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Abstract—Quadratic constraints on the weight vector of an
adaptive linearly constrained minimum power (LCMP) beam-
former can improve robustness to pointing errors and to random
perturbations in sensor parameters. In this paper, we propose
a technique for implementing a quadratic inequality constraint
with recursive least squares (RLS) updating. A variable diagonal
loading term is added at each step, where the amount of loading
has a closed-form solution. Simulations under different scenarios
demonstrate that this algorithm has better interference suppres-
sion than both the RLS beamformer with no quadratic constraint
and the RLS beamformer using the scaled projection technique,
as well as faster convergence than LMS beamformers.

Index Terms—Adaptive beamforming, diagonal loading, mis-
match, robustness.

I. INTRODUCTION

QUADRATIC constraints on the weight vector of an adap-
tive linearly constrained minimum power (LCMP) beam-
former can improve robustness to pointing errors and to

random perturbations in sensor parameters [1]. The weights that
minimize the output power subject to linear constraints and an
inequality constraint on the norm of the weight vector have the
same form as the optimum LCMP beamformer, with diagonal
loading of the data covariance matrix. The amount of diagonal
loading is adjusted to satisfy the quadratic constraint; however,
the optimal loading level cannot be directly expressed as a func-
tion of the constraint and has to be solved for numerically [2],
[3]. Even if the optimal loading level is known, implementing
the quadratic constraint in a sequential update algorithm such
as least mean squares (LMS) or recursive least squares (RLS)
can be difficult. For LMS updating, the scaled projection (SP)
algorithm [1] is a simple and effective technique that imposes
the quadratic constraint at each step. This technique can also be
applied in RLS updating; however, it does not appear to be as
effective for RLS as for LMS [4].

In this paper, we propose a different technique for imple-
menting a quadratic inequality constraint with RLS updating.
A variable diagonal loading term is incorporated at each step,
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where the amount of loading has a closed-form solution. Simu-
lations under different scenarios demonstrate that this algorithm
has better interference suppression than both the RLS beam-
former with no quadratic constraint and the RLS beamformer
using the scaled projection technique, as well as faster conver-
gence than LMS beamformers.

The paper is organized as follows. In Section II, we review
the basic principles of LCMP beamforming in array processing,
robustness control using quadratic constraint, and the existing
algorithms in robust adaptive filtering. In Section III, we de-
velop a quadratically constrained RLS beamformer using vari-
able loading. Some properties and practical issues of the vari-
able loading technique are discussed in Section IV. Section V
briefly lays out the extension of the variable loading idea to
LMS beamforming. Some simulation results are provided in
Section VI, and a summary is given in Section VII.

II. QUADRATICALLY CONSTRAINEDLCMP BEAMFORMING

A. LCMP Beamformer

Let denote the vector of signals received by an
array of sensors. The vector is given by

(1)

where is the th signal sample transmitted by theth user,
is the complex array response vector of theth user, and

is the complex vector of ambient noise samples. In narrow-
band beamforming, a complex weight is applied to the signal at
each sensor and summed to form the beamformer output

(2)

The weights of an LCMP beamformer are chosen to minimize
the output power of the beamformer subject to a set oflinear
constraints of the form , where is the
constraint matrix, and is the vector of constraint values
[5].

The LCMP optimization problem can be formulated as

s.t. (3)

where is the data covariance matrix. The
optimal solution is

(4)

In the generalized sidelobe canceler structure [6] shown in
Fig. 1, is decomposed into two components: one in the con-
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Fig. 1. GSC beamformer.

straint subspace and one orthogonal to it. The weights are given
by

(5)

The fixed upper path projects onto the constraint subspace to
ensure that the linear constraints are met exactly. The vector
is the fixed quiescent weight vector

(6)

The lower path is orthogonal to the-dimensional constraint
subspace. The matrix is the blocking ma-
trix that is orthogonal to , i.e., . The blocking ma-
trix is not unique; however, we assume so that the
noise remains white in the lower path. The vector is the

adaptive weight vector that can adapt freely to
improve interference suppression in the ( )-dimensional
orthogonal subspace. Using this decomposition, the LCMP op-
timization problem can be reformulated as an unconstrained op-
timization problem for finding :

(7)

The optimal solution is

(8)

Let and denote the out-
puts of the quiescent portion of the beamformer and the signal
blocking matrix, respectively. The adaptive weights can also be
expressed as

(9)

where is the covari-
ance matrix of , and is the
cross-correlation vector of and . This solution corre-
sponds to the Wiener filter for minimizing the mean square error
between the upper and lower paths.

