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1. Introduction 

In many practical signal processing problems, the objective is to estimate from 
noisy measurements a set of constant parameters upon which the underlying 
true signals depend. For example, estimating the directions-of-arrival (DOAs) 
of impinging wavefronts given the set of signals received at an antenna array is 
important in fields such as radar, sonar, electronic surveillance and seismic 
exploration. High resolution frequency estimation is important in numerous 
applications including Doppler radar and system identification. The quantities 
to be estimated are parameters (e.g., DOAs of plane waves, cisoid 
frequencies) upon which the observations depend, and these parameters are 
assumed to be constant over the observation interval which is long enough to 
collect sufficient data to ensure parameter estimates of the desired accuracy. 

There have been several approaches to such problems including the so-called 
Capon's maximum likelihood (ML) method [12] and Burg's maximum entropy 
(ME) method [10]. Though often successful and widely used, these methods 
have certain fundamental limitations (esp. bias and sensitivity in parameter 
estimates), largely because they use an incorrect model (e.g., AR rather than 
special ARMA) of the measurements. Pisarenko [37] was one of the first to 
exploit the structure of the data model, doing so in the context of estimation of 
parameters of cisoids in additive noise using a covariance approach. Schmidt 
[46] and independently Bienvenu and Kopp [5] were the first to do this in the 
case of sensor arrays of arbitrary form. Schmidt, in particular, accomplished 
this by first deriving a complete geometric solution in the absence of noise, 
then cleverly extending the geometric concepts to obtain a reasonable approxi- 
mate solution in the presence of noise. The resulting algorithm was called 
MUSIC (multiple signal classification) and has been widely studied since its 
inception. The geometric concepts upon which MUSIC is founded form the 
basis for a much broader class of subspace-based algorithms and is the focus on 
this discussion. 
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Since the pioneering work of Schmidt, several new techniques based on the 
subspace approach have been developed. Notably, the E S P R I T  technique 
(estimation of signal parameters via rotational invariance techniques) proposed 
by Paulraj, Roy and Kailath [40, 41, 44]. More recently, new results in 
multi-dimensional techniques such as the classical maximum likelihood method 
and weighted-subspace-fitting (WSF) of Ottersten and Kailath [68] have attrac- 
ted attention due to their potentially superior performance. In fact, an optimal 
choice of weighting can be shown to yield estimates that achieve the Cram6r- 
Rao lower bound on the error variance [34]. In our presentation we shall 
exploit the unifying subspace-fitting framework of [68] to provide a methodolo- 
gy for analyzing a variety of subspace algorithms. 

We have attempted to adhere to standard notational conventions. Lower 
case boldface italic characters will generally refer to vectors. Capital boldface 
italic characters will generally refer to matrices. For either real or complex- 
valued matrices, ( . )*  will be used to denote the Hermitian conjugate (or 
complex-conjugate transpose) operation. Eigenvalues of square Hermitian 
matrices are assumed to be ordered in decreasing magnitude, as are the 
singular values of non-square matrices. 

For the purposes of developing our concepts we have chosen a simple single 
parameter (i.e., azimuth-only) direction-of-arrival (DOA) estimation problem. 
Extension to more general multi-parameter problems is usually straight- 
forward. We begin by introducing in the next section the l ow-rank  data model 
and describe its geometric properties. In Section 3, the subspace fitting 
framework for signal parameter estimation is developed. In Section 4, the 
asymptotic properties of the estimators are established. Inclusion of sensor 
array errors in asymptotic analyses is important in real-world considerations 
and is discussed in Section 5. In the next section, the issue of computational 
complexity and its reduction via exploitation of some of the low rank prop- 
erties inherent in the data model is addressed through the  fast subspace 
decomposition (FSD) algorithm and its computational advantages described. 
We end with a brief summary of the chapter in the final section. 

2. The subspace-based data model and applications 

There are a number of important parameter estimation problems in which the 
following model of the measurements is satisfactory; 

x( t )  = A (  ~ ) s ( t )  + n( t )  , (1) 

where x ( t ) E  C M is a single observation or snapshot of the data at time t, 
A @ C  M×a is a time-invariant matrix that depends on a set of parameters 
~q E ~q, s( t )  E C a represents some underlying signal waveform, and n( t )  @ C M 
represents additive noise. The three most important features are that the 



Subspace methods for directions-of-arrival estimation 695 

matrix A(~q) is time-invariant over the observation interval, the model is 
bilinear in A and s, and the noise is additive. When there are more measure- 
ments made than signals present (i.e., d < M) in these problems, the signal 
component of x(t) (A(~q)s(t)) is confined to (at most) a d-dimensional subspace 
of C M, referred to as the signal subspace. Since the noise is typically assumed to 
possess energy in all dimensions of the observation space, equation (1) is often 
referred to as a low-rank signal in full-rank noise data model. Herein it is 
referred to as a subspace-based data model. 

This data model admits an appealing geometric interpretation when d < M 
and provides insight into the sensor array processing problem. The measure- 
ments are vectors in a complex space of dimension equal to the number of 
elements in the array (M). In the absence of noise, these measurements are 
confined to a subspace (the signal subspace) of the measurement space whose 
dimension (d')  is at most equal to the number of signals present and it spans 
either the entire or some restriction of the column space of A (itself a subspace 
of the measurement space). If any of the impinging signals are perfectly 
correlated, i.e., one signal is simply a complex scalar multiple of another, the 
span of the signal subspace (d') will be less than d. If there is sufficient 
excitation, i.e., no signals are perfectly correlated, the signal subspace is 
d-dimensional. 

With this geometric picture, solutions to the parameter estimation problem 
are readily manifest as subspace intersection problems. Because of the many 
applications for which the subspace-based data model is appropriate, numerous 
subspace-based techniques have been developed to exploit it. The approach 
taken by subspace based methods is in general a three-step procedure. 

(1) Construct a suitable (unique) parametrization A(r/) of the measurement 
distribution vectors (columns of A(~q)) for all parameter values r /o f  interest. 

(2) Obtain an estimate .4 of the signal subspace from observations in the 
measurement space. 

(3) Find a parameter estimate ~ so that A(a~) best matches ,4 in some sense. 
The requirement in step (1) is simply one of identifiability, i.e., given the 

matrix A(~q), it should be possible to uniquely identify the parameter vector ~q 
associated with it. The problem of estimating the low-rank signal subspace in 
step (2) is generally performed in an unconstrained manner and can be viewed 
as a factor analysis problem. These two steps are common to all subspace- 
based algorithms. It is primarily the implementation of step (3) that has 
attracted the most research attention. 

There are several important signal processing problems that possess the data 
model of (1) and for which subspace-based approaches are appropriate. For 
the purposes of illustration, we focus on the directions-of-arrival estimation 
problem in sensor arrays in this chapter. Subspace methods have more recently 
been applied to several other applications including estimation of the parame- 
ters of exponentials in noise (often referred to as harmonic retrieval), state- 
space system identification, estimating position and alignment of straight lines 
in images (see, e.g., the recent reference [1]). 
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2.1. Directions-of-arrival estimation problem 

The goal of many radar, sonar, and geophysical signal processing systems is to 
take data collected by a spatially distributed array of sensors and extract 
information about the sources of energy received by the sensor array. This 
information is typically in the form of parameters that describe the number of 
distinct energy sources, their location (e.g., azimuth and elevation angles-of- 
arrival, range) their temporal characteristics (e.g., wavelength, frequency, 
amplitude) or other important quantities (polarization, doppler shift, etc.). 

A simple example of this type of application is depicted in Figure 1, where 
two signals are shown impinging on an array of three receivers. The patterns 
associated with each receiver indicate their relative directional sensitivity. For 
simplicity, the receivers are assumed to be located in the same plane, and the 
signal sources are in far field and hence the wavefronts are assumed to be 
planar (unless the signal sources are close to the array, in which case the 
wavefronts would have some curvature). In the case depicted, the parameters 
of interest are simply the directions-of-arrival (DOAs) of the wavefronts. 

The sensors and receivers are basically transducers that convert the received 
energy to electrical signals. Typically, the signals output by the sensors are first 
appropriately conditioned, simultaneously sampled (snapshot), digitized and 
then processed to obtain estimates of the signal parameters. 

Signal and noise subspaces 
In this discussion, we will focus on the so-called narrowband data model for the 
sensor array problem. This model inherently assumes that as the signal 
wavefronts propagate across the array, the envelop of the signal remains 

Signal 1 ~ s] 

I 

Collector 3 

/ /  
/ /  

Signal 2 - s 2 

Collector 2 

Collector 1 

Fig. 1. Illustration of a simple source location estimation problem. 



Subspace methods for directions-of-arrival estimation 697 

essentially unchanged. The term narrowband is used here since the assumption 
of a slowly varying signal envelop is most often satisfied when either the signals 
or sensor elements have a bandwidth that is small relative to the center 
frequency of operation. However, this assumption can also be satisfied by 
wideband signals provided that the frequency response of the array is approxi- 
mately fiat over the bandwidth of the signals, and provided that the propaga- 
tion time across the array is small compared with the reciprocal bandwidths. 

Under the narrowband assumption, the complex (in-phase and quadrature) 
output of an M-element array x(t) E C M due to d sources may be described by 
the following equation: 

x(t) = a ( , i ) s ( t )  + n(t), (2 )  

where s(t) E C a represents the signal amplitude and phase at time t, n(t) ~ C M 
is additive noise, and A(r/) E C M×d is the matrix of array response vectors and 
parameterized by the vector r /=  [ r h , . . . ,  r/d] a~ that is a collection of all the 
unknown spatial parameters, 

A(~)  = [a ( r /1 ) ' - ' a ( r / d ) ] ,  (3) 

The array response a(r/k) for the kth source is a function of the parameters 
contained in the subvector r/k, which might include for example the location of 
the source in some coordinate system, the signal carrier frequency, polarization 
angles, etc. If there are p < M elements in r/k, then a(r/~) will in general trace 
out a p-dimensional surface in C M as r/~ is varied over the parameter space. 
This surface is referred to as the array manifold, and is denoted mathematically 
as 

(4) 

where O denotes the set of all possible values of the parameter vector. For 
example, if p = 1 (e.g., if rlk =0k~ the  signal DOA), then sg is a one- 
dimensional rope winding through C as illustrated in Figure 2. 

