.4305 

0.0503 
0.1010 
0.1523 
0.2041 
0.2564 
0.3093 
0.3630 
0.4170 

SNR  averaged  with e UOI weighting  of all 
post  information (2080 iter.) 

.----Simulation results 
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Fig. 3. Misadjustment  versus A for a decision  feedback  equalizer. 
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Fig. 4. SNR  versus X for u i  = lo-’. 

SNR predicted from theory. 

LL z 5- 

3- 

2- 

I -  

.9 .91 .92  .93  .94 .% .% .97 .98 .99 I 
h 

Fig. 4. SNR  versus X for u i  = lo-’. 

the nonstationarity parameters X and o$. They illustrate 
the signal-to-noise ratio as a function of the adaptation 
parameter X. The SNR on  the  vertical  axis is the ratio of 
1 (mean  squared input sample) to the observed  mean 
square value or the  ensemble  mean  squared  value  of  the 
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Fig. 5. SNR  versus X for u i  = 

181 
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Fig. 6. SNR  versus  time. 

error e(n) between  the output of  the  adaptive filter and  the 
desired response. 

Experimental values on  those figures correspond to sta- 
tistical time  averages  taken  over 2000 iterations  in  two 
different ways. Points on  the  dashed lines indicate  time 
averaging  with  equal  weighting of all past information, 
while points on  the dotted line  indicate exponential 
weighting of the past information.  The solid curves in all 
these figures represent theoretical results as  have  been 
predicted by using (4.14). 

Experimental results came  very  close to what  was the- 
oretically expected  with  the  exception  of the  case  when X 
approaches a. However, this outcome is not surprising 
since  when X approaches a ,  1/( 1 - a)  is not significantly 
greater  than 1/( 1 - X), and  therefore, (4.13) is inaccu- 
rate, 

Fig. 6 shows  the  evolution  of the SNR with  time.  The 
solid straight line  represents  the  theoretical predicted 
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value.  Again,  the  agreement  between  theoretical  and  ex- 
perimental  values is apparent. 

C. Restarting Procedures 

The different restarting  methods  have  been  tested by 
implementing a decision  feedback  equalization (DFE) re- 
ceiver. For this  investigation  we  used  complex  baseband 
2.4  kbitsls QPSK demodulated  signal recorded from HF 
channels [25].  Preliminary  simulations  established  the 
choice of the  number of equalizer  tap coefficients: N ,  = 
20 Tl2-spaced forward  tap coefficients and N2 = 7 feed- 
back  tap coefficients, where Tis  the  duration of one  sym- 
bol. The exponential  weighting  factor  and  the  auxiliary 
LMS  adaptation  step  size  were  set  to X = 0.97 and p = 
0.035, respectively. 

The  four  variations  of  the  periodic restart procedure of 
the  previous  section  for  the FRLS algorithms  were  tried. 
All relied on  an  auxiliary  LMS  adaptation  algorithm to 
provide  the  equalizer  output  during  each  restart  interval. 

Fig. 7 shows  an  example  of  the  application  of  restart 
methods  initiated  at n = 300th  symbol  intervals  for HF 
channel  designated MDAOIO. The SNR on the  vertical 
axis is the ratio of 1 (the mean squared  data  symbol) to 
the  observed mean squared  value  of  the  error e(n) between 
the  decision-making  quantizer's  input  and  its  output  (de- 
cision-directed mode). The averaging  of  the mean squared 
error (MSE) at  the  nth  interval  is  as  follows: 

MSE(n) = 0.9 MSE(n - 1) + 0.1le(n)l2 (6.1) 

and  the  SNR  at  this  time is 

In the  case  shown in Fig. 7, the restart interval is 30  sym- 
bol intervals, i.e., approximately  equal  to  the  length of 
the  adaptive filter. During  this  period,  the  useful  equalizer 
output  (the  input  to  the  decision-making  quantizer)  is 
taken  from  an  auxiliary DFE driven by an  LMS  algo- 
rithm,  whose  tap coefficients were  initialized to the  tap 
coefficients of the FRLS  DFE  at  the beginning of the re- 
start period.  In  Fig. 7, the  SNR  obtained  from  this  LMS 
filter is shown by the  solid  line  between n = 300 and n 
= 330.  During the 30-symbol  interval restart interval?  the 
FRLS  algorithm  adapted  from  an  initial  state restarting at 
n = 300. After n = 330, the  FRLS-adapting DFE took 
over  from  LMS-adapting DFE. Fig. 7 shows  the SNR for 
the  four restart procedures  beyond n = 330.  In this  ex- 
ample,  restart  procedure 1 gave  slightly  better  perfor- 
mance  than  restart  procedure 2, which  in turn  was  some- 
what better  than  procedure 3 and 4. At this  point,  we 
should  emphasize  that  the  SNR's big dip  just  after the 
FRLS  DFE took  over  from  the  auxiliary  LMS DFE (ap- 
proximately  at n = 335) is irrelevant  to  the restarting pro- 
cedure,  and it has  been  caused by a sudden  fade.  This is 
clear in Fig. 8 where  the restart interval  has  been  in- 
creased to  40 data  symbol  intervals,  and  thus,  the SNR at 