In array processing, typical linear constraints include main
beam constraints that are used to widen and flatten the main
beam to provide robustness to mismatch in the array response
vector and null constraints that are used to place explicit nulls,
or zeros, in certain directions.

B. Quadratic Constraint

The LCMP beamformer can experience significant perfor-
mance degradation when there is a mismatch between the pre-
sumed and actual characteristics of the source or array. Im-
proved robustness to pointing errors and to random perturba-
tions in sensor parameters can be achieved by limiting the norm
of the weight vector [1]. This requires incorporating a quadratic
inequality constraint on of the form

(10)

Due to the orthogonality between and , the quadratic
inequality constraint in (10) can also be expressed as

, which leads to the equivalent inequality
constraint on :

(11)

The optimal solution to the LCMP optimization problem with
a quadratic inequality constraint is

(12)

which has the same form as (4) with a diagonal loading term
added to . In the GSC structure, the optimal adaptive weight
vector has the same form as (9) with a diagonal loading term
added to

(13)

When , the standard LCMP solution is obtained. When
, , and . As increases, the norms

of and decrease monotonically. To see this, we write the
squared norm of the weight vector as

(14)

Taking the derivative with respect to, we get

(15)

Since the diagonally loaded data matrix is positive
definite when , the derivative value in (15) is negative,
and the weight vector norm is monotonically decreasing in.

The amount of diagonal loading can be adjusted to satisfy the
quadratic constraint; however, the optimal loading level cannot
be directly expressed as a function of the constraint and has to
be solved for numerically [2], [3].

C. Adaptive Algorithms

The standard LCMP beamformer can be implemented adap-
tively using a sequential update algorithm such as LMS or RLS
in both the constrained and GSC structures. LMS adaptation has
a low computational complexity but can be slow to converge.
RLS adaptation is quick to converge but is more computation-
ally complex. It is also more sensitive to mismatch than LMS,
and the use of a quadratic norm constraint/diagonal loading is
essential.
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TABLE I
GSC ADAPTATION

In LMS updating, two approaches have been taken for imple-
menting quadratic constraints [7]. In the fixed loading approach,
a fixed level of loading is chosen and added to the instantaneous
estimate of the correlation matrix at each step in the adaptation
[1], [8]. In the scaled projection approach, the quadratic con-
straint is imposed on the adaptive portion of the weight vector
by simply scaling back the adaptive weight vector whenever its
norm exceeds the quadratic constraint [1]. In RLS adaptation, on
the other hand, there is no convenient method for incorporating
diagonal loading even if the optimal loading level for a given
norm constraint is known. Incorporating a “fixed loading” term
in the RLS weight update equation is possible, but this approach
is ad hocin that it does not actually add loading in the covari-
ance matrix inverse. Alternatively, scaling can be applied to the
updated adaptive weight vector, but it does not appear to work
effectively for RLS [4]. The GSC versions of these techniques
are summarized in Table I.

The fixed loading technique improves robustness without sat-
isfying the quadratic constraint exactly. It works well for both
LMS and RLS updating when the loading level is chosen prop-
erly. The drawback to this approach is that the required level of
loading is scenario dependent; therefore, a fixed level may work
well in some situations but may be too high or too low in others.
Imposing a fixed quadratic constraint, on the other hand, seems
to work well for LMS over a wide range of scenarios.

