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Correspondence 

Fast  Implementation of LMS Adaptive  Filters 

EARL R. FERRARA 

Abstruct-A frequency  domain  implementation of the LMS adaptive 
transversal filter  is  proposed.  This fast LMS (FLMS) adaptive fiiter  re- 
quires less  computation than the  conventional LMS adaptive filter  when 
the filter  length  equals or exceeds 64 sample points. 

The LMS adaptive  filter  has  been  used in a  variety of applica- 
tions,  including  system  modeling,  channel  equalization,  inter- 
ference  cancelling,  adaptive antennas,  and  spectral line en- 
hancement [ 11 -[4] .  In  the usual implementation  the  outputs 
of a  tapped  delay  line  are weighted and  summed  to  produce 
the  filter  output.  The weights of this transversal filter,  which 
determine  its  impulse  response,  are  adaptively  updated  by  the 
LMS algorithm.  A  frequency  domain  implementation of an 
adaptive  filter,  requiring less computation  than  its  time  do- 
main  counterpart, has  been  proposed [5 ] .  This  frequency  do- 
main  implementation,  however,  employs  circular  convolution 
[6]  of the  filter  input  and  impulse  response,  whereas  the  con- 
ventional  time  domain LMS adaptive  filter  employs  linear  con- 
volution.  This  prevents  the  filter of [ 5 ]  from converging to 
the  optimum transversal filter  solution  attained  by  the  con- 
ventional  adaptive  filter.  In  some  applications  good  perfor- 
mance  can still be  obtained  with  frequency  domain  techniques 
based on circular  convolution, e.g., in  the  detection of narrow- 
band signals in  broad-band  noise [ 91 . 

The  purpose of this  correspondence is to propose  a  realization 
of the  conventional LMS adaptive  filter  in the  frequency  do- 
main  which  does  converge to  the  optimum transversal  filter 
solution.  The  proposed  method is intended  to  be  a  direct re- 
placement  for  the LMS adaptive  filter,  but  requires  substantially 
less computation  than  the  time  domain  implementation  for 
large  filters. The  proposed  method is similar to  that described 
in [ S I ,  but  it converges at  the  same  rate as the  time  domain 
LMS filter.  Convergence at  this  rate is not always  advanta- 
geous, e.g., when the  correlation  matrix of the signals at  the 
filter  taps  has highly  disparate  eigenvalues.  Nevertheless, the 
LMS adaptive  filter  has  been widely  used and is well  under- 
stood so that  a  fast  implementation  should be of interest. 

If the  input  to  the LMS adaptive  filter is the real  discrete- 
time signal xi, then  the LMS adaptive  algorithm is described  by 

Wi + 1 = wj + 2 p ~ i ~ i  (1) 

where Wi and Xi are  vectors  representing,  respectively, the fil- 
ter  weights  and  the  outputs of the  tapped  delay  line  at  time j 

W i  [ w l , i W 2 , j  * 9 * ~ n , i l  T ( 2 )  
xr = [xixi- 1 * .  1 1 .  (3)  

error ~i is the difference  between the “desired  response” The 
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di ,  an  externally  supplied  training signal, and  the  filter  output 
E .  = d .  - y .  

J I J  (4) 
where the  filter  output is given by 

y .  = X T W .  
I J J ‘  (5) 

To  implement  the  frequency  domain  equivalent of a conven- 
tional n weight  adaptive  filter it will be  convenient to  group 
the  data  into n point  blocks.  The weights will be  allowed to 
change only  after  each processed  block.  Holding the weights 
constant  during  an n point  block will not normally  limit  per- 
formance since, in  order  to  keep  the weights from  becoming 
too noisy,  the weight  vector adaptation  time  constants  should 
be  chosen  equal to  several  times n [ 11. During the  kth  block, 
then,  the  filter  output is 

(6) 

where Wk is the  time  domain weight  vector  used  during the 
kth block.  After  processing the  kth  block,  the weight vector 
update  equation  obtained  by  iterating  (1) over n points is 

Y k n + i = X k n + i W k   O < i < n -  1 T 

w k +  I =  w k  + 2 p  ekn+ iXkn+ i 
n -  1 

i = o  

= Wk + 2 p 8 k .  (7) 

It will now  be  shown  how  (6)  and (7) can  be implemented  in 
the  frequency  domain  resulting  in  a  computational savings. 

The  output  equation  (6) can  be rewritten  explicitly  as the 
linear  convolution of the weights  with the filter input 

n -  1 

i = o  
Y k n +  j =  Wi,kxkn+ j -  i. ( 8 )  

To implement (8) with  FFT’s via the “overlap  save”  method 
[6]  the weights  must  be  padded  with n zeros,  and 2n point 
FFT’s  must  be  used.  Let w k  be  a  vector of length 2n whose 
elements  are  the  FFT  coefficients of the  time  domain weight 
vector  padded  with n zeros 

w;=FFT [ W E O * * - O ] .  (9 )  

wk is the  frequency  domain weight vector.  Let xk be  the 2n 
point  transform of the  (k - 1)th  and  kth  input  blocks: 

Y ’- 
XkT=FFT [ x ( k - l ) n . “ X k n - l  X k n  . . ‘ X k n + n - l ] .  