An unambiguous array manifold d is defined to be one for which any 
collection of d ~< M distinct vectors from J form a linearly independent set. 
For example, an element from the manifold of a uniform linear array of 
identical sensors is proportional to 

I e_J21rlsin ok/a ] 
a(0k) = / e-J4~r~" sin °k/x / '  (5) 

[. e-J2(M-l~=~ si, ok/a] 

where A is the wavelength of the signal and 6 is the distance in wavelengths 
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Array Manifold 

Fig. 2. A one-dimensional array manifold. 

separating the sensors. It is quite easy to show that such an array is unambigu- 
ous for 0 E [0, 7r] only if 6 < 1 A. For more widely spaced sensors, there will be 
pairs of angles 01 and 02 for which a(01)= a(02). In such cases, the array 
response for a signal from 01 is indistinguishable from that for a signal from 02. 
Clearly, whether or not an array is ambiguous has some important implications 
for the identifiability of the parameters in r/. Note that the requirement of 
half-wavelength interelement spacing is entirely analogous to the well-known 
Nyquist sampling theorem for time series. In this case, the signal of interest 
must be sampled at twice its highest spatial frequency in order for it to be 
uniquely identified. 

If ~ is unambiguous and M > d, the matrix A(aT) defined above will be 
full-rank d. If, in addition, the matrices 

X : [ x ( 1 )  -- .  x (N)] ,  

S = [s(1) . . .  s(N)l 

are defined for N > d vector observations, or snapshots, from the array, then 

X = A ( ~ ) S ,  (6) 

and it is seen that each snapshot from the array is just a linear combination of 
the columns of A(~) .  In other words, each observation is constrained to lie in 
the d-dimensional subspace of C M defined by the d columns of A(~) .  Further- 
more, if S is itself full-rank d, then span(A) = span(A(17)), and the observations 
will fill-out this low-rank subspace. 

Figure 3 illustrates this idea for the special case of a single parameter per 
signal source (p  = 1), two sources (d = 2), and four snapshots (N = 4). Each of 
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Fig. 3. A geometric view of the narrowband DOA estimation problem. 

the two sources has associated with it a response vector a(O~) from the array 
manifold, and the four snapshots x( t l ) , . . . ,  x(t4) lie in the two-dimensional 
subspace spanned by these vectors. The specific positions of these vectors 
depend on the values of the signal waveforms at each time instant. As 
indicated in the figure, the term signal subspace is used to denote the subspace 
spanned by the columns of A(~/), denoted ~{A(7/)}. Note that the array 
manifold intersects the signal subspace at only two points, each corresponding 
to a response vector of one of the signals. A third intersection at some a(03) 
would imply that the manifold was not unambiguous, since a(03) could be 
written as a linear combination of a(01) and a(02). In other words, it would be 
impossible to distinguish a signal subspace generated by signals with parame- 
ters 01, 02, and 03 from one generated by any pair of parameters, e.g., 01 and 
0z, alone. Thus, ambiguities in the array manifold can lead to a loss of 
parameter identifiability. 

It is also possible for the signal subspace to have dimension smaller than d if 
the matrix of signal samples S has a rank less than d. This situation will arise, 
for example, if one or more of the signals is equal to a linear combination of 
the others. Such signals are referred to as coherent, or fully-correlated signals, 
and occur most frequently in the sensor array problem when the multipath 
phenomenon is present. As its name implies, multipath results when a given 
signal is received at the array from several different directions or paths due to 
reflections from various objects in the propagation environment. It is also 
possible there are fewer snapshots than sources present, in which case the 
signal subspace dimension cannot exceed the number of snapshots. In either 
case, the dimension of the signal subspace is less than the number of sources 
present. This does not mean, however, that estimates of the number of sources 
and the associated parameters cannot be obtained. For example, it can be 
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shown [8, 78] that for one-dimensional parameter vectors (i.e., one parameter 
per source) the signal parameters are still identifiable if M is unambiguous and 
M > 2d - d', where d' = rank (A(aq)S). The identifiability condition, which is 
again geometrically obvious, is that the signal subspace be spanned by a unique 
set of d vectors from the array manifold. 

Addi t i ve  noise 
Noise may enter into the array measurement either externally through the 
sensor, or internally through the receiver electronics. The internal component 
is typically due to thermal noise and quantizati0n effects within the receiver. 
On the other hand, external noise can include random background radiation 
and clutter, in addition to any type of interference that elicits an array response 
significantly different from any element of the assumed manifold (e.g., near- 
field, wideband, or distributed emitters under the assumption of far-field, 
narrowband point sources). In either case, it is often assumed that the noise 
causes an additive, zero-mean disturbance to the receiver output, 

x( t )  : A ( n ) s ( t )  + n(t)  , (7) 

which for multiple snapshots is written as 

X =A(~)S  + N ,  (8) 

using an obvious notation. In addition, the noise is also typically assumed to be 
a complex stationary circular Gaussian random process. When deriving maxi- 
mum likelihood estimation formulas based on equation (7), the noise is further 
assumed to be uncorrelated from snapshot to snapshot. 

Of perhaps more importance than the temporal properties of the noise are 
its spatial properties. In particular, most algorithms for this problem require 
that the spatial covariance of the noise be known. This quantity will be denoted 
by the matrix o-Z2;, and is defined to be 

cr2,~ = ~ { n ( t ) n * ( t ) }  , (9) 

where ,~ is normalized so that det(2;) = 1 and O r2 represents the noise power .  
Often the simplifying assumption of spatial whiteness (i.e., 2; = I) is made. 

In practical applications, the noise is usually full-rank, and consequently any 
collection of N ~> M samples of n(t)  will with probability one span all of C M. 
Although the signal component in equation (7) is confined to a d'-dimensional 
subspace of C M, the full-rank nature of the noise implies that x( t )  will be a 
full-rank signal as well. Comparison of equations (7) and (1) reveals that the 
model for narrowband sensor array data has the desired structure required for 
exploitation by subspace-based algorithms. 

As noted earlier, in the absence of noise, a collection of N >/d data vectors 
determine the signal subspace and hence the solution can be found as 
intersections of the array manifold and this subspace. In the presence of noise, 
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the approach is to estimate this signal subspace from the data and then 
determine parameters ~q such that the corresponding array manifold vectors 
best fit this estimate. Indeed, dealing effectively with noise is the key issue in 
subspace algorithms and is described in some detail in this chapter. 

Subspace estimation in presence of noise 
Though techniques are available that proceed directly from the data vectors 
(e.g., singular value decompositions or SVDs), it is conceptually easier to 
explain the subspace estimation based on the spatial array covariance matrix. 
Assuming that noise is spatially white, the array covariance matrix Rxx has the 
following form 

Rxx : E[XX*] : A( n)RssA*( n) + o'2I, (10) 

where Rss = E[SS*] is the signal covariance matrix and A( ~l)RssA*( Tq ) is a 
rank-d '  matrix and d '  < M. The eigendecomposition of Rxx is given by 

M 

Rxx  = ~ Akeke~, (11) 
k = l  

where A 1 t > / ~ 2  ~ "  " " ~ AM are the eigenvalues and the {e~} are the correspond- 
ing eigenvectors of Rxx. For Rxx with the structure given in equation (10), 
i.e., a rank-d'  matrix plus a scaled identity, it is not difficult to see that the 
M -  d '  smaller eigenvalues are repeated, viz., ad,+l . . . . .  A M = o -2. Define 
E s = [el, e 2 , . . . ,  ed, ] and E N = [ed,+l, ed,+2, - • •, eM]. It is easy to see that the 
span of the columns of E s is the signal subspace. Its orthogonal complement is 
spanned by E N and is referred to as the noise subspace. Note that the signal 
subspace is contained in a space spanned by A(~q), i.e., 

(Es} C ~ ( A ( n ) } .  (12) 

This observation is the basis of most subspace-based estimation techniques. 
The spaces are equal if and only if d = d'  which requires that Rss is full-rank 
and the array has no ambiguities in effect. The d'  largest eigenvalues Ai, 
1 ~< i ~< d, are often referred to as the signal eigenvalues, while Ai = 0 -2, d '  + 1 ~< 
i <~ M are referred to as the noise eigenvalues. It is important to note the 
fundamental  asymmetry between the signal and noise subspaces with respect to 

{A( a?)}. It is entirely possible for the noise subspace to have a non-vanishing 
intersection with ~ {A( ~)}, whereas the signal subspace is entirely confined to 

{A(~/)}. 
In practice, the ideal covariance Rxx is rarely available. A consistent 

estimate may be obtained by forming the sample covariance, Rxx,  based on N 
snapshots, i.e., 

1 x(t)x*(t). (13) 



702 A. Paulraj, B. Ottersten, R. Roy, A. Swindlehurst, G. Xu and T. Kailath 

Let (Ak, ek), 1 ~< k ~< M be the eigenpairs of Rxx .  The collection of eigenvec- 
tors corresponding to the largest eigenvalues, ~ {/~s} = ~ (el, • • •, ed'}, forms 
a consistent estimate of the signal subspace. The dimension of the signal 
subspace may be estimated based on the eigenvalue distribution. There are 
several well-known detection schemes available such as likelihood ratio, MDL, 
and AIC tests [2, 73]. As is well known, the eigendecomposition described 
above requires O(M 3) operations and is often the major computational 
burden. In Section 6, a computationally more efficient scheme is presented. 

3. Subspace methods for parameters estimation 

This section discusses subspace methods for parameter estimation by using a 
subspace fitting approach. It also relates these subspace fitting ideas to several 
other techniques that have been applied to the sensor array problem. We begin 
by considering the classical maximum likelihood estimator formulated based on 
a stochastic modeling of the emitter signals. This technique, while having 
excellent performance is usually not computationally efficient, thus providing a 
motivation for the more computationally efficient subspace methods. 

3.1. Maximum likelihood estimation 

In many parameter estimation problems, a natural systematic procedure is the 
maximum likelihood method. Such techniques have the intuitively appealing 
interpretation of finding the set of parameter values that make the observations 
made the ones most likely to have occurred given the model of the measure- 
ments. In the sensor array parameter estimation problem, two models differing 
only in assumptions concerning the underlying signals have been proposed. 
These models have led to the development of two different ML procedures. 
The deterministic or least-squares ML method assumes deterministic signals 
and has been studied in, for example, [7, 17, 88, 55]. In Section 3.2, it is shown 
that this technique may be interpreted as a subspace fitting method and can be 
analyzed in that framework. 

The stochastic ML technique, herein referred to as SML, is based on 
stochastic modeling of the emitter signals [3]. As described in the previous 
section, the data model under consideration is 

x(t)  = A(  rl)s(t ) + n(t) . (14) 

Under the assumption that the emitter signals and noise are i.i.d. Gaussian 
random waveforms, the array output constitutes a stationary, temporally white, 
complex Gaussian random process with covariance matrix Rxx ,  given by 

R x x  = A(  ~)RssA*( ~) + ¢r21. (15) 
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The normalized negative log-likelihood function of the observations 
x ( 1 ) , . . . ,  x(N), has the following form, 

l(~) = M log -rr + log lRxx(~) l  + T r { R x l x ( ~ ) R x x } ,  (16) 

where R x x  = E{xx*}  = A(  7)RssA*(  7 ) + tr21, R x x  is the sample covariance, 
and ~ represents the unknown parameters of the array covariance matrix. The 
SML estimate of ~ is obtained by minimizing l(~).  Herein, the unknown 
parameters are assumed to be 7, Rss, and tr 2. 