III. V ARIABLE LOADING RLS BEAMFORMING

We now propose a new approach for implementing a
quadratic inequality constraint with RLS updating in the GSC
structure. In this technique, a variable diagonal loading term is
incorporated at each step, and the optimal amount of loading is
found from the closed-form solution to a quadratic equation.

Let denote the standard LCMP adaptive weight vector
without a quadratic constraint given by (9) and denote the
quadratically constrained weight vector in (13). Rearranging
(13), we have

(16)

and thus, the optimal weight vector under the quadratic
constraint is obtained by multiplying by the matrix

.
For small , the term can be approximated

using the first two terms of its Taylor series expansion about
. Let . Then, its first-order derivative is

. By Taylor series
expansion, , or

(17)

With this approximation, (16) becomes

(18)

where is defined as .
Now, when does not satisfy the norm constraint, we can

solve for by plugging (18) into (11) and solving the equality

(19)

where , , and .
When , i.e., when , the roots of the poly-

nomial in (19) are either two positive real values or a complex
conjugate pair whose real part is positive. The optimal loading
level is the smaller value in the first case or the real part in the
second case. This is discussed in more detail in the next section.
An expression that is valid for both cases is

(20)

The form of the approximate in (18) provides straightfor-
ward solution for implementing the quadratic constraint with
RLS updating. At each update, we have an estimate of the in-
verse of the sample covariance matrix denoted by and
an estimate of the unconstrained weight vector . The cur-
rent estimate for the constrained weight vector can be
obtained by substituting and into (18), solving
for by (20), and substituting the result back into (18). The
variable loading RLS algorithm (RLS-VL) iterates as follows.
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i) Conventional GSC RLS Updating:

(21)

(22)

(23)

(24)

ii) Variable Loading:

if

(25)

else

(26)

(27)

(28)

(29)

(30)

(31)

end.

IV. DISCUSSION

In this section, we provide a geometric interpretation of the
variable loading technique as compared with the scaling tech-
nique and show how to obtain the optimal loading level from the
solution to the quadratic equation. We also discuss the tradeoffs
in setting the norm constraint value.

A. Geometric Interpretation

The RLS-VL technique is somewhat more complex than the
scaling technique (RLS-SP). However, in RLS-SP, the weight
vector is simply scaled back, whereas in RLS-VL, it is adjusted
in a manner that is close to the optimal solution. Neither the
scaling nor the variable loading technique contributes signif-
icantly to the overall computational load compared with the
mainstream computations in the standard RLS updating.

To gain some insight into the effect of diagonal loading and
how different techniques implement the norm constraint, we de-
compose in terms of its eigenvectors and eigenvalues

(32)

The weight vector of a quadratically constrained LCMP beam-
former is then decomposed as follows:

(33)

We see that the quadratic constraint is satisfied by scaling back
each orthogonal mode by the factor . If the uncon-

Fig. 2. Quadratic constraint implementations.

strained weight vector satisfies the quadratic constraint, thenis
zero. If it does not satisfy the constraint,takes on the smallest
positive value required to meet the constraint. In the variable
loading technique, each orthogonal mode is scaled back by the
factor , which is the first-order Taylor series approx-
imation to the optimal scaling . In the scaling tech-
nique, on the other hand, the scaling factors for all modes are
set equally.

The operation of the different techniques is illustrated in
Fig. 2. The concentric ellipses are the equi-valued contours
of the unconstrained objective function formulated in the
minimization problem in (7) at the th step, whereas the
center represents the minimum point. Without the quadratic
constraint, the standard RLS weight vector points to the
center of the ellipses.

To satisfy the quadratic inequality constraint on the norm of
the weight vector, the weight update must fall on or within a con-
straint boundary as specified by the circle in the picture. When
the norm of exceeds the radius of the circle, scaled pro-
jection simply diminishes the norm of the vector while main-
taining its direction. Variable loading tries to find a point on
the constraint boundary surface that minimizes the objective
function value. Graphically, it is clear that the variable loading
scheme is able to reach a solution that is closer to optimal than
the scaled projection scheme.