/C-OUTPUT FROM  RESTARTEO FRLS DFE- 
# OF ITERATIONS 

12 
300 310 320 330 340  350 360 370  380 

Fig. 7. Examples of restart procedures for FRLS DFE (channel MDAOIO). 
Restart interval = 30. 
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OUTPUT FROM THE LMS DFE 7 
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J 
300 310 320 333 340 350 360 370 380 

Fig. 8. Example of restart procedures for FRLS DFE (channel MDAOIO). 
Restart interval = 40. 
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Fig. 9. SNR  for FRLS algorithms for channel MDAOIO during the restart- 
ing interval.  (Restart at 300. Restart interval = 30.) 

n = 335  has  been  calculated using the  output of the  aux- 
iliary LMS DFE. 

The differences between  these  restart methods  in the 
same  example  are  emphasized  in  Fig. 9 which shows  the 
measured SNR between n = 300  and n = 330, where  the 
SNR is now defined as  the  reciprocal  of  the MSE, defined 
as in (6.2),  for the  still-restarting  FRLS  algorithm instead 
of the  LMS  algorithm. The  MSE  was initialized to zero 
at n = 300, which  accounts  for  the  large  values  of  SNR 
near n = 300.  It is clear  that  restart  procedures 1 and 3, 
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in  which  the  equalizer  tap coefficient were not zeroed, 
caused little disruption to  the  FRLS adaptation during the 
restart period, while  the  procedures involving zeroed  coef- 
ficients required at  least 40 iterations  to restore a reason- 
ably low  mean  square error. 

On  the basis of  simulation results like  these,  we con- 
clude  that  there  is  no  noticeable disruption as  a result of 
the periodically initiated restarts. 

VII. CONCLUSIONS 

In this  paper we  have been  concerned  with  the steady- 
state performance  characteristics of the  RLS adaptive al- 
gorithms. We  have  examined quantitatively the estima- 
tion-noise inherent in all  exponential  windowed  RLS al- 
gorithms as well as  their  tracking ability in a  time-varying 
environment.  We  have  also studied the steady-state per- 
formance limitations due  to roundoff noise effects. 

We  have  shown  that  the level of the estimation-noise 
depends not only on  the nature of  the  "windowing," but 
also on  some  fourth-order  statistics of the input signal. 
The  latter is more noticeable in fast adaptation where X 
may take values as low as 0.9. 

Additionally, it has  been  shown  that the mechanism as- 
sociated with the tracking ability of  the  RLS is a  geome- 
trical converging process. Furthermore,  independent  of  the 
kind  of  the nonstationary model  and the  adaptive filter 
application (e.g., equalizer or channel estimator), the  time 
constant of this process is the  same  for  all  components  of 
the tap-coefficient vector  and  equal to the  memory of the 
algorithm.  It is also  independent  of the  eigenvalues of the 
autocorrelation matrix.  In  that  sense,  the tracking ability 
of the  RLS  algorithms is superior  than  that  of  the  LMS 
algorithm for  the  case  of  disparate  eigenvalues. 

Finally,  assuming  a first-order Markov  time-varying 
model,  the  excess lag MSE  for  a  channel estimator has 
been  calculated.  For this simple nonstationary situation 
where there is direct control on  the  eigenvalues of the 
constant autocorrelation matrix (all eigenvalues  can be 
equal), it was  shown  that  the  simple  LMS tracks as well 
as any  of  the  more  complex  RLS  algorithms,  provided 
that the judiciously  chosen  step size does not violate  the 
stability bound.  Tradeoffs  involved in choosing  the opti- 
mum exponential  weighting  parameter Xopt in order to ob- 
tain simultaneously  acceptable  low  excess  error  and  track- 
ing ability are clearly illustrated in (4.16). 