The SML method requires a nonlinear (dZ+ d + 1)-dimensional optimiza- 
tion for one-parameter manifolds. Although some methods have been reported 
for performing this search [17, 6], it is often unacceptably expensive. 

As noted in [9], the log likelihood function equation (16) can be separated 
and thus the dimension of the optimization can be reduced. The following 
concentrated negative log likelihood function is obtained (omitting 7-indepen- 
dent terms), 

J(7)  = log lA(n)Rss(7)A(7)*  + 6"2(7)I1, 

Rss(  7)  : A*( 7 ) ( R x x  - 6-2( 7)I )A**(  7)  , 

6 - 2 ( 7 )  = 1 . m - d Tr{Pa('~)Rxx} 

(17) 

(18) 

(19) 

where A t =  (A*A)-~4*, PA =AAt, and P,~ = I - P  a. The criterion function, 
J (7 )  has a rather complicated structure. However, by rewriting the cost 
function the computational burden can be reduced; in [35] a Gauss-Newton 
search technique requiring O(m2d) operations per iteration is presented. If the 
global minimum is found, excellent estimates are to be expected since the 
method is asymptotically efficient. 

Since the SML cost function may have many local extrema, accurate initial 
estimates are required. There has been a great interest in computationally 
efficien.t suboptimal alternatives to the SML technique. Among these, the 
subspace-based techniques have attracted most attention. Subspace methods 
use an elegant geometric interpretation of the sensor array problem and 
provide very good performance. Though these methods are, in general, 
suboptimal techniques, it has recently been shown [34] that if the parameter 
estimation problem is formulated properly, subspace techniques yield asymp- 
totically efficient estimates. This is further discussed in Section 4. 

3.2. Subspace fitting f ramework  

This section formulates different signal parameter estimation methods in a 
common subspace fitting framework, and displays the algebraic relations 
between the algorithms. The framework can be used for designing common 
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numerical algorithms and for obtaining new methods. For example, extensions 
of the ESPRIT algorithm arise in a natural way from the subspace fitting 
formulation. The subspace fitting formulation of the deterministic ML method 
is first discussed, and the other algorithms are related to this formulation. 

The subspace fitting approach was first described by Schmidt [47] and 
formalized by Cadzow [11] and can be posed as 

[A, T] = arg minl]M - A(~)  T II % 
A,T  

(20) 

where M is an m x q matrix that is obtained from the data, the m x p matrix A 
is parameterized by ~, and T is any p x q matrix. The estimate of the 
parameter vector ~q is the argument of A. The matrix M and its dimension, as 
well as the parametrization (and dimension) of A, can be chosen in different 
ways leading to different estimates. This is the key observation in describing 
the several methods as solutions to variations of the same basic problem. 

Note that the subspace fitting problem is separable in A and T [19]. By 
substituting the pseudo-inverse solution I" = A*M back into (20), we obtain the 
following equivalent problem 

.4 : arg max Tr{PAMM*}, (21) 

where PA = A(A*A) -IA* is the projection matrix that projects onto the column 
space of A. 

Table 1 lists some different choices of M and the set containing A for the 
basic subspace fitting problem. This section attempts to explain how these 
choices lead to the different methods. 

Deterministic maximum likelihood ( DML ) 
Maximizing the likelihood function of the data matrix X N is easily seen to be 
equivalent to the following problem [70], 

min Tr{(XN - A(~)SN)*(XN -- A(r/)SN) } : minllXN - A(~)SNII2, 
,I,SN n,SN (22) 

where we have assumed that the signal S N is deterministic but unknown. Thus 

Table 1 
Subspace fitting methods 

Choice of M Constraint on A 

A~_s~ d A E ~  A ~ g  

MM* = Rxx  Det-ML Beamforming ML-ESPRIT 
M =/~s MD-MUSIC MUSIC TLS-ESPRIT 

_ ^ 1 / 2  M -  E s W o p  t WSF Weighted MUSIC Weighted ESPRIT 
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choosing M = X N and A E •a in (20) leads immediately to the DML method. 
The deterministic ML estimate of the emitter waveforms, SN, is obtained from 
(22) by 

SN = A t(O)XN . (23) 

By substituting (23) into (22) and normalizing by N, the following familiar 
optimization problem is obtained 

a~ = arg max Tr{Pa(n)[~xx}, (24) 

where Rxx is the sample covariance matrix. 
Unfortunately, the resulting constrained optimization problem is too compu- 

tationally expensive in many practical applications. Given the formulation in 
(20), it is natural to look for suboptimal methods by performing a one- 
dimensional search as opposed to a full d-dimensional search of the parameter 
space. 

Beam forming 
The traditional beamforming method, or 'delay-and-sum method', for a sensor 
array attempts to maximize the power of a weighted sum of the outputs of the 
elements of the array. The array is steered to all directions in the range of 
interest. The normalized output power P(~qj), as a function of direction ~/j, is 
given by 

1 la*(nj)x(t)l 
e(nj) = , = ,  la(nj)l 

a*( rlj)Rxxa ( rlj ) 
- a ~  =Tr(P~(~j )Rxx) '  

(25) 

where P,(~qj) = a(a*a)-la *. The directions with maximum power are taken as 
the estimates of the DOAs. 

The beamforming method is also immediately obtained from the basic 
subspace fitting problem by comparing (21) and (25). Set p = 1 in (21), i.e., 
take A E ~/ and choose the d largest (separated) maxima of the criterion 
function as the estimates of the directions of arrivals. When only one signal is 
present, beamforming is equivalent to deterministic ML, and for well separated 
sources, the estimates are almost the same. The aperture of the array is the 
limiting factor, not the amount of data when trying to resolve closely spaced 
emitters. 

MUSIC 
The MUSIC algorithm [47] is based on a geometric formulation of the sensor 
array problem and has superior resolution capabilities compared to classical 
beamforming methods. Assumed that the signal covariance matrix Rss, has full 
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rank, i.e., that d ' =  d. The array manifold vectors corresponding to the true 
signal parameters ~h,. • -, lqd then span the signal subspace, ~(Es) ,  and are 
thus orthogonal to the noise subspace, i.e., 

a * ( ' t l j ) E  N = 0 ,  j = 1 , . . . ,  d .  (26) 

In practice, an estimate of the noise subspace is obtained by selecting the 
eigenvectors corresponding to the m - d smallest eigenvalues of [¢xx. A scalar 
measure of the distance between the array manifold and the estimated noise 
subspace is formed and its inverse, 

a*( ~qj)a( "q j) a*( "q.i)a( "q j) 
= 

PMU(nj) = a*( a, Ii)ENE~a ( lqj) a*( ~qj)(l -/~s/~:)a(n~) ' 
(27) 

is searched for peaks. The parameter estimates are determined by the location 
of the d largest peaks of this so called MUSIC spectrum. Maximizing PMU is 
equivalent to maximizing 1 -- 1/PMU. Thus the MUSIC estimate can be written 

a*(rlj)/~s/~:a(lqj) 
~j = arg max 

nj~o a*( aqj)a( ~lj) 
= arg max Tr{P~/~s/~). (28) 

The above corresponds to (21) with M =/~s and A E M. 
The MUSIC and beamforming methods are thus obtained by doing a 

'one-signal-search', i.e., by taking a E M and searching for the d best fits of the 
array manifold with the matrix M. In beamforming, M is chosen as a Hermitian 
square root of Rxx and in MUSIC, M =/~s, i.e., only the eigenvectors of Rxx 
corresponding to the d largest eigenvalues are used. 

MD-MUSIC 
One major disadvantage of applying a one-dimensional search to the sensor 
array problem is the resulting inability to handle coherent emitter signals. If 
d' < d, the true steering vectors cannot all be orthogonal to the noise subspace. 
Different schemes for coping with this problem have been discussed in the 
literature, e.g., spatial smoothing [71, 48, 50]. These methods require specific 
array structures. In general, to handle the coherence problem the search 
procedure has to be multidimensional. The array manifold is simultaneously 
searched for d vectors that span a space containing the d', d ' ~  < d largest 
eigenvectors of Rxx. 

Adopting the subspace fitting formulation the method can be posed as 

a~=arg min I I /~s -ATH2=argmax  ^ ~* AE~d,r A e ~  Tr ( e a( n)EsE s ) " (29) 

The above is easily recognized as (21) with M =/~s, and A E s¢ d. The method 
suffers, just like ML, from a costly multidimensional optimization. It is thus 
not clear why one would choose this MD-MUSIC method in favor of DML. It 
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will be shown in the next section that by giving MD-MUSIC a specific subspace 
weighting it will have the same asymptotic properties as DML. We also present 
another weighting that makes the resulting optimally weighted subspace fitting 
(WSF) method outperform DML. It will now be demonstrated that the 
MD-MUSIC formulation has an elegant solution for an important special 
choice of array geometry and parametrization. 

ESPRIT 
The ESPRIT algorithm [40, 41, 44] assumes a specific array geometry and is 
thus not as general as the algorithms discussed up to now. By exploiting this 
array structure, a very interesting solution to array problem is obtained that 
does not require specific knowledge of the array manifold. No search is 
involved as in the previous methods, thus significantly reducing the computa- 
tional and storage requirements. 

Assume that the array is composed of two identical subarrays, each contain- 
ing ½m elements. The subarrays are displaced from each other by a known 
displacement vector zi. The output of the array is modeled as 

"2(0 ' 

where the ½ m x d matrix .~ contains the common array manifold vectors of the 
two subarrays. The ESPRIT algorithm does not exploit the entire array 
manifold. The only knowledge that is used (and consequently the only knowl- 
edge that is required) is the displacement structure of the array. This limits the 
number of resolvable sources to ½ m, thus d ~ ½ m is assumed for ESPRIT. The 
propagation between the two subarrays is described by the diagonal matrix 

= diag[e i°m, . . . ,  e j~''~] where r k is the time delay in the propagation of the 
k-th emitter signal between the two subarrays and to is the center frequency of 
the emitters. The time delay is related to the angle of arrival by r k = lal sin Ok/ 
c, where c is the speed of propagation. Thus, estimates of the DOAs can 
readily be obtained from estimates of the time delays r k. 