The RLS-VL technique relies on an approximation that is
valid for small loading levels. In practice, the optimal amount
of loading can be quite large. This technique works well even
in these situations because only a small amount of loading must
be incorporated at each update. This loading level is the amount
required to make up for the exponential decay in the diagonal
loading from the previous iteration.

B. Variable Loading Level

In our proposed variable loading algorithm, the amount of di-
agonal loading is found by solving a second-order polynomial
equation in the form of . The solu-
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tion is an approximation to the optimal loading level and must
be a real, non-negative value. The roots of the polynomial
provide two possible solutions and are given by

(34)

We must examine the properties of the roots in order to choose
the best value for . The following observations are made.

1) .
2) .
3) .

The term may be positive, zero, or negative. If
, is real, and . Therefore,

, and there are two positive real roots for
the polynomial that satisfy the quadratic constraint. This
is illustrated in Fig. 3(a). Choosing to be the smaller of the
two values results in a more optimal solution and a more stable
algorithm. This is evident from the figure and was also verified
by simulation.

If , is imaginary, and the roots of the
polynomial are a complex conjugate pair whose real part is pos-
itive. Neither of the roots provide an acceptable solution, which
indicates that the norm constraint cannot be met with any real
using the approximation in (18). This is illustrated in Fig. 3(b).
In this case, we want to find a real-valuedthat makes
as close to the quadratic constraint as possible. We can mini-
mize by taking the derivative of (19) with respect to
and setting it to zero. This yields

(35)

and the optimal loading level is

(36)

This is the real part of (34) when the roots are complex.
The solution in both cases can be expressed as

(37)

C. Setting the Norm Constraint

The quadratic constraint can only be set within a certain
range of values [9]. The minimum value of the total weight
vector norm is and is obtained when when

. This is the lowest allowable value for . In this case,
the LCMP optimum solution is given by a conventional (quies-
cent) beamformer that is insensitive to random parameter vari-
ations. When approaches infinity, the LCMP beamformer
is optimal for matched signal and array models but loses ro-
bustness control over modeling mismatches. The choice of the
quadratic constraint value reflects a design tradeoff between in-
terference suppression and robustness over system mismatch.
A reasonable constraint value is or, equivalently,

.

Fig. 3. Illustration of the variable loading level.

V. VARIABLE LOADING LMS BEAMFORMING

After showing the variable loading technique for RLS up-
dating, we would like to investigate how it applies to LMS up-
dating. Starting from the equation for the fixed loading LMS
weights given in Table I, we see that it has the form

as in (31) with

(38)

where is the LMS step size. The optimal loading level to
satisfy the norm constraint can be found as described in Sec-
tion III. The variable loading LMS algorithm then consists of
the standard LMS update (see Table I), followed by the variable
loading “correction” in (26)–(31) with (38) replacing (26) for
calculating .

Variable loading does not appear to offer any performance
advantage over scaled projection for LMS. In fact, the two
techniques are nearly identical. After some straightforward
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Fig. 4. Array gains and weight vector norms of adaptive beamformers for a
ten-element ULA steered to the broadside: Source DOA= �0:03�; SNR= 10

dB; two equipowered interferers at0:29� and0:45�; INR = 20 dB; tolerance
factorT = 0:2, 200 trials averaged.

manipulation, it can be shown that the LMS-SP weights can
be obtained in the variable loading framework by setting
the “correction vector” equal to instead of

. The difference between these two vectors is the
term , which is small because the LMS step size

is small.
Since the two algorithms have essentially the same behavior

and LMS-SP is less complex, scaling remains the better choice
for implementing the norm constraint in LMS.

VI. PERFORMANCEEVALUATION

Computer simulations were performed using a ten-element
uniform linear array (ULA) with elements spaced half a wave-
length apart. There is a single directional constraint at broadside.
Two equi-powered interferers are located at and

. There is a signal direction mismatch of .

Fig. 5. Comparison of beampatterns of different adaptive beamformersT =

0:2.

