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Fig. 2. Relative power dissipated in spherical implants per unit volume as
a function of induction number for various permeabilities.

various values of the relative permeability ,ulto of the spherical
implants.

In terms of the parameter q, the actual power P in the composite
medium is clearly given by

P = 2yto I H12 qv W/m3. (8)

Thus, in accord with Fig. 2, the power dissipation P peaks for a
certain value of the induction parameter y. This situation is analo-
gous to the induction in the long cylinder in an axial magnetic field.
In both cases, it is desirable to select the induction parameter (i.e.,
x or y) such that the eddy currents are well developed. Obviously
(at least in hindsight), the frequency should not be so high that the
induced currents flow only on the surface of the implant. Such a
situation would be a very inefficient use of ferromagnetic material,
and this fact may have been overlooked by Stauffer et al. [1].

WIRE Loop MODEL
A very simple model that may have some advantges is a circular

or elliptical loop of resistive wire that is closed on itself. For ex-
ample, if the radius of this proposed implant is c and the diameter
of the wire is 2 r, the known formula [6] for the self-inductance is

L = cln (c/r) H. (9)
Now the emf e induced in the loop by the primary field Hp is given
by

e = -iAocw(7rc2) Hp cos 0 V (10)
where 0 is the angle subtended by the local Hp field and the axis of
the loop. The corresponding induced current in the loop is then

il= e/(R + iwL) A (11)
where

length 2rc 2c
2 2 (12)am x area amWr aUmr

is the resistance of the wire loop in terms of the conductivity am of
the metal. We note here that the permeability of the wire does not
enter into our formulas because we are assuming that the wire di-
ameter is much less than the skin depth of the metal [7].

The power dissipation in the loop is

P1 = Ii, 12R/2 W
le21 R

R2 + (cL)2 R
2 2(7C2)2Hc COS20 R

R2 + (WL)2 (13).
This result can be optimized in various ways depending on con-
straints (e.g., frequency, loop size, volume of material, weight,

etc.). But by choosing R wL, we have a relatively favorable sit-
uation in terms of power dissipation because the quadrature cur-
rents are significant. The resistance R can be controlled by any one
c, r, or Urn above but, in addition, the loop might be loaded by a
small resistance if desired.
An intrinsic advantage of the small closed loop, as an implant,

is that the induced electrical dipole is negligible so that currents in
the adjacent tissue are minimized compared to the more desirable
circulating currents.
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Digital Filters for Real-Time ECG Signal Processing
Using Microprocessors

M. L. AHLSTROM AND W. J. TOMPKINS

Abstract-Traditionally, analog circuits have been used for signal
conditioning of electrocardiograms. As an alternative, algorithms im-
plemented as programs on microprocessors can do similar filtering
tasks. Also, digital filter algorithms can perform processes that are dif-
ficult or impossible using analog techniques. Presented here are a set
of real-time digital filters each implemented as a subroutine. By calling
these subroutines in an appropriate sequence, a user can cascade filters
together to implement a desired filtering task on a single microproces-
sor. Included are an adaptive 60-Hz interference filter, two low-pass
filters, a high-pass filter for eliminating dc offset in an ECG, an ECG
data reduction algorithm, band-pass filters for use in QRS detection,
and a derivative-based QRS detection algorithm. These filters achieve
real-time speeds by requiring only integer arithmetic. They can be im-
plemented on a diversity of available microprocessors.
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Fig. 1. Adaptive 60-Hz. filter algorithm. Signal x is the noise, e is the fil-
ter's estimate of the noise,. and y is the output of the filter after the es-

timate is subtracted from the noise.

REMOVAL OF INTERFERENCE

Band-stop analog filters are often used to eliminate 60-Hz noise

from the ECG signal. These filters cause distortion of the signal
since they also remove the 60-Hz components of the actual ECG
signal. An adaptive filter algorithm is effective in eliminating the
60-Hz interference without removing the 60-Hz components of the
signal [1], [2].

This algorithm essentially treats the ECG signal as transient noise
superimposed on a 60-Hz signal (i.e., the cardiac signal is ig-
nored). As sampled data are obtained from an.analog-to-digital con-

verter (ADC), the next sample of the 60-Hz signal is estimated from
the two previous estimates and the most recent sampled data point.
The new estimate is subtracted from the most recent data sample.
If the estimate turns out to be too small, it is incremented by a

small amount. If it is too large, it is decremented by the same small
amount. Thus, the routine essentially learns how much 60-Hz noise
is present and subtracts it out of the signal, leaving only the "tran-
sient" ECG portion of the signal.