(k - 1)th block kth block (10) 

The  convolution  in (8) is realized by 

[ Y k n  * * ‘ Y k n + n -  1 = last n terms of FFT-~ { W k  @ x k }  

(1 1) 

where  the  operator @ denotes  element-by-element  multiplica- 
tion of the  two vectors.  Equation (1 1) gives the filter output 
values for  the  kth block.  Thus  an n weight  transversal  filter  in 
the  time domain  requires  a 2n weight filter  in  the  frequency 
domain. 
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To implement  the weight vector  update  equation (7) in the 
frequency  domain  notice  that  the  jth  element of v k  in (7) can 
be rewritten as 

For n >, 64  there is some  computational savings  gained by  im- 
plementing LMS in the  frequency  domain, even though five 
FFT’s are  required.  For larger filters  the savings is  substantial. 

so that  the  elements of V k  are  given by  the cross correlation of 
the  error  sequence  with  the  filter  input. v k  can  be  computed 
with  FFT’s if  we first  compute  the  transform E% of the  error 
sequence  preceded  by n zeros 

” 
n zeros kth  err&  block  (13) 

and  then  compute 

where the overbar on Xk denotes  complex  conjugate.  Finally, 
the  frequency  domain weight vector  update  equation is 

If the last n values of the inverse transform of the  initial weight 
vector wo are forced to  zero,  then  (15) is an  exact  implemen- 
tation of (7) in  the  frequency  domain. 

Equations ( lo) ,   (1   l ) ,  (13),  (14),  and (15) define  the  fast 
LMS (FLMS)  adaptive  filter.  After  each  processed  block, the 
impulse  response of the FLMS adaptive  filter is identical to  
that of the  conventional LMS filter. Even though  the FLMS 
weight vector is adapted  only  once  per  block,  the  rate of con- 
vergence of the  two  filters is the same  since,  according to (7) ,  
the sum of the  gradient  estimates over the  entire  block is used 
to  update  the FLMS  weight  vector. 

For each n point  block  the FLMS  filter  requires five 2n 
point  FFT’s  and  two  2n  point  complex  multiplies.  For real in- 
put  data, all transforms  are  symmetric  and  require  computa- 
tion of only  the  first n + 1  terms.  Furthermore,  for  real  data, 
a  2n point FFT can  be  realized with  an n point  FFT  and n 
complex  multiplies [ 71 . Each n point FFT requires n/2 log n/2 
complex  multiplies [6 ] .  Therefore,  the  number of complex 
multiplies  per  block  is  5(n/2 log n/2 + n )  for  the five FFT’s 
and  approximately 2n for the  complex  weighting  and  updating. 
To  produce n output  data  points  with  the  conventional  adap- 
tive filter  requires  2n2  real  multiplies [ 5 ] . Assuming one com- 
plex  multiply is equivalent to 4  real  multiplies  yields the fol- 
lowing  ratio: 

5 (log:) + 14 
FLMS  real  multiplies - - 
LMS real  multiplies n 

This ratio  is  computed  for several  values of n in the following 
table: 

FLMS real  multiolies 
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n LMS real  multiplies 

32 1.2 
64 0.69 

256 0.2  1 
1024  0.062 
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Comments on “Line  Tracking Using Antoregressive 
Spectral Estimates” 

STEVEN M. KAY 

Abstract-In [ 11, it was  asserted that a  spectral  line  tracker  based 
upon  the  maximum  entropy  spectral  estimator  provides  a  “significant 
improvement  in  tracking  performance”  over  a  line  tracker  based on  the 
Fourier  transform  spectral  estimator. It is  shown that  the poor  perfor- 
mance  of the  Fourier  transform  tracker  was due in part to the particular 
implementation  of the tracker. In fact, at low  signal-to-noise  ratios the 
capabilities of the  maximum  entropy  and  Fourier transform spectral  es- 
timates to track  time-varying  spectral lines are  nearly  identical. 

I. INTRODUCTION 
In [ 1 ] , several spectral  line  trackers were compared via  simu- 

lation.  It was concluded  that  a  spectral  line  tracker  based  on 
the  maximum  entropy  spectral  estimate (MESE)  provided  a 
“significant improvement  in  tracking  performance”  over  one 
based on  the  Fourier  transform  spectral  estimator.  This  im- 
proved  performace was attributed to the  superior  resolution  of 
the  maximum  entropy  spectral  estimate.  However, it is shown 
here  that  the  improved  resolution of the MESE at  high signal- 
to-noise  ratios (SNR) is not  enough to explain the drastic dif- 
ference  in  line  tracking  performance  that was reported.  In  fact, 
at  lower SNR’s it is  shown  that  the  capabilities of the maxi- 
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