Assume that the emitter covariance is full rank, i.e., d ' =  d, the subspace 
fitting formulation of ESPRIT is then 

min  s-Arll  (31) 
A ~ , T  

where the set ~ is defined by 

(32) 

see [33]. Minimizing (31) can be done in a very efficient manner [45]. A more 
detailed discussion of the identifiability conditions and a generalized version of 
ESPRIT is given in [33] and also [34]. 
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Weighted subspace fitting (WSF) 
Since the columns of/)s are each perturbed in different ways, it is reasonable 
to expect that a weighted subspace fitting method can be superior to the 
unweighted method. 

The weighted subspace fitting can be written as 

[A, :~1 = arg minllMW 1/2 - A ( a ~ ) T I I  2 , 
A,T 

(33) 

where W is a positive definite weighting matrix. This again can be reduced to 
equivalent problem 

= arg max Tr{PA(n)IEsWIE:}. (34) 

It has been shown that the optimal weighting matrix is given by Wop t = 

zi2As 1 (see [69]). As is discussed in the next section, this weighting is optimal 
in the sense it gives the lowest asymptotic estimation error variance of any 
unbiased estimator, i.e., it reaches the stochastic CRB. 

The weighted versions of MUSIC and ESPRIT can also be formulated as 
shown in Table 1. The ML-ESPRIT proposed in [45] can be formulated by 
replacing /)s in (31) by any Hermitian square root of Rxx. This completes 
Table 1. 

4. Asymptotic properties 

It is often of great interest to be able to predict the accuracy of an estimator. 
Valuable insight into the estimation problem may be gained and an algorithm 
can be related to various performance bounds. In sharp contrast, extensive 
simulation studies are time consuming and give limited information about the 
behavior of an algorithm. This section investigates the asymptotic properties of 
the multidimensional estimation techniques discussed in the previous section. 
Thus, the discussion is restricted to A ~ ~d  and A @ ~. 

In the subspace fitting (SSF) framework the data (M in (20)) are represented 
in two ways. Either M is chosen as a Hermitian square root of the covariance 
matrix Rxx, or as a weighted estimated of the signal subspace matrix IEs WI/2. 
However, the following observation from [67], shows that it is sufficient to 
considered the case of a weighted subspace for all algorithms considered 
herein. 

LEMMA 4.1. The deterministic ML method has the same asymptotic distribution 
as the following estimator, 

= arg min[l~:sZi 1/2 _ AT I1~ = arg max Tr(Pa/~sA/)~}, (35) 

where A = A s - O'21 =- A1/eA *1/2. 
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An important consequence of Lemma 4.1 is that all methods within the 
subspace fitting framework asymptotically maximize the following criterion 
function: 

V(lq) = Tr{Pa(.)/)sWE~}, (36) 

where W is a d' x d' weighting matrix. We will require that the parametrization 
of A is identifiable but may otherwise be arbitrary. This implies that the 
analysis holds for A E zd d, all the different ESPRIT formulations, and the 
generalized (multiple invariance) versions of the ESPRIT algorithm [61]. We 
will refer to this class of methods as multidimensional subspace fitting tech- 
niques. 

4.1. Consistency 

Asymptotic consistency of estimates is an important property. Also, asymptotic 
distribution of estimation error can only be established for consistent es- 
timators. 

The multidimensional subspace fitting estimate a~ is given by 

= arg max V(~) ,  (37) 

V(rt) = Tr(Pa(n)/~sW/~) • (38) 

We will restrict the weighting matrix W in (38) to be Hermitian and positive 
definite. Under certain regularity conditions for A(~q), the criterion function, 
V(lq), converges uniformly to 17(a?)= limN~ = E[V(~q)] (see [34]) since the 
signal eigenvectors converge to their true values. Consequently, a~ converges to 
the maximizing argument of 17(~q). We have, 

17(lq) = T r { P a ( n ) E s W E ~ }  

- Tr{PA(,1)EsWEs} 

<~ Tr{EsWE~} = 17(To). (39) 

In the inequality, we have used the fact that the signal subspace is a subset of 
the space spanned by A(a%). As discussed previously, the parametrization 
A E ~d a is identifiable if d < (M + d')/2. For the case A E ~, introduce 

= diag[Pl eJ2~JA[sin 01 . . . .  , Pa eJ2~rlarsin °a] , 

= Re{A) + j Im{,4} = .4~ + jAI. 

Define the 2md-dimensional parameter vector ~q as 

n = [ v e c ( A L  vec(A , Pl, , Pd, 01, ,0d] T 

(40) 

(41) 

(42) 
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where I =  [0(m_l)xl i v] is an (m - 1) x m matrix and vec(A) denotes a vector 
obtained by stacking the columns of A. In [33] it is shown that identifiability is 
then guaranteed if d '  = d and d ~< 1M. Thus the inequality (39) shows that a~ is 
a consistent estimate of rl0. 

4.2. Asymptotic distribution 

Having established consistency of the SSF method, we now proceed to the 
asymptotic distribution of the estimate. Since ~ maximizes V given by (36), we 
have ([24], p. 240) 

o = v ' (¢1)  = v ' ( n o )  + - To) ,  (43) 

where V' denotes the gradient and V" is the Hessian. The vector ~ lies 
between ~qo and ~, so ~qc ~ ~/o as N---> oo. Denote  the limiting second derivative 
of V 

V"(~/) = lira V"(~/). (44) 
N-- -~  oo 

Under  sufficient regularity conditions, [67], we have for large N, 

( f i -  ,lo) = - ( 9 " ( n o ) } - ' v ' ( n o ) ,  (45) 

provided 17"( 7/o ) is invertible. Let V~ denote the i-th component  of the gradient 
V'(~/0). For large N the gradient satisfies 

{ a~l w*E*A**A*P i~ ] V / = 2 R e  _ k s ~ aek~,  (46) 

where w e is the k-th column of W and the derivative of the projection matrix is 
used. Using the asymptotic distribution of the estimated signal eigenvectors, it 
is possible to show, that the gradient, V ' (~0)  , is asymptotically normal with 
zero-mean and covariance matrix Q, given by 

Q = lim N E[V'(~/o)V'(~/o)X]. (47) 
N-- ->  m 

Equations (45) and (47) imply that the asymptotic distribution of the estima- 
tion error is given by 

where 

V ~ ( ~  - ~qo) ~ As N(O, C ) ,  (48) 

C = (17"")-1Q(17"") -1 . (49) 
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Both matrices are evaluated in aq0. The following result, [67], provides the 
asymptotic distribution of the multidimensional SSF signal parameter esti- 
mates. 

TrIEOREM 4.1. Consider the subspace fitting method, (37)-(38). The asymptotic 
distribution of  the estimation error is given by (48)-(49) where the (i, j)-th 
elements of  the matrices are given by 

(V : -2Re{AjPaAiA* ± *EsWEsA* **}, (50) 

2 * ± + N - 2  , t ,  
(Q)ij = 2o- Re{AjPaAiA EsWAsA WEsA }, (51) 

where W is any Hermitian positive definite weighting matrix and all expressions 
above are evaluated at the true parameter values. For the special case A E M e 
and there is only one parameter, O, associated with each signal, the matrices of  
the asymptotic distribution have a simple matrix form 

9" = - 2 R e (  (D*P AD )Q(A tEsWE~A t * )T) , (52) 

Q = 2o_2Re((D,PAD)Q(AtEsWAsf1-2WE~Af,)T), (53) 

where 

Oa o=ol Oa ] (54) o =  ~ . . . .  '~ -6  o:o~ " 

The symbol (3 denotes element-wise multiplication. 

Notice that Theorem 4.1 holds for arbitrary signal correlation (including full 
coherence). Below, the covariance expression is examined for some special 
choices of the weighting matrix. For convenience, A ~ ~/a and r/k = O k is 
assumed. 

COROLrARY 4.1.1. (i) The asymptotic covariance of  the unweighted MD-MUSIC 
method (W = I) is given by (49) with (S is full rank) 

V" = -2Re{(D*P~D)Q(A*A)-T},  

Q = 2o.2Re((D,P~D)Q)[(A,ASA,A) 1 

+ ~rZ(a*ARssa*aRssa*A)-~]T). 

(55) 

(56) 

(ii) The asymptotic covariance of  the deterministic ML method (W= A) is 

c = CRBDET + ( 9 " ) - 1 0 . ( 9 " )  -1  , (57) 
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where 

~,, = - 2 R e {  (D*P AD )@R~s} , 

: 2 t y4Re( (D*PAD)@(A*A)-T} ,  

CRBDET : ½ o_2[Re((D,P~D)C)RLI1-1 

(58) 

(59) 

(60) 

The CRBDE T is the asymptotic deterministic C r a m & - R a o  lower bound as 
derived in [57, 14]. 

(iii) The asymptotic covariance o f  the weighted subspace fitting method with 
weights W = A2Asl is 

C : ½o'2[Re((D*PAD)O)(SA*Rxx-IAs)T}] -x . (61) 

The derivation of these expressions can be found in [67]. Note that the 
estimates of the deterministic ML method do not achieve the deterministic 
CRB. The DML technique does not provide consistent estimates of all model 
parameters and therefore efficiency is lost. In the deterministic model, the 
signal waveforms themselves are regarded as unknown parameters. As a result 
the dimension of the parameter vector grows without bound with increasing N 
and consistent estimation of the signal waveforms is impossible. 

The expressions above are well suited for numerical evaluation and the 
theoretical standard deviation of the signal parameter estimates can be used to 
accurately predict algorithm performance [31] and to compare with results for 
other methods. The ESPRIT algorithm has been displayed here in its simplest 
form. A more general version, and an analysis thereof can be found in [33]. 

The expression for the asymptotic DML covariance in (57) is consistent with 
the expressions derived in [32] and [56]. 

4.3. Relation to max imum likelihood 

In this section, the relation between the estimates obtained with the SML 
technique described in Section 3.1 and the SSF estimates of the previous 
section is examined. As in the previous analysis, this is initially done under the 
assumption of Gaussian signal waveforms. 

The CRBsT o is a lower bound on the estimation error variance for any 
unbiased estimator. An estimator that (asymptotically) achieves the CRBsT o is 
said to be (asymptotically) efficient. The CRB based on the Gaussian signal 
model is discussed in [3] and is easily derived from the negative log likelihood 
function in (16). The (i, j)-th element of the inverse of the CRB for a single 
observation (N = 1) is given by 

-1 [ 02l(g0) ] -1 -1 
{CRBsTo}ij = E ~-g]~/ = Tr{R RiR Rj}. (62) 
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Although the above formula can easily be numerically evaluated, it does not 
give much insight into the behavior of the CRB as a function of the scenario 
dependent parameters. 