Fig. 1 shows three signals: x is the actual input noise that we

wish to eliminate, e is the filter's current estimate of the noise, and
y is the output of the filter after the noise estimate is subtracted
from the actual noise. Assuming that the input consists only of a

sinusoidal noise frequency of constant amplitude A, we wish to de-
sign a filter that can learn this noise and subtract it out. In order to
learn the level, we first make an estimate, then adapt the estimate
for each new sampled data point to make it better approximate the
noise. Our estimation signal, then, is based upon a sine wave which
is expressed in digital signal form for an arbitrary sample point as

e(nT) = A sin wnT (la)

where X is the noise frequency, n is the nth sampled data point, and
T is the period between samples. The estimate for the previously
sampled data point is found by replacing (nT) above with (nT - T)
is

e(nT - T)= A sin (nT - T)= A sin (wnT - T). (lb)

Similarly, the estimate for the next point to be sampled is

e(nT + T) = A sin (nT + T) = A sin (wnT + T). (lc)

By using the following trigonometric identity, we can express the
future estimate (lc) in terms of the past two estimates, (la) and
(lb):

sin (a + b) = 2 sin a cos b - sin (a -b). (2)

Using this identity with

a = wnT and b = wT

we can rewrite (lc)

e(nT + T) = 2A sin cnnTcos cT - A sin (wnT - cT). (3)

The first term to the right of the equal sign includes the expression
for e(nT) given in (la). The final term in (3) is equal to e(nT -
T) given in (lb). Also, for a given noise frequency and a given
sampling period T, the term cos wT is a constant

N = cos oT = cost fs

wherefis the noise frequency and Thas been replaced by its equiv-
alent

T = lIIf
Substituting into (3) the equivalents from (la), (lb), and (4) gives

e(nT + T) = 2Ne(nT) - e(nT - T). (5)

This equation uses the present estimate of the noise e (nT), together
with the past estimate e(nT - T) and the description of the sinu-
soidal noise embedded in constant N, to predict the next estimate
e(nT + T). If the prediction is correct, this estimate should equal
the actual noise sample x(nT + T), except for some constant dc
offset. Any dc offset can be approximated by the difference between
e (nT) and x(nT) and subtracted out. We compute the function

f(nT + T) = (x(nT + T) - e(nT + T)) - (x(nT) - e(nT)).

(6)
If this function is zero, our estimate is correct and future estimates
will track the noise frequency. If this function is not zero, we need
an adjustment before estimating the future point. The adjustment
factor is an empirically determined constant d which is very small
compared to the full range of the A/D converter. Iff(nT + T) >
0, the estimate was too low, so we adjust the estimate upward

e(nT + T) = e(nT + T) + d. (7)

Iff(nT + T) < 0, the estimate was too high, so

e(nT + T) = e(nT + T) - d. (8)

After this adjustment, we compute the output of the filter for the
sample point

y(nT + T) = x(nT + T) - e(nT + T). (9)

For the next sample, the estimate e(nT + T) gets shifted and be-
comes e(nT). The estimation signal keeps adapting to the signal
until the functionf(nT + T) goes to zero. At that time, the estimate
is tracking the noise and completely eliminates it. If we apply a
signal such as an ECG to the input and adjust the filter to adapt to
60-Hz noise, it will learn any sinusoidal 60-Hz noise level during
the isopotential periods. It will start to unadapt during the QRS
complex and other ECG waves. However, the isopotential periods
are present a large percentage of the time, so proper choice of the
adjustment factor d will prevent a significant unlearning process
from occurring during ECG waves. A unique feature of this filter
is that it will not disturb any components of the ECG signal itself,
including 60 Hz, since it only tracks a pure sine wave. If the noise
source is suddenly removed, a burst of noise appears in the output
as the filter unlearns the noise level.