In the last  part of our  work we have  been  concerned 
with  the  problem of numerical instability due  to roundoff 
noise in FRLS transversal algorithms. By restarting (ze- 
roing) only the internal variables and  modifying  the de- 
sired adaptive filter outputs  during  the restart to account 
for  the  step  function  in  the filter inputs during restart dis- 
ruptions due to restart were  minimized. The results indi- 
cate  that by applying  any  one  of  these efficient restart pro- 
cedures, we can  circumvent the numerical instability 
problem to which  FRLS  algorithms are  subject,  without 
significantly compromising its ability to track rapidly 
time-varying  channels. 

APPENDIX  A-1 
Derivation of (3.13): We  have already shown that the 

tap-coefficient error satisfies the following relation: 

AC(n) = hZ?(n)-' @(n - 1) AC(n - 1) 

+ @(a)-' ~ ( n )  eopt(n)*. (Al. 1) 
Therefore, 

E{AC(n)*  RAC(n)} 

= X ~ E ( A C ( ~  - 1)" k(n - 1) k(n)-l~k(n)-I  

k(n - 1) AC(n - l)] + XE(AC(n - 1)" 

* k(n - 1) k(n1- l~  k(n)-' ~ ( n )  eopt(n>*> 

* AC(n - l)} + E{X(n)* k(n)-'R k(n)-' 
- X@> leopt(n)l21 * (Al.2) 

At the steady state,  we  can  assume  that k(n) and k(n - 
1) are  almost  equal.  Thus,  approximately 

k(n)-' k(n - 1) 2: INN as n + 03. (Al.3) 

In Appendix  A-2  we  have  also  shown that, asymptoti- 
cally,  the  inverse  estimated  autocorrelation  matrix k(n)-' 
and  the true autocorrelation matrix R satisfy approxi- 
mately the following relation: 

k(n)-'R = (1 - h) [ INN - P(n)] (Al.4) 

where P(n) is  a  zero mean fluctuation matrix. 
Using  (A1.3),  (A1.4),  and referring also to the  inde- 

pendence  assumption  of P(n) from X(n) as well as to the 
fact that E(P(n)}  = 0, the  second  term  in  (A1.2)  yields 
XE{AC(n - 1)" k(n - 1) k(n)-'R k(n)-' X(n) eopt(n)*} 

2 X(l - X) E{AC(n - 1)* (I  - P(n)*) X(n) 

* eopt(4 * 1 
= h(l - X) E{AC(n - 1) * ] E{X(n)  eopt(n)*) = 0. 

(A1.5) 
Note that at  the final step in deriving  (A1.5),  the  statisti- 
cal independence  assumption  of AC(n - 1)  with X(n) ,  
and  the orthogonality property [19] which  holds  between 
X(n) and eopt(n), have  been  used.  We  can similarly show 
that the third term  of  (A1.2) is zero.  Combining (A1.2), 
(A1.3),  (A1.4),  and  (A1.5),  we  get 

E{AC(n)* RAC(n)} 2: X2E(AC(n - 1)" RAC(n - l)} 

+ (1 - X)2 E{X(n)*[Z - P(n)I2 

R-'X(n) leopt(n)12]. (A1.6) 

In general, eo&) is uncorrelated with X(n) .  If we  assume 
that they are  also  independent,  (Al.6) yields 

E{AC(n)*  RAC(n) = X2E(AC(n - 1)" RAC(n - l)} 

+ (1 - X)2E{X(n)*[z - P(n)]2 

* R-'X(n)} Copt (A1.7) 
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where 

a 
Copt = E{ I e o p t ( 4  I 1 (A1.8) 

or, in a more  compact form, 

E{AC(n)*  RAC(n)} 2: A2E{AC(n - 1)" RAC(n - 1) 

* (1 - trace {zNN 
+ w ( 4 2 } l  - Copt. (A1.9) 

APPENDIX  A-2 
Derivation of (A1.4) and Related  Results: The esti- 

mated  autocorrelation  matrix R(n) has  been defined as 
n 

R(n) = c X(k)  X(k)* (A2.1) 
k - 0  

with  elements 

1 I i,j I N. (A2.2) 

We observe that asymptotically  and for stationary  input, 

1 
E{R(n)}  = - E{X(n)  X(n)*}  = ~ R. (A2.3) 

I - x  1 - x  

Thus, a reasonable  model for k(n) will be 

L. 1 
R(n) = __ R + R(n) (A2.4) 

where R(n) is  assumed  to be a Hermitian perturbation ma- 
trix with  entries:  the  zero mean random  variables Fjj(n), 
1 I i,j I N, independent fromx(n). Combining (A2.2), 
(A2.3),  and  (A2.4), we get 