Provided the likelihood function is sufficiently regular, the ML estimate is 
asymptotically Gaussian with covariance equal to the CRB [23]. The CRB 
gives the covariance of the entire parameter vector ~ whereas the SSF method 
only provides estimates of the signal parameters r/. In order to compare the 
asymptotic properties of ML and SSF, an expression for the asymptotic 
distribution of the signal parameters, ~ is required. 

Extracting the covariance of ~ from the CRB matrix directly seems like a 
formidable task. The following result, [29, 59], provides the asymptotic dis- 
tribution of the ML signal parameter estimates. 

THEOREM 4.2. Let ~1 be the minimizing argument of  (17). The normalized 
estimation error V~( !  = V ~ (  i I - ~!o) has a limiting Gaussian distribution with 
zero-mean and the (i, j)-th element of  the covariance is given by 

1 2 , ± , - 1  - 1  
~o" [Re{AjPAAiRssA RxxARss}] . (63) 

Since the SML estimates are asymptotically efficient, the above result 
provides a compact expression for the Cram6r-Rao bound on the signal 
parameters. More important, the following result is obtained by comparing the 
expression above with (61). 

THEOREM 4.3. The estimate of  the signal parameter vector ~i obtained with the 
optimally weighted subspace fitting method has the same asymptotic distribution 
as the SML estimate and is thus asymptotically efficient. 

As discussed previously the multidimensional SSF techniques require a 
multidimensional non-linear optimization for computing the signal parameter 
estimates. However, for the special case A E ~ the global optimum may be 
found in a very efficient manner using the ESPRIT algorithm. For the case 
A ~ ~¢d a Newton-type algorithm is proposed in [69] for performing the 
numerical search of the cost function. This method requires O(Md 2) oper- 
ations per iteration and is thus an order of magnitude computationally less 
expensive compared to iterations of the SML technique. 

4.4. Asymptotic robustness 

The asymptotic results presented in the previous section are based on the 
assumption that the signal waveforms s(t) and the additive noise n(t) have 
Gaussian distributions. This section we comment on the applicability of the 
previous results for the more general case of arbitrary emitter signals. In the 
following, the noise is still assumed to be Gaussian. It is found that the 
asymptotic distribution derived for Gaussian signals is preserved in the non- 
Gaussian case L This interesting property is known as asymptotic robustness. 
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Assume that the emitter signals, {s(t)}, are arbitrary deterministic (i.e., 
fixed), second-order ergodic sequence of vectors. The signal 'covariance' is still 
denoted Rss , but it is defined by the following deterministic limit 

Rss = lim 1 N ~  N s(t)s*(t). 
t = l  

(64) 

Consistency of the estimates immediately generalizes to the non-Gaussian case. 
For all methods discussed, consistency depends only on the convergence of the 
sample covariance matrix and if the signals are second-order ergodic, Rxx can 
easily be shown to converge with probability 1 tO Rxx. 

The asymptotic distribution of subspace fitting estimates is based on the 
distribution of the signal eigenvectors of the sample covariance matrix. The 
case of complex observations with a deterministic, second-order ergodic signal 
in additive Gaussian noise is treated in [34]. There it is also shown that the 
estimates obtained through the subspacing fitting criterion (36), are asymp- 
totically robust. We state this as a theorem. 

THEOREM 4.4. Let the emitter signals be second-order ergodic sequences. The 
SSF parameter estimates obtained in (36) have the same asymptotic properties as 
in the case of Gaussian signal waveforms, i.e. 

V ~  e As N(O, CSML), (65) 

where C is given by (49). 

Note that this applies to the subspace fitting criterion (36) for any choice of 
weighting matrix W and also for an arbitrary (identifiable) parametrization of 
A. Hence, one can conclude that the deterministic ML method, MD-MUSIC, 
WSF, and ESPRIT are all asymptotically robust estimation techniques. 

4.5. Discussion 

The asymptotic efficiency and robustness properties of the stochastic ML and 
WSF methods have some interesting implications on the modeling aspects of 
the sensor array problem. There are two competing models for the sensor array 
problem, namely deterministic versus stochastic modeling of the emitter signals. 
These lead to different ML criteria and CRBs. If the emitter signals are 
Gaussian, it is clear that the stochastic ML method is optimal. If, on the other 
hand, the signals have an unknown non-Gaussian distribution or are modeled 
as deterministic, the relation between the deterministic ML criterion and the 
Gaussian based ML method is unclear. It is also of interest to compare the 
CRB for the Gaussian case with the corresponding bounds for other signal 
distributions. The following corollary to Theorems 4.2, 4.3, and 4.4 establishes 
these relations. 
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COROLLARY 4.4.1. Let CWS F and CDE T denote the asymptotic covariances of  
N/'NO, for the WSF and deterministic ML estimates respectively. Furthermore, let 
CRBsT o and CRBaR B be the stochastic CRB and the CRB for any other signal 
distribution or deterministic signals respectively. The following inequalities then 
hold 

CDE w >i Cws v = CRBsT o/> CRBaR B . (66) 

Proof of the first inequality is evident if we apply the deterministic ML 
method to Gaussian signals. The DML estimator provides asymptotically 
unbiased parameter estimates. Theorem 4.3 and the CRB inequality then 
imply that the first inequality in (66) holds. This, together with the asymptotic 
robustness of the DML and WSF methods implies that the first inequality holds 
for arbitrary signals. 

To prove the second inequality, note that CRBsT o only depends on second- 
order properties of the signals. Apply the WSF method to non-Gaussian 
signals, since the WSF estimates are asymptotically unbiased and the asymp- 
totic covariance of the estimates still equals CwsF = CRBsTo, this result follows 
from the Cram6r-Rao inequality. 

The corollary above is a more general version of a similar theorem from [30]. 
The first inequality provides strong justification for the stochastic model being 
appropriate for the sensor array problem. The second inequality says that the 
case of Gaussian signal waveforms can be interpreted as a worst case. If the 
signal waveforms have a known non-Gaussian distribution, it is usually possible 
to achieve better performance than the SML and WSF methods. This would 
require the maximization of the appropriate likelihood function, which can be 
very complicated. Notice also that the resulting method cannot be asymp- 
totically robust. 

It should be noted that the results here refer to asymptotic in the number of  
snapshots N. Although there is a strong connection between DOA estimation 
in sensor arrays and cisoid estimation in time series, the asymptotic statements 
are different. The dual statement to having a large number of data in time 
series, is that the number of  sensors M is large. For large M, the deterministic 
ML method is efficient and the deterministic model is appropriate. 

Although the stochastic ML and WSF techniques have identical asymptotic 
properties, the finite sample behavior may be different. There are other aspects 
which also need to be considered when comparing the methods, for example 
computational complexity and global minimization properties. These issues 
require further study. 

It should be noted that there is a class of multidimensional array processing 
techniques referred to as MODE, [57, 59, 63, 62], which are quite similar to the 
SSF techniques. The MODE technique is generally formulated in terms of the 
estimated noise subspace 

/) = arg rn~n VNSF(0), (67) 
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where 

= IIENA(O)IIv  VNSF(0 ) ~H 2 

= Tr{E~A(O)UAH(O) IEN}  

= T r { U A I a ( o ) I ~ N I ~ A ( O ) ) ,  (68) 

where U/> 0 is a d × d weighting matrix. This technique has been extensively 
analyzed and the optimal weighting derived [57, 59, 63, 62]. When the optimal 
weighting is applied, the MODE technique provides asymptotically efficient 
estimates provided d ' =  d. This weighting however depends on ~q0 and a 
two-step procedure must be applied as described in [63]. The connection 
between MODE and WSF is discussed in [35]. 

All methods discussed herein assume knowledge of the number of emitter 
signals, d. In many practical situations, the number of emitters is not known 
and must be estimated in addition to the parameters. If no coherent sources 
are present, well-established techniques such as Rissanen's minimum descrip- 
tion length (MDL) and Akaike's information criterion (AIC) can be employed 
to estimate the number of emitters. In the presence of coherent sources, d'  < d 
and alternative methods are required. In [77] an MDL based approach to the 
detection problem is proposed. An alternative detection method based on the 
WSF criterion is discussed in [69]. Therein, the distribution of the WSF cost 
function at the global minimum is derived and based on this, a hypothesis 
testing scheme is proposed. 

5. A performance analysis for model errors 

In the above asymptotic analysis, it has been assumed that the array manifold 
and the spatial covariance of the noise were both known exactly. Unfortunate- 
ly, these assumptions are never satisfied in practice. Due to changes in 
weather, the surrounding environment, and antenna location, the response of 
the array may be significantly different than when it was last calibrated. 
Furthermore, the calibration measurements themselves are subject to gain and 
phase errors. For the case of analytically calibrated arrays of nominally 
identical, identically oriented elements, errors result since the elements are not 
really identical and their locations are not precisely known. Depending on the 
degree to which the actual antenna response differs from its nominal value, 
algorithm performance may be significantly degraded. 

The requirement of known noise statistics is also difficult to satisfy in 
practice, since the surrounding environment and orientation of the array may 
be time-varying. In addition, one is often unable to account for the effect of 
unmodeled 'noise' phenomena such as distributed sources, reverberation, noise 
due to the antenna platform, and undesirable channel crosstalk. Measurement 
of the noise statistics is complicated by the fact that there are often signals-of- 
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interest observed along with the noise and interference. Because of these 
difficulties, it is often assumed by default that the noise field is isotropic, that it 
is independent from channel to channel, and that its power in each channel is 
equal. When the SNR is high, deviations of the noise from these assumptions 
are not critical since they contribute little to the array covariance. However, at 
low SNR, the degradation may be severe. 

In this section, we briefly discuss the sensitivity of subspace based algorithms 
to the assumptions of known array response and noise statistics. This work has 
been previously reported in [60, 51, 64, 52, 65, 54, 53,]. Others have also inves- 
tigated this issue. Friedlander [15, 16] has considered the sensitivity of MUSIC 
and deterministic ML for the special case of array errors, and has developed a 
methodology for determining both the DOA estimation error and resolution 
threshold of the algorithms. Wong et al., have also considered the performance 
of MUSIC under the assumption of random sensor motion [76]. The per- 
formance of least-squares (LS)-ESPRIT and TAM (among other algorithms) 
has been studied by Li and Vaccaro for both calibration [27, 25] and noise 
modeling errors [26]. Soon and Huang [49] have also recently considered the 
sensitivity of LS-ESPRIT to random sensor errors. Several authors have also 
investigated DOA estimation algorithms which attempt to mitigate the effects 
of the antenna and noise model errors described above [38, 39, 42, 18, 75, 72, 
74]. 