The constant N is a noninteger that must be expressed to as many
decimal places as practical. In the case of 60-Hz noise and a sam-
pling rate of 500 sps

N = cos (2w x 60/500) = 0.7289686. (10)

We implement this constant in assembly language by combining
powers of two since power-of-two division is easily achieved using
binary shifts

N = 1 ++_+ + I + I + ± + l =0.72900. (11)

This is a reasonable approximation to the desired constant.
As shown in Fig. 2, this filter requires about 0.5 s to learn the

amount of 60-Hz interference, and the same amount of time to un-
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(c)

Fig. 2. Strip charts showing (a) the original ECG signal, (b) the filtered
signal, and (c) the difference signal between the original and filtered sig-
nals for the 60-Hz adaptive filter. Chart speed (left traces): 25 mm/s,
(right traces): 125 mm/s.

learn the interference once it is abruptly terminated. Thus, the fil-
ter is effective only for relatively constant-amplitude interference
signals. The learning period is determined by the sampling fre-
quency, the magnitude of the increment/decrement, and the ampli-
tude of the 60-Hz interference. For an 8-bit ADC sampling at a rate
of 500 samples/s (sps), an appropriate increment value is about 1
mV relative to a 1-V ECG signal. This corresponds to one-fourth
the least-significant bit in our implementation. Although an incre-
ment value larger than this decreases the required learning period,
it also introduces undesirable distortion in the output signal because
the estimate is not able to approximate the noise signal closely
enough.

Equation (5) must be implemented with sufficient precision to
prevent accumulated errors of propagation. We used 16-bit arith-
metic with 8 integer bits and 8 fractional bits and estimated N to 3
decimal places. Less than 75 lines of Z80 microprocessor assembly
language code are required to implement this adaptive filter.

HANNING FILTER
Smoothing is often useful to suppress noise or interference on a

signal. The Hanning filter, a weighted moving-average algorithm,
is useful for doing this smoothing (i.e., low-pass filtering) digitally
and has been used extensively in many applications. We include this
filter in our filter package because of its fast run-time speed and
ease of implementation. It is frequently useful to apply this filter
several times in succession (i.e., cascade it) to achieve the desired
amount of smoothing. Its z-transform equation is

H(z) =1 [1 + 2Z- + z12]
and it is implemented with the difference equation

y(nT) = I [x(nT) + 2x(nT - T) + x(nT - 2T)].

(12)

(13)

The filter produces an output which is the weighted (scaled) av-
erage of three successive input points. The response is actually that
of a low-pass filter, and the averaging tends to suppress high fre-
quencies. Our implementation requires less than 50 lines of Z80
assembly language code. A more detailed discussion of the Han-
ning filter, including frequency response characteristics, is in
Tompkins and Webster [3] and other references.

Low-PASS FILTER
A low-pass filter with a steeper rolloff than that of the Hanning

filter is often needed to eliminate EMG noise and other high-fre-
quency interference. Lynn [4] provides an excellent discussion of
a special class of recursive digital filters which make use of zeros
and cancelling poles on the unit circle. Filters of this class can be
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Fig. 3. Low-pass filter with the transfer function
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(a) Pole-zero plot. (b) Frequency response.

used to implement low-pass, high-pass, band-pass, and notch filters
with purely linear phase characteristics using only integer arith-
metic.
A first-order low-pass filter can be designed using the transfer

function

H(z) = (1 - zm)/(1 - z1).
This gives the difference equation

y(nT) = y(nT - T) + x(nT) - x(nT - mT).

(14)

(15)
Equation (14) places m equally spaced zeros on the unit circle and
a cancelling pole on the zero at z = 1. At an uncancelled zero, the
output of the filter actually drops to zero. The nominal bandwidth
corresponds to the location of the lowest frequency zero and is
fslm or l1mT. The 3-dB bandwidth is significantly narrower than
the nominal bandwidth. The maximal gain of the filter occurs at dc
and is equal to m.

Filters of this type have the disadvantages of a rather poorly de-
fined cutoff and substantial sidelobes. The first sidelobe of the filter
just described has a peak level which is about 21' percent (- 13.5
dB) that of the main lobe. The first sidelobe's magnitude may be
reduced to only about 4.5 percent of thte main lobe by making the
filter second order. Fig. 3 shows the characteristics of a second-
order filter that we implemented using the transfer function

H(z) = (1 - Z)2

The difference equation is

y(nT) = 2y(nT - T) - y(nT - 2T) + x(nT)

(16)

- 2x(nT - 4T) + x(nT - 87). (17)
For a 200-sps sampling rate, this filter has a nominal bandwidth of
50 Hz (i.e., fs/4) and a 3-dB point at approximately 14 Hz. The
filter has gain at dc of m2 = 16. This filter requires about 80 lines
of Z80 code.