1 - x  

%(n) = XTQ(n - 1) + x(n - i + 1) 

. x(n - j + 1)" - ro. (A2.5) 

It  can  easily  be  seen  from  (A2.4)  that 

R(n)-'R = (1 - h ) [ Z N N  +'(1 - h)R-' R ( n ) ] - ' .  (A2.6) 

Assuming  that I / (  1 - h)R-l R"(n)II < 1 where 11 * 11 denotes 
some kind of consistent  vector or matrix  norm, we get 

k(n)-IR == (1 - X)[ZNN - (1 - h)R-' R(n) ] .  (A2.7) 

The randomness  of (A2.7) is  embodied in the  existence 
of the  perturbation  matrix @a).  The  zero mean matrix 

P(n) (1 - h ) K '  R(n) (A2.8) 

manifests  the fluctuation of the  product h(n) - 'R  around  the 
unit matrix INN.  Therefore,  it  is  an  expression  for  the  es- 
timation  error  involved  in  using  exponential  estimates for 
the autocorrelation  matrix. 

Let sij be the  entries of the  matrix S = E { P ( ~ z ) ~ }  and 
rb by the  entries of the  inverse  autocorrelation  matrix R- I .  

Then by using (A2.8), assuming  that Fu are  uncorrelated 
for all i ,  j and  using  the  fact  that R(n) is  Hernlitian we 

get 
N 

sy = (1 - X) 2 [zl r:j.~{I!ik<n)l21 rLk 

I N 

+ rikE{F$(n)}rjk . (A2.9) 
k =  1 
k + j  

Referring  to  the  independence  assumption  between x(n) 
and Fg(n), (A2.5)  yields 
var { ~ ~ ( n ) }  = h2 var { ~ ~ ( n  - 1)) + var {x(n - i + 1) 

* x(n - j + 1)*}. (A2.10) 
Similarly, 

E{Fo(n)2} = h2E{Fy(~ - l)'} -I- E { ( x ( ~  - i + 1) 

* x(n - j + I)* - r;)'}. (A2.11) 

Thus,  asymptotically, 

= var, {po(n)j 

1 -- - var {x(n - i + 1) 
1 - X2 
. x(n - j -I- 1)*} (A2.12) 

and 
1 

Ern{FQ(n)2} ___ 
1 - X2 

E{(x(n - i + 1) 

. x(n - j + 1)* - ro>'>. (A2.13) 

Using (A2.12)  and  (A2.13)  in  (A2.9),  we finally get 
. , r N  

* x(n - k + l)*}& 
N 

+ rLE{(x(n - k + 1) 
k = l  
k f j  

x(n - j + 1)" - rkj) } r j k  . (A2.14) 

Observe  that  for a given  channel  and  input signal statis- 
tics,  the  elements of S can  explicitly be  determined. 

[I 
APPENDIX A-3 

Derivation of (4.4): In the  general  case of nonstation- 
ary  inputs,  the  autocorrelation matrix of the input vector 
X ( n )  will be function of the  discrete  time  index n ,  i.e., 

R(n) = E{X(n)  X(n)*} .  (A3.1) 

Then, according  to  (A2.4), we can  write 

k(n) = E{R(n)}  + R(n) (A3.2) 

or 
n 

k(n) = hnPkR(k) + k(n). (A3.3) 

If the  variations of the environment  are  slow with respect 

k =  I 
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to  the  memory of the  adaptive  algorithm  then,  asymptot- 
ically, 

n 1 
R(n) = - R(n) + R(n). (A3.4) 

1 - A  

Note that in a  system identification situation,  the  above 
expression is valid with  strict equality since,  in  such  a 
case,  the autocorrelation matrix  does not depend  on the 
time.  Assuming  that ll(1 - X)R(n)-’R”(n)ll < 1 where 11 - ( 1  
denotes  some  kind  of  consistent  norm, it can be shown 
easily that 

E{&)-’ X(n) X(n)*) 

= E { ( -  1 - A  1 R(n) + &))-I X(n)  X(n)*> 

(1 - X)E{R(n)-’ X(n)  X(n)*> 

- (1 - A)’E{R(n)-’ R(n) R(n)-’ X(n)  X(n)*>.  

(A3.5) 

Finally,  using  the  independence  assumption of R(n) from 
X(n) along  with the fact  that E{R(n)} = 0, we get 

E{A(n)-’ X(n)  X(n)*> E (1 - X)ZNN. (A3.6) 
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