We compare the performance of RLS and LMS adaptive
beamformers with and without a quadratic constraint with
the former implemented by the variable loading technique
(RLS-VL) and the scaled projection technique (LMS-SP),
respectively. The results for LMS-VL are not included since
they are essentially the same as those of LMS-SP. In all the
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Fig. 6. Array gains and weight vector norms; tolerance factorT = 0:125,
200 trials averaged.

algorithms, the initial diagonal loading is dB, the
RLS forgetting factor is , and the LMS step size
is . The quadratic constraint tolerance factor
is set to . The array gains and the weight vector
norms versus the number of samples are illustrated in Fig. 4,
and representative beampatterns at different time steps are
illustrated in Fig. 5.

Without robust control, the RLS adaptive beamformer shows
a steady decrease in array gain, indicating the loss of robustness.
The proposed variable loading algorithm is able to maintain the
mainlobe and null the interferers correctly in the adaptation. It
outperforms the others in both the array gain performance and
interference-cancelling behavior. The LMS-based beamformers
have similar performance but are much slower to converge com-
pared with RLS beamformers.

To illustrate the effects of different quadratic constraint values
on beamforming performance, we reduce to 0.125 in the
second scenario and plot the simulation results in Figs. 6 and
7 for comparison. We can see that the tighter constraint offers

Fig. 7. Comparison of beampatterns with tolerance factorT = 0:125.

better array gain performance for this problem. The peaks of the
mainlobes are closer to the desired signal than the beampatterns
for . However, the nulls on the interferers have shifted.
As discussed in Section V, the quadratic constraint value pro-
vides a design tradeoff between sensitivity and interference re-
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jection. Tightening the constraint further would result in further
loss of null depth on the interferers.

The variable loading technique has also been shown effective
against sensor perturbation errors [4] and been successfully ap-
plied to the multiuser detection problem in direct-sequence code
division multiple access (DS-CDMA) wireless communication
systems [10], [11].

VII. SUMMARY

This paper describes a robust adaptive beamformer that uses
variable loading for implementing a quadratic inequality con-
straint with recursive least squares updating. It is capable of pro-
viding robust control over beamformer responses with computa-
tional efficiency. Simulations under different scenarios demon-
strate that this algorithm has better interference suppression than
the RLS beamformer with no quadratic constraint and faster
convergence than LMS beamformers.

ACKNOWLEDGMENT

The authors would like to thank Dr. H. Cox for his valuable
comments on this subject and his suggestions on the geometrical
interpretation.

REFERENCES

[1] H. Cox, R. Zeskind, and M. Owen, “Robust adaptive beamforming,”
IEEE Trans. Acoust., Speech, Signal Processing, vol. ASSP-35, pp.
1365–1376, Oct. 1987.

[2] G. Golub and C. Van Loan,Matrix Computations, 2nd ed. Baltimore,
MD: Johns Hopkins Univ. Press, 1990.

[3] J. E. Hudson,Adaptive Array Principles. London, U.K.: Peter Pere-
grinus, 1981.

[4] Z. Tian, K. L. Bell, and H. L. Van Trees, “A recursive least squares
implementation for adaptive beamforming under quadratic constraint,”
in Proc. 9th IEEE Workshop Stat. Signal Array Process., Portland, OR,
Sept. 1998, pp. 9–12.

[5] O. L. Frost, “An algorithm for linearly constrained adaptive array pro-
cessing,”Proc. IEEE, vol. 60, pp. 926–935, Aug. 1972.

[6] L. J. Griffiths and C. W. Jim, “An alternative approach to linearly con-
strained adaptive beamforming,”IEEE Trans. Antennas Propagat., vol.
30, pp. 27–34, Jan. 1982.

[7] S. Haykin,Adaptive Filter Theory, 3rd ed. Upper Saddle River, NJ:
Prentice-Hall, 1996.

[8] T. Kooij, “Adaptive array processors for sensitivity constrained opti-
mization,” Ph.D. dissertation, Catholic Univ. Amer., Washington, D.C.,
June 1977.