ELIMINATION OF OFFSET

Analog high-pass filters are traditionally used to remove dc offset
and slow base-line drift from an ECG signal. For monitoring pur-
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Fig. 5. Turning-point algorithm. (a) Seven different pathways between
x(nT - 2T) and x(nT) do not produce a turning point. (b) The two
possible turning-point pathways. The circles indicate the saved points for
each of the possible three-point configurations.
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(18)
This filter has 256 zeros and one pole and corresponds to the dif-
ference equation

y(nT) = y(nT - 7) + x(nT) - x(nT - 2567). (19)
The gain of the low-pass filter is 256, so we attenuate y (nT) by 256
before subtracting it from the original signal. The actual output of
this high-pass filter for removing dc offset is

p(nT) = x(nT) - y(nT)1256. (20)
For our application, we wanted a sampling rate of 200 Hz. The 3-
dB point is at approximately (1/2mT), so selecting an m of 256 gives
a cutoff frequency of 0.39 Hz.
The operation of this filter is perhaps best described by consid-

ering its response to a step function as shown in Fig. 4. The differ-
ence, x(nT) - x(nT - 256T), is equal to the step magnitude for
each of the 256 sample times for which x (nT) and x (nT - 2567T)
are on opposite sides of the step. y(nT)1256 is thus incremented by
7 of the step magnitude for each of these 256 sample times until
it is equal to the step magnitude. After this time, y (nT) remains
constant since x(nT) - x(nT - 256T) = 0. The value of y(nT)I
256 is subtracted from each input sample, so a step input produces
a ramp output. We implemented this with 16-bit arithmetic in less
than 35 lines of Z80-microprocessor code and a 256-byte RAM
buffer.

TURNING POINT DATA REDUCTION
As the next section shows, it is sometimes necessary to halve the

sampling rate in order to make use of a certain digital filter. For
example, if your software package is designed for a 200-Hz sam-
pling frequency but one filter requires a 100-Hz rate, you could
simply take every other sample to get the required rate as long as
you do not violate sampling theory. This could result in significant
loss of amplitude due to the loss of key points, especially for QRS
complexes with large amplitudes or high slopes. The turning point
algorithm developed in our laboratory provides an easy way to
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Fig. 6. Band-pass filter with the transfer function

H(Z) = (1 Z-I + Z-2)2-

The center frequency is fsI6 (where fs is the sampling frequency). (a) Pole-
zero plot. (b) Frequency response.

achieve a 50 percent data reduction while retaining the important
data points necessary to preserve ECG features [3], [6].

The turning point algorithm proceeds as shown in Fig. 5. The
most recent sampled point becomes the reference x (nT). The pre-
vious two samples are x(nT - T) and x(nT - 2T). The trend of
the data is analyzed by comparing the amplitudes of the two pre-
vious data points to the most recent data point x (nT). Depending
upon the nature of the pathway between x(nT - 2T) and x(nT),
eitherx (nT) orx (nT - T) is saved and the other point is discarded.

Fig. 5(a) shows seven different pathways between x(nT - 2T)
and x (nT) that do not produce a turning point. For these 3-point
configurations, the center point x (nT - T) is discarded and x(nT)
is saved. Fig. 5(b) shows the two turning-point configurations. In
these cases, the center point x (nT - T) conveys information about
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a change in direction of the sampled data (i.e., turning point). For'
these turning points, x (nT) is discarded and x (nT - T) is moved
to take its position, becoming x (nT - 2T) for the next sequence of
three points. Selection of these turning points causes localized time-
base distortion of one sample interval, but it is less distortion than
can be visualized using conventional ECG recording techniques.
Turning points are easily detected from the slopes between the
points. This method thus retains peaks and valleys of the signal
while eliminating only "constant-slope" points which do not rep-
resent crucial information in the signal. This method produces short-
term time distortion since the saved points do not always represent
equally spaced time intervals, but there is no long-term distortion.