A general error model 
To isolate the effects of model errors on the DOA estimates, it will be assumed 
that the finite sample effects due to additive noise are negligible and that an 
exact measurement of the perturbed covariance Rxx is available. A very 
general model for [~xx is the following: 

Rxx = (I + A)[(A + A)Rss(a + A)* + o-2(I + •)](I + A)*, (69) 

where the matrices ~1, ,4, and ~ are the result of various types of model 
perturbations. The matrix A contains errors that affect both the signal and 
noise components of the data. Such errors include gain imbalances in the 
receiver electronics, channel crosstalk, and mutual coupling effects. The matrix 

represents the error in the nominal array response, and incorporates the 
effects of imprecisely known sensor locations, perturbations in the antenna 
amplitude and phase patterns, and signal-only mutual coupling. Finally, devia- 
tions from the assumption of spatially white noise are denoted by the Hermi- 
tian matrix ~. 

In the asymptotic analysis of the previous section, the distribution of the 
signal subspace eigenvectors was obtained by exploiting the fact that the 
sample covariance matrix is Wishart distributed. Here we would like to 
quantify how the presence of A, A and ~ affect the span of the signal and noise 
subspaces. SupposeE s and E N span the true signal and noise subspaces, and let 
/~s = Es + Es and E N = E N +/~N represent the perturbed spanning sets. It is 
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shown in [54, 53, 65] that, to first order, the model errors lead to the following 
subspace perturbations: 

E, NE~A(Oo) = ENE,~A(Oo) -: -ENE~,. . , ,  

l - : e zr P AEs 

Z = A + aA + o-2(2 + a*  + a)ATzi -1T*. 

(70) 

(71) 

(72) 

In the discussion that follows we consider the special case where ~ = P~, and 
show how an analysis of model errors may be useful. 

Models for array perturbations 
A perturbed sensor array is typically assumed to be composed of uniformly 
spaced identical elements, i.e., each sensor is assumed to have identical 
response, the signal conditioning electronics (e.g., filter gain and phase re- 
sponsed, etc.) are assumed to perform identically, and the analog-to-digital 
(A/D)  converters are assumed to be synchronized. However, the sensors are 
not identical (their response patterns are different), and their positions are not 
uniform. In addition, the filter and AGC characteristics will not be uniform 
from receiver to receiver, the A / D  converters will not be exactly in phase, and 
there may be uncalibrated or non-uniform mutual coupling present 1. All of 
these factors combine in varying degrees to produce the array perturbation A. 

There are a variety of models that could be used to describe A. In practice, 
the response of a given sensor is typically known to within some tolerance in 
gain and phase that accounts for variations in the construction of the sensor 
and the conditions under which it is to operate. This tolerance may be specified 
as limits above and below some nominal response, or as an expected deviation 
around the nominal. Consequently, one might assume that A is specified in 
probabilistic terms (e.g., the mean and variance of the elements of A are 
assumed known), and that the sensor array is just one realization from the 
probability space of arrays specified by A and the distribution of A. 

A particularly simple model of this type that has been widely used 
[15,25, 87, 20] is to assume that the columns of .4 are zero-mean, white, 
circular, and stationary: 

= 0 2 8 ,  (73) 

~{~(Op)a*(Oq)}=O, p # q ,  (74) 

~ ~'r ( 7 5 )  ~{a(Op)a (Oq)} = 0  Vp, q .  

1 Mutual coupling occurs when a nominally passive collector acts as a transmitter and reradiates 
some of its received energy. 
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If the errors are independent from sensor-to-sensor, B is clearly diagonal. 
Off-diagonal terms indicate sensor-to-sensor correlations that result, for exam- 
ple, if there are uncalibrated mutual coupling effects, or if some sensors tend to 
perturb uniformly (such as identical or adjacent elements). 

In [54, 53, 65], expressions are derived for the DOA estimation error 
covariance of several popular subspace based methods assuming the error 
model of (73)-(75)• In particular, this is done for a weighted version of 
MUSIC: 

a*(O)ENWMuE~a(O) 
= arg min (76) 

o a * ( O ) a ( O )  ' 

and for row- and column-weighted subspace fitting algorithms: 

• ^ 1 / 2  

= a r g  m m l l W R ( E s W c  -- A(O)T)II  
o,T 

• ± ^ ^ : ~  

= arg rnom Tr(PAW~EsWcE s We), (77) 

where WR and W c are respectively the row and column weightings. 
An important outcome of the analysis in [54, 53, 65] was that, for the error 

model of (73)-(75), the following weightings lead to minimum variance DOA 
estimates when finite sample effects are neglected: 

wMu = 

W R = B  -1/2 , 

w c :  ( r ' r )  -1 , (78) 

where T is an estimate of the matrix satisfying 

E s = A ( ~ ) T .  

Note that these are quite different weightings than those obtained in the 
asymptotic analysis of WSF and MUSIC [58]. The simulation results that 
follow illustrate the advantage of these optimal weightings in cases where array 
errors are the limiting factor in estimation performance. 

Simulation examples 
In each of these examples, finite sample effects are neglected by computing in 
each trial the exact perturbed covariance Rxx. A total of 1000 trials were 
conducted for each example, with [~xx generated for each trial using the 
error-free covariance Rxx and the distribution of the perturbation under 
consideration. The sample RMS error of the DOA estimates was then calcu- 
lated and compared to that predicted by the corresponding theoretical expres- 
sions. The nominal gain of all sensors was assumed to be unity in the direction 
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of the impinging signals, and it was assumed that the number of emitters d had 
been correctly determined. 

To begin with, consider the array of Figure 4 which is composed of a seven 
element ULA and two additional elements separated from either end of the 
ULA by six wavelengths. Suppose that the array is subject to the type of gain 
and phase perturbation described by the model of (73)-(75), and further 
suppose that the error covariance B is given by 

B = diag{[10 -2, 10 -4, 1 0 - 4 ,  . . . , 1 0  - 4 ,  1 0 - 2 ] }  . (79) 

In other words, the standard deviation of the array perturbation for the end 
elements is ten times greater than for the elements of the ULA. This particular 
choice of B corresponds to a standard deviation of about 1% in gain and 0.6 ° in 
phase for the ULA, and 10% in gain and 5.7 ° in phase for the end elements. 
For this array, a relevant system design problem would be how to appropri- 
ately trade-off (a) the performance improvement that results from using the 
large aperture provided by the end elements, and (b) the performance 
degradation caused by the unreliable calibration information for these ele- 
ments. 

The array of Figure 4 was simulated with the perturbation described by (79). 
Two uncorrelated emitters were assumed, each of power 0 dB relative to the 
additive noise. The first emitter was fixed at 0 ° broadside, while the second was 
varied from 2 ° to 50 ° over several experiments. Figure 5 gives a plot of the 
RMS error of the DOA estimates versus the separation of the two sources. The 
dotted curve and the symbols O and x represent the predicted and measured 
performance of MUSIC and root-MUSIC when using only the 7 element ULA 
and ignoring the end elements (no MUSIC result is shown for the case where 
the second source was at 2 ° since the algorithm failed to resolve the two 
sources in over half the trials). The solid curve and the symbol ~- denote the 
predicted and measured performance of MUSIC for the full array (including 
the end elements) without weighting, while the dashed line and + denote the 
same for the optimally weighted version of MUSIC. 

When the sources are closely spaced, the smaller ULA does not provide 
enough aperture for MUSIC to accurately estimate the DOAs. As the second 
source is moved away from broadside, the performance of the ULA improves 
until at 02 ~--8 ° it does as well as the full unweighted array. For DOAs beyond 
8 °, using the information from the unweighted end elements actually degrades 
algorithm performance relative to just ignoring them. However, the lowest 
estimation error is achieved using the full optimally weighted array. In fact, the 

7 Element ~V2 LILA 

Fig. 4. Non-uniform linear array. 
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Fig. 5. Performance  of MUSIC and root-music vs. source separat ion for non-uni form array. 

CRB for this case is virtually equivalent to the performance predicted for 
weighted MUSIC. Thus, in this case at least, the weighted MUSIC algorithm 
appears to be efficient. In all cases, the measured RMS errors are in excellent 
agreement  with those predicted by theory. 

As another  example, a 10 element uniform linear array (ULA) with ½ A 
interelement  spacing was simulated, with two emitters at 0 ° broadside and 7 °. 
The SNR for the 7 ° source was 20 dB, while that of the broadside source was 
varied between 0 and 12 dB, and the two sources were 90% correlated with 0 ° 
correlation phase. The covariance B of (73) was assumed to be of the form v21, 
with v = 0.01. This corresponds to a - 4 0  dB gain error and a 0.57 ° phase error  
standard deviation. Figure 6 shows a plot of the standard deviation of the 0 ° 
source estimates for MD-MUSIC,  deterministic ML, WSF, and WSF using the 
weighting of (78) and an estimate of T obtained from initial conditions 
generated using ESPRIT.  The latter algorithm is referred to as RSF to 
distinguish it from WSF. The connected lines indicate the theoretical predic- 
tions and the symbols represent the results of the simulations. Note the 
improvement  achieved by the optimal RSF weighting W c = ( j , . j , ) - i  relative to 
WSF and deterministic ML (in this case, WR = I) .  Though not shown on the 
plot, the one-dimensional MUSIC algorithm has virtually identical perform- 
ance to that of MD-MUSIC and RSF. 

Figure 7 shows the predicted finite sample performance of the algorithms for 
N = 250 snapshots under  the assumption of no array errors. Note that the 
relative performance of the algorithms is reversed compared to Figure 6; in this 
case WSF and deterministic ML outperform RSF and MD-MUSIC (only two 
curves seem to be present since the D O A  error  is virtually identical for WSF 
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Fig. 6. A c t u a l  and  p red i c t ed  D O A  er rors  vs. SNR.  

and also for RSF and MD-MUSIC). This phenomenon has been 
observed in other cases as well, i.e., in scenarios involving array errors where 
RSF has the greatest advantage over WSF, it has relatively poor finite sample 
performance. This illustrates the need for study of combined weightings that 
optimally account for both sources of error. 

0.6  

A 
o 0.5 
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Fig. 7. P red ic t ed  D O A  er rors  vs. SNR,  finite s amp le  effects  only.  
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6. Fast subspace decomposition (FSD) 

This section is concerned with a fast and parallelizable subspace decomposition 
approach for estimating signal subspaces. In Section 3, the conventional signal 
subspace decomposition technique employing an eigendecomposition was de- 
scribed. Though the eigendecomposition technique is widely used, the signal 
eigenvectors form only one orthonormal basis for the signal subspace. Further- 
more, standard eigendecomposition algorithms do not exploit the (low rank 
plus a shift) matrix structure of R x x  to speed up computation. More important- 
ly, computing the eigendecomposition involves at least O(M 3) multiplications 
for an M x M covariance matrix, and in many of its more stable instantiations, 
involves global communication and significant amounts of local storage, prop- 
erties that make VLSI parallel implementation difficult. Therefore, most 
subspace-based algorithms for very large sensor arrays are generally only 
proposed for off-line data analysis instead of real-time implementations. 