[9] H. L. Van Trees,Optimum Array Processing: Detection and Estimation
Theory: Class Notes: INFT 836, Apr. 1998, vol. IV.

[10] Z. Tian, K. L. Bell, and H. L. Van Trees, “Quadratically constrained
RLS filtering for adaptive beamforming and DS-CDMA multi-user de-
tection,” inProc. 7th Annu. Workshop Adaptive Sensor Array Process..
Lexington, MA, Mar. 1999, pp. 51–56.

[11] , “A quadratically constrained decision feedback equalizer for
DS-CDMA communication systems,” inProc. 2nd IEEE Workshop
Signal Process. Adv. Wireless Commun., Annapolis, MD, May 1999,
pp. 190–193.

Zhi Tian (M’98) received the B.E. degree in electrical engineering from the
University of Science and Technology of China, Hefei, in 1994 and the M.S.
degree in systems engineering in 1998 and the Ph.D. degree in information tech-
nology in 2000, both from George Mason University (GMU), Fairfax, VA.

From 1995 to 2000, she was a Graduate Research Assistant with the Center
of Excellence in Command, Control, Communications, and Intelligence (C3I)
at GMU. In August 2000, she joined the Department of Electrical and Com-
puter Engineering, Michigan Technological University, Houghton, as an Assis-
tant Professor. Her research interests are in the areas of signal processing and
communications. She has worked in the areas of digital and wireless communi-
cations, statistical array and signal processing, target tracking and data fusion,
decision networks, and intelligent control. Her current research focuses on ad-
vanced signal processing for wireless communications and information fusion.

Kristine L. Bell (M’88–S’91–M’96) received the
B.S. degree from Rice University, Houston, TX, in
1985, and the M.S. and Ph.D. degrees from George
Mason University (GMU), Fairfax, VA, in 1990 and
1995.

From 1985 to 1990, she was with M/A-COM
Government Systems and SAIC, Vienna, VA, where
she was involved in analysis and development of
military satellite communications systems. From
1990 to 1995, she was a Research Instructor with
the Center of Excellence in Command, Control,

Communications, and Intelligence (C3I) at GMU. She joined the Department of
Applied and Engineering Statistics at GMU in 1996 as an Assistant Professor.
From 1995 to 1997, she was also a Research Associate at the Naval Research
Laboratory, Washington, DC. Her research interests are in statistical signal
processing, array processing, and wireless communications.

Dr. Bell is an Associate Editor for the IEEE TRANSACTIONS ON SIGNAL

PROCESSING.

Harry L. Van Trees (M’57–SM’73–F’74–LF’94)
received the B.Sc. degree from the U.S. Military
Academy, West Point, NY, in 1952 and the Sc.D. de-
gree from the Massachusetts Institute of Technology
(MIT), Cambridge, in 1961.

From 1961 to 1975, he was with the Electrical En-
gineering Department at MIT, becoming a Full Pro-
fessor in 1969. During this period, he was active in
graduate course development and was the Leader of
a research group working in detection and estima-
tion theory and radar/sonar theory. Since 1988, he has

been with George Mason University, Fairfax, VA, where he is currently a Dis-
tinguished Professor of Electrical Engineering. In June of 1989, he founded the
Center of Excellence in Command, Control, Communications, and Intelligence
(C3I), which has a research program that includes work in sensing and data fu-
sion, command support systems, communications and signal processing, mod-
eling and simulation, C3 architectures, and information systems. He has served
as Chief Scientist of the Defense Communications Agency and Chief Scientist
of the U.S. Air Force. He was Principle Deputy Assistant Secretary of Defense.
He served as an Executive Vice President and President of M/A-COM Govern-
ment Systems Division. He is the author of a three-volume set of books on detec-
tion, estimation, and modulation theory. These books contain a unified approach
to communications, radar, sonar, and seismic applications. The first volume is a
classic in its field and is used in graduate schools throughout the world.

Dr. Van Trees has received the Presidential Award for Meritorious Executive
Service, the Distinguished Civil Service Award, and the AFCEA Gold Medal
for Engineering.