BAND-PASS FILTERS FOR QRS DETECTION
Analog QRS detectors generally bandpass the signal using a cen-

ter frequency of about 17 Hz [3] For each QRS complex, this pro-
duces a high ringing output that is then rectified. A threshold de-
tector circuit triggers a monostable pulse for each QRS complex.
Analogous methods can be used to realize this process digitally.

Lynn [4] has described a class of special band-pass filters which
make use of a set of evenly spaced zeros and a pair of complex-
conjugate poles on the unit circle. The transfer function for such
filters is in the form

H(z (1-(z) =
1 -2 (COS 0) Z-1 +Z2 (21)

Since a pair of such poles gives rise to the denominator term [1 -
2 (cos 0) z-1 + z-2], the coefficient 2 cos 0' is only an integer for
values of 0 of 0, 60, 90, 120, or 180°'. Poles at 0 and 180° corre-
spond to low-pass and high-pass filters, while poles at 60, 90, and
1200 correspond to band-pass filters with center frequencies of 1/
6T, 1/4T, 1/3T Hz, respectively. Although the center frequencies
which can be obtained using such integer-arithmetic filters at a given
sampling frequency are very limited, any desired center frequency
can be obtained by adjusting the sampling rate.

Fig. 6 shows' the characteristics of a useful'filter of this type for
ECG QRS detection. It is based on the transfer function

H(z)_= ( (1 - Z -2)2
H()-(1 - z'- + Z-2)2' (22)

This second-order filter utilizes 12 zeros on the unit circle with
cancelling poles at + 60°. We sampled at 200 Hz and used the turn-
ing point algorithm to reduce the effective sampling rate to 100 Hz.
This placed the center frequency at 16.67 Hz and the nominal band-
width (between transmission zeros to either side of the center fre-
quency) at ± 8.3 Hz (3-dB bandwidth is ± 3 Hz). The filter is im-
plemented by the equation

y(nT) = 2y(nT- T) -3y(nT - 2T)
+ 2y(nT - 3T) - y(nT - 4T) (23)
+ x(nT) - 2x(nT - 12T) + x(nT - 24T).

Fig. 7(b) shows that the duration of ringing is approximately 240
ms. The filter gain is 12(m/6)2 or 48.
We implemented several band-pass filters using this approach

and discovered that the minimum useful pass-band width is primar-
ily limited by the duration of the ringing output that is acceptable
in the QRS-detection application (Fig. 7). As with analog filters,
narrowing the passband (i.e., increasing the Q of the filter) results
in more ringing at the output. For the digital band-pass filters, the
duration of this ringing is equal to the maximum time delay used
in the recurrence formula of the filter. In order to keep this duration
short enough so that the QRS complexes remain distinct for rapid
heart rates, it is necessary to use a 3-dB bandwidth of at least ± 3
Hz (corresponding to a nominal bandwidth of about ± 8 Hz).

The filter gain must be considered when implementing any of
these filters discussed above. We sampled the input signal with 8-
bit resolution and carried out all calculations with 16-bit arithmetic.
All y delay values were retained as 16-bit numbers, while x delay

(a) (b) (c)
Fig. 7. Input (top traces) and output (bottom traces) signals for band-pass

filters with nominal bandwidths of (a) ± 2.5 Hz, (b) ± 8.3 Hz (i.e., filter
of Fig. 6), and (c) ± 11 Hz. Chart speed is 125 mm/s.

values were stored in their original 8-bit form and expanded to 16
bits as they were used in calculations. The filter output value was
divided by an appropriate factor to produce an 8-bit result for out-
put. In order to simplify this integer division, we divided'by the
nearest power of two to the actual maximum gain. For example, in
the implementation of (23), division by 32 was sufficient to limit
the result to 8 bits. Lynn [4] provides a useful table of several re-
currence formulas and their maximal gains.

QRS DETECTION BY SUM OF DERIVATIVES METHOD
A method employing the sum of the first and second derivatives

shows promise in the detection of QRS complexes [8]. This method
also has the advantage of allowing estimation of the QRS duration
in addition to simply detecting the complexes. For our applications,
we have found the sum of derivatives method to be preferable to the
band-pass filter method for real-time and 60 times real-time anal-
ysis of ECG signals [9], [10].