Several papers have been published in the last five years in an attempt to 
reduce the computational load for the signal subspace decomposition. These 
include the power method [66], QR factorization [43] and the subspace 
iteration method [13], among others. These methods do reduce computational 
complexity in friendly situations, e.g., when the SNR is very high and the 
signal subspace dimension is known a priori. They will suffer from slow 
convergence in more difficult scenarios such as low SNR and unknown d'. 
None of the above algorithms exploit the fact that the covariance matrix 
associated with subspace-based algorithms is close to a low-rank (rank d')  
matrix plus a shift, 

R x x  = ARssA* + tr21. (8o) 

This matrix structure is also the basis for the signal subspace techniques. That 
is to say, if R x x  is not of the form defined in (80), the signal subspace 
algorithms will not yield consistent estimates. 

Recently, Xu and Kailath [81, 83, 85] exploited such matrix structures and 
developed a class of O(M2d ') fast subspace decomposition (FSD) techniques 
for ideal and sample covariance matrices. For ideal covariance matrices, FSD 
can exactly determine the signal subspace ~ {A} in a finite number of steps. 
This results looks a little surprising, since conventional signal subspace decom- 
position relies on an eigendecomposition that requires an infinite number of 
iterations for an exact solution. Though most traditional detection schemes for 
determining d' require knowledge of all the eigenvalues, the FSD approach 
suggests a detection scheme that does not rely on the eigenvalues and that can 
be carried out in parallel with the process of finding the signal subspace. 

For sample covariance matrices, a different version of the FSD algorithm 
including different detection schemes [83, 80, 85] has been developed to handle 
the finite-data effect. Numerical and statistical analyses have been appropri- 
ately combined to establish the strong consistency of the new detection schemes 
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and the asymptotic equivalence of the signal subspace estimates obtained from 
FSD and a more costly eigendecomposition. 

It is worth mentioning that the above FSD algorithms can be modified to 
proceed directly from the data matrix. The computational complexity is 
O (N Md ' )  flops, which is even smaller than the cost of forming the covariance 
matrix, i.e., O(NM2),  where N is the number of data samples. It can be shown 
that all the asymptotic analysis results also apply to this FSD algorithm. 
However, in this chapter, we shall only present the FSD algorithms for 
covariance matrices and FSD based on data matrices can be found in 
[84, 82, 851 . 

6:1. Ideal covariance case 

An  important theorem 
In general the exact eigendecomposition of an M x M Hermitian matrix 
requires an infinite number of steps (if M > 4), though in practice satisfactory 
approximations can be calculated in O(M 3) flops. Now, let us consider the 
special structured matrix defined in (80). 

R x x  = ARssA* + 0.zI . (81) 

We first introduce the important linear algebraic concept of Krylov subspaces, 
perhaps familiar to some readers via the well-known Lanczos algorithm (see, 
e.g., [36]). 

DEFINITION 6.1. For a Hermitian matrix R x x  and a vector f ,  Krylov matrices 
Km(Rxx,  f )  and Krylov subspaces Y{m(Rxx, f )  are defined by 

Km(Rxx,  f )  = [f, Rxx f ,  . . . , Rxx~ f]  , (82) 

ffffm(RXs , f )  = ~ (Km(RXx,  f ) } ,  m = 1, 2 , . . . ,  M .  (83) 

As we shall see, the Krylov subspace allows us to exploit the special 
structure (81). This will become clear from the following lemmas, proved in 
[81, 79, 85]. 

LEMMA 6.1. For any scalar p and any Hermitian matrbc Rxx ,  fffm(Rxx , f )  = 
Y{m(Rxx - pl ,  f ) .  

REMARK. Letting p = 0 "2, we can easily see that ff{m(Rxx , f ) =  f f ~m(Rxx -  
o"21, f )  = 5~m(ARss A*, f ) .  In other words, though the structured matrix R x x  is 
of full rank for 02 # 0, it acts like a rank d' matrix in its Krylov subspaces. This 
fact is crucial for the successful exploitation of the underlying matrix structure 
to achieve fast computation. 
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LEMMA 6.2. Let Rxx  be the structured Hermitian matrix (81) and suppose it has 
d ' <  M -  1 distinct eigenvalues and one repeated eigenvalue with multiplicity 
M - d'. Assume that we canfind an initial M × 1 vectorfthat is not orthogonal 
to each of  the d' signal eigenvectors and also not orthogonal to the noise 
subspace. For the Krylov subspaces of  Rxx  , it holds that 

(1) ~'~rd'+I(Rxx , f )  = ~ (Es, f }  = ~ (A, f ) ,  
(2) ~{m(Rxx, f )  = ~a'+1(Rxx, f ) ,  m >I d' + 1. 

REMARK. The condition on f will not be hard to satisfy. If we pick f randomly 
in the M-dimensional space, the probability will be zero that we shall get a 
degenerate f ,  the vector that does not satisfy the stated orthogonality condi- 
tions. 

These two lemmas lead us to our main result. 

THEOREM 6.1. With Rxx  , f defined in Lemma 6.2, the signal subspace, i.e., 
(A}, can be exactly computed in a finite number of  steps, namely O(M2(d ' + 

1)) flops. 

PROOF. According to Lemma 6.2, we know that Y{d'+1(gxx, f ) =  ~ { E  s, f } .  
Then rank {Y(d'+l(Rxx , f )}  = rank(E s, f )  = d'  + 1. Since rank(Kd'+l(Rxx)) = 
dim(~{a'+X(Rxx, f ) )  = d' + 1 < M, there is at least one non-trivial vector q that 
is orthogonal to ~(d'+l(Rxx, f )  = ~ ( f ,  A}. Hence, q*A = O, q ' f =  0, and 

q , R x  x = q ,ARssA,  + 002q, = 002q, . (84) 

Obviously, q is an eigenvector associated with the repeated eigenvalues 0 -2. 
Therefore, with q, we can easily obtain 0 -2. With 0 °2 found, any d '  linearly 
independent columns in Rxx  - 0021 = ARssA* can form a basis for the signal 
subspace ~ {A}. 

To determine Y{d'+~(Rxx, f )  requires d '  + 1 matrix-vector products, which 
take around O(M2d ') multiplications, q can be determined via a G r a m -  
Schmidt orthogonalization, which takes about O(Md')  flops if we have already 
obtained an orthogonal basis for y(d'+ I (Rxx  ' f ) .  Therefore, the overall compu- 
tational cost for finding the signal subspace is O(M2d ') flops. More accurate 
operational counts will be given below. [] 

The Lanczos algorithm 
As will be obvious in the following, determination of d '  requires an orthogonal 
basis Qj = [ql, q2 . . . .  , qj] of Y(m(Rxx, f ) .  Of course, this can be done by the 
Gram-Schmidt  orthogonalization procedure. Here, we introduce a more effi- 
cient way of finding an orthonormal basis q l , - .  • , q j "  We start with a vector 
f = ql and calculate Rxxql,  which is then orthogonalized against ql- Let q2 be 
the normalized orthogonal component. We then calculate Rxxq2 and ortho- 
gonalize it against qa and q2 to yield q3. " ' "  At the j-th step, we must 
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orthogonalize Rxxq]_ 1 against ql, q2 . . . . .  qj-1 to obtain qj. In fact, however, 
we do not need to do so. Lanczos [21] showed that Rxxqj is already orthogonal 
to qi, i < j  - 1, i.e., 

q*Rxxq:=O,  i < j - 1 .  (85) 

Therefore, to obtain qj+l, we only need to orthogonalize Rxxqj against qj-1 
and qj. Furthermore, it is easy to show that ~ ( Q j }  = ~ { q l ,  q 2 , " " " ,  q j }  = 

Y#(Rxx, f). 
If we define 

* = * R °9 = qjRxxqj ¢ii-1 qi-1 xxqj ,  (86) 

then it turns out that 

Rxxq i  ~" q j - l~]- i  ~- qjolj "~ qj+l~] ' (87) 

~j=  l l R x x q j -  qj~j - qj-l~i-, l[ . (88) 
We can also see that 

[ al ~1 ] 
~1 if2 ~2 

Q~RxxQj= Tj= ~z .. . . .  , 
" ' .  ~j-,  ~j-1 

(89) 

which is a tridiagonal matrix. 
The proof of the above results can be found, for example, in [36, Section 

12-6]. 

Determination of  signal subspace dimension 
In this section, we shall show how to determine d'. One obvious approach is to 
check the multiplicity of the smallest eigenvalues among all the M eigenvalues. 
If we do not have the knowledge of eigenvalues, the following lemma will show 
how to find d' in the process of creating the Krylov subspace. 

LEMMA 6.3. For the same Rxx  and f as defined in Lemma 6.2, if the Lanczos 
algorithm is used, then ~j defined in (86) is strictly positive for j <~ d' and zero 
for j = d' + l, i.e., 

]3 j>0,  j ~ d '  ]3 j=0,  j = d ' + l .  (90) 

The proof of Lemma 6.3 can be found in [85]. With Lemma 6.3, we can 
determine d' by checking whether flj is zero or not, i.e., /3j&0. 
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The algorithm for  signal subspace decomposition 
In the proof of Theorem 6.1, we have already provided a method for 
computing o -2, after /3j = 0 is detected. In fact, there is an even simpler 
approach justified by the following lemma, which is proved in [85]. 

LEMMA 6.4. With Td,+l as in (89) and R x x  , f as in Lemma 6.2, we maintain 
that 

d ' + l  

T r ( R x x ) -  ~ ~i 
2 i=1 (91) 

o- = M - d ' -  i 

The above results can be summarized as follows. 

FSD A L G O R IT H M  FOR I D E A L  COVARIANCE MATRICES. 

(1) Let a = 0 .  
(2) Carry out the Lanczos algorithm. 
(3) Update a and assign the result to a:  a ~--a + aj. 
(4) If ~j > 0, return to Step (2) and continue the Lanczos iteration. Other- 

wise, d '  ~ j - 1 and go to Step (5). 
(5) Compute (Tr (Rxx)  - a ) / ( M -  d' - 1) and store the result in o-2: 

o -2 ~--(Tr(Rxx ) - a ) / ( M -  d ' -  1). 

(6) Compute /~  = R x x  - o'21. 
(7) Conduct a Gram-Schmidt  orthogonalization to find d '  orthonormal 

basis vectors ql, • • •,  qd' from all the columns of R. 