There are numerous methods for numerically approximating the
derivative of an input signal. The choice of which one to use is
basically a tradeoff between accuracy and computing time. The
simplest method is the two-point difference algorithm which has the
transfer function

H(z) = (/IT) (1 - z-'). (24)
This method is extremely fast but it is very sensitive to noise and
is a poor approximation of the ideal derivative. A better choice is
the three-point central difference algorithm

H(z) = ( (1 - 2). (25)

Although it closely approximates the derivative only for relatively
low frequencies, this method's decreased sensitivity to high-fre-
quency noise makes it a good choice for real-time' applications. We
used the three-point central difference method in our implementa-
tion and found it to be quite satisfactory.
We found that smoothing the signal with the Hanning filter was

useful in producing a clean output signal. Our algorithm can be
expressed as follows:

1) get derivative of input signal,
2) full-wave rectify the first derivative signal,
3) smooth the result with a Hanning filter,
4) amplify the signal appropriately (overflow is hardlimited),
5) get the derivative of the result from step 1) to approximate

the second derivative,
6) rectify, smooth, and amplify this signal,
7) sum the results of 4) and 6) (overflow is hardlimited),
8) smooth the sum with the Hanning filter, and
9) threshold the result with hysteresis to produce a pulse.
The results of the algorithm for a QRS complex is shown in Fig.

8. This method produces a single peak for normal-looking QRS
complexes, but abnormally prolonged complexes may produce mul-
tiple peaks. By applying physiological rules based on durations of
QRS complexes and latencies between them, we are able to merge
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Fig. 8. Real-time QRS detection by sum of derivatives method. (a) Input
ECG, (b) smoothed first derivative, (c) smoothed second derivative, (d)
smoothed sum of the derivatives, and (e) the resulting pulse after the
thresholding.

multiple pulses produced by abnormal QRS complexes into a single
pulse.

A FILTER PROGRAM FOR REAL-TIME QRS DETECTION AND
DURATION ESTIMATION

We developed a program that calls several of these digital filters
as subroutines. For each QRS complex, the program produces a
single pulse that has a width proportional to the QRS duration. The
input signal is bandlimited and sampled with 8-bit amplitude res-
olution at 200 sps. After removal of 60-Hz interference with the
adaptive filter, the signal passes through the base-line-drift filter,
and then through a low-pass filter to further attenuate EMG and
other high-frequency noise which was not eliminated by the analog
antialias filter.
A smoothed sum of the first and second derivatives from this

signal is thresholded with hysteresis at 85 and 30 percent of the
maximum (hardlimited) value to produce a square wave output.

The program is implemented in Z80 assembly language on a 2-
MHz Z80-based microcomputer. Real-time operation is easily
achieved, and ample time is left over for future additions to the
software package.

CONCLUSIONS

It is practical to replace many of the ECG filtering processes that
typically require circuits with many op amps or are impossible in
the analog domain with a single microprocessor. We have shown
that the microprocessor can accomplish many of the filtering tasks
often required in an electrocardiograph instrument and still have
computing time available for other real-time analysis algorithms.
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Noise Evaluation and Filter Design in CT Images

MASAHIKO OKADA

Abstract-Filtering CT images to remove noise, and thereby enhance
the signal-to-noise ratio in the images, is a difficult process because CT
noise is of a broad-band spatial-frequency character, overlapping fre-
quencies of interest in the signal. We present a measurement of the
noise power spectrum of a CT scanner and show that some form of
spatially variant filtering of CT images can be beneficial if the filtering
process is based upon the differences between the frequency charac-
teristics of the noise and the signal. For evaluating the performance,
we used a percentage standard deviation, an index representing con-
trast, a frequency spectral pattern, and several CT images processed
with the filter.

INTRODUCTION

Images produced by computed tomography (CT) are more or less
distorted by noises arising from various sources such as photon de-
tection statistics, detector misalignment, reconstruction algo-
rithms, and so forth. Hanson [1] has shown that under certain cir-
cumstances human observer detectability of large objects is
improved by smoothing CT images. This communication shows that
some form of spatially variant filtering of CT images can be bene-
ficial if the filtering process is based upon the differences between
the spatial characteristics of the noise and the signal.

Manuscript received March 28, 1983; revised March 25, 1985.
The author is with the Division of Medical Informatics, Niigata Univer-

sity Hospital, Asahimachi-l, Niigata City, 951 Japan.

0018-9294/85/0900-0713$01.00 © 1985 IEEE

7139, SEPTEMBER 1985