As shown in [85], the computational complexity of the above algorithm is 
M2(d ' + 1) + M(d  '2 + 7d' + 5) flops. 

6.2. Sample covariance case 

Summary o f  the FSD algorithm 
In the above section, we laid the theoretical ground for exploiting the common 
matrix structure associated with subspace based algorithms and proposed a 
finite-step algorithm to determine the signal subspace from Rxx .  In this section, 
we propose a different version of FSD [83, 80, 85] to estimate the signal 
subspace and its dimension from a sample covariance matrix, an estimate of 
the ideal covariance based on a finite number (N) of snapshots. More 
importantly, a combination of statistical and numerical analyses is presented, 
showing that the FSD estimates of the signal subspace dimension are strongly 
consistent and that its signal subspace estimation asymptotically equivalent to 
those relying on a more costly eigendecomposition. 
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Certainly, the above finite-step FSD algorithm relies on Rxx having exactly 
the structure (81). However ,  this will not be true in practice where we usually 
only have a sample covariance matrix Rxx which is an O (N  -l /z)  estimate of 
Rxx based on N data samples, 

gxx  - gxx  = O(N-1/2) • (92) 

It will be useful to note that (see [2]) 

ek- -ek=O(N-1/2) ,  k = 1 , 2 ,  , d '  (93) 

Ak -- "~k = O(N-1 /2 ) ,  k = 1 . . . .  , M .  (94) 

Therefore ,  

~ {A}  = d' ~ { e k } k =  1 ~ { e k )  d' = k=l + O ( N - 1 / 2 )  • (95) 

Of course the computation of {Ak, ~k} is of order O(M a) flops; so this is not 
done in the extension of the FSD. Instead, we use certain so-called Rayleigh-  
Ritz (RR) values {0(k m)} and RR vectors {y(k m)} that can be obtained in a 
manner  to be described later at the m-th step of the Lanczos recursion. The 
point is that the RR values and vectors that we shall use can be found with only 
O(d  3) flops and they have the following important asymptotic properties: for 
m >  d',  

O(k m)- '{k=O(N-(m-a ' ) ) ,  k = l , 2 , . . . , d ' ,  (96) 

y~m) __ ek = O(N-(m-d')/2), k = 1, 2 , . . .  , d ' .  (97) 

Hence,  once m/> d'  + 2, 

lim X/N{(y~ m ) - e k ) - ( e k - e k ) } = O ,  k = l , 2 , . . . , d ' .  (98) 
N-+ 

In other  words, ~ {y(k m) d' ~ d' {ek}k= 1 are }k=l and ~ asymptotically equivalent esti- 
mates of the true signal subspace ~ {A} = ~{ek}k= 1.d' 

Unless the signal subspace dimension d '  is known a priori, the first step will 
be to estimate d'. Conventional methods use all the eigenvalues of Rxx to carry 
out the likelihood ratio test [22] or to form certain information theoretic 
criteria, e.g.,  AIC, MDL [73, 70]• The FSD detection scheme is based on a 
sequential set of hypothesis tests involving the RR values at each Lanczos 
recursion or Lanczos step• It goes as follows. 

Assume we are at the m-th Lanczos recursion where we have found 
{Oli, [~i}im=l and Qm = [ q l '  q 2 ' "  " "  ' qm] as an orthonormal basis for 
Y{m(Rxx, f ) .  It turns out [36] that 

, ^ A 
QmR xxQm : Tin, (99) 
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where T m is an m × m real and tridiagonal matrix. Find the eigenvalues 0(k m) of 
Tm. (The notation 0 (m) is used because it can be shown that the eigenvalues of 
T m are exactly the RR values associated with Y{m(Rxx ,  f ) . )  Now, form the test 
statistic q~a. 

q~a = N(M - d ) l o g  k~l , 

1 ( T r ( ~ x x ) ~ ] 0  (")) 
t M  8 k=l 

a =0,  1 , . . . ,  m -  2. (100) 

Under the (null) hypothesis that the signal subspace is d-dimensional, we will 
show that ~a is asymptotically chi-squared (X 2) distributed if d =  d' and 

N--,= 
~a --+ m with probability if a < d'. Then, the first a such that ~a ~< Ya is taken as 
the estimate of the signal subspace dimension d', where Ya is a pre:calculated 
threshold based on the tail area of a certain 1( 2 distribution. It will be shown 
(see Section 6.1) that this estimate is strongly consistent. Once d' is estimated, 

. (m)~m we compute the eigenvectors {s k )k=l of T m and select d' of them correspond- 
ing to the d' largest eigenvalues of T m. We shall relabel them as s~ m), . . . ,  s] y) 
and then form the vectors ~ o(m) = y~m). (This notation is used because it can 

I - (m) ~d' be shown that the tyk ~g=l are exactly the RR vectors associated with 
m ^ 07? / " (m) l d '  ~ ( R x x ,  f ) . )  The signal subspace estimate is ~otyk ]k=l" AS will be shown in 

Section 6.1, this signal subspace estimate is asymptotically equivalent to the 
principal eigenspace ~ {~}d'= 1 of [¢XX" We have completed a brief  explanation 
of our FSD algorithm for sample covariance matrices. More rigorous justifica- 
tion will be presented in the following sections. 

A combinat ion  o f  numerical  and statistical analyses 
Let us first give a formal definition of the aforementioned Rayleigh-Ritz (RR) 
values and vectors. 

DEFINITION 6.2. For an m-dimensional subspace ~m, the Rayleigh-Ritz (RR) 
values 0} m) and vectors y}m) of a Hermitian matrix R x x  are defined such that 

R x x Y }  m) -- o~rn)y}m)_]_~ am . (101) 

LEMMA 6.5. Let  (0~ m), y~m)), i =  1 , . . . ,  m be the R R  values and vectors o f  the 
subspace  ~,gm and Qm = [ q x ,  q2 . . . .  , qm] be an or thonormal  basis o f  the same 
subspace.  I f  (t~i, si) be the eigenpairs o f  the m × m matrix * ~ QmR xxQm , i = 
1, 2, . . . , m ,  then 

0} m ) =  f f i '  ( 1 0 2 )  

y}m) : Q m s i  " ( 1 0 3 )  
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The proofs of Lemmas 6.5 can be found in [36]. The above lemma show us a 
method of finding RR values and vectors. The RR values and vectors from 
Y{m(I~xx, f )  are used to approximate the desired eigenvalues and eigenvectors. 
With the Lanczos basis, the problem of finding the desired eigenvalues and 
eigenvectors of M x M regular Hermitian matrix turns into a problem of 
computing the eigendecomposition of a small m x m real and tridiagonal 
matrix. This is one important and appealing property of the Lanczos method. 

THEOREM 6.2. Let ~ > ~2 > ' ' "  > ~M be the eigenvalues and el, • • •, eu  be the 
eigenvectors o f  the sample covariance matrix l~xx obtained f rom N data samples 
with a Gaussian distribution N(0, R x x  ), where [¢xx is the structured covariance 
(rank-d'  matrix + o-21) defined in (81). Let Aa > - . .  > A d, > Ad,+~ . . . . .  A M = 
0 r2 and e l , . . .  , e M be the eigenvalues and eigenvectors o f  the ideal covariance 
matrix Rxx .  o~m)>~ o(2m)>~ "'" >I O~ m) and y~m), , y(m m) denote the RR  values 
and their associated RR vectors derived f rom f f (m(Rxx  , f ) .  l f  f is chosen such 
that f *~  i ~ O, where 1 <~ i <~ d', then, for  k = 1, 2 , . . . ,  d', we claim: 

(1) I f  m >i d' + 1, the RR  values O(k m) approximate their corresponding eigen- 
values )t~ to order  O(N-(m-cl')),  and the R R  vectors y(k m) approximate their 
corresponding eigenvectors ek to order 0 ( N -  (m- ~') / 2), i.e., 

o(m) = Ak + O ( N - ( m - d ' ) )  , (104) 

y(m) = ek + O ( N ' ( m - d ) / 2 )  • (105) k 

(2) I f  m >! d' + 1, O(k m) and A k are asymptotically equivalent estimates o f  A k. I f  
m >>- d'  + 2, y(k m) and ek are also asymptotically equivalent estimates o f  e k. 

PROOF. The proof of (1) in this theorem involves quite a few deep numerical 
linear algebra results and is also complicated. Hence, it is not presented here 
and interested readers are referred to [80, 85]. 

With (1), it is quite easy to prove (2). Knowing that y~m~_ ~k = O(N-1/2) 
when m t> d '  + 2, we can similarly establish the asymptotic equivalence between 
y(m) and ~ for estimating e~. The above proof can be very simply illustrated by 
Figure 8, where e is the coefficient of the most significant O(N -1/2) error 
term. [] 

Estimation o f  the signal subspace dimension 
For ideal covariance matrices, we only need to check/~m .90 to determine d'. In 
the sample covariance case, /~m is almost surely nonzero, when m = d ' +  1. 
Nonetheless, by Theorem 6.2, we know that the d'  larger RR values are 
asymptotically equivalent to the signal eigenvalues. This property can be 
properly used to estimate d'. In the following, we first form a statistics q~a, 
based on which the statistical hypothesis is tested to determine d'. The limiting 
distribution of q~a is then derived and a new detection scheme relying on q~a is 
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(0<2,),yk) 

/ 
~. N -'/2 + o(N -1/2) i e .  N - ' / 2  + o(N -a/2) 

I 

( )~k, ek ) 

Fig. 8. Illustration of triangular relationship among ()tk, ek), (hk, ek) and ¢a(') "(')~ 

designed. Finally, we show that the proposed FSD detection scheme is s t r o n g l y  

c o n s i s t e n t .  

A n e w  d e t e c t i o n  s c h e m e  

By (94), we know +~k, d '  + 1 ~< k ~< M cluster around o-2( = hk) in a small region 
with size O(N-I/2) .  In essence, the test of a/._-* d'  is performed by checking 
whether +~a+~ . . . .  , +~M are close to one another. One frequently used measure 
of the difference among +~a+x, • • •,  +~M is the ratio of the geometric mean and 
arithmetic mean of these quantities, i.e., 

1~+ ^ xl l / (M-d)  

=~ 1 )tk) 
L(+~a+l,.. " ~M)= k (106) 

' M 
1 E Xk 

M -- cl k=a+l 

which is also used in most conventional detection schemes, e.g., likelihood 
ratio test [22, 4], AIC, MDL [73, 70]. Unfortunately, at each Lanczos step, say 
the m-th step, we never have these eigenvalues, i.e., Aa÷l,- • •, AM. In fact, 
only m Ritz-Rayleigh (RR) values and other intermediate quantities are 
accessible. Nevertheless, as will be shown below, we can still carry out the 
likelihood ratio test at each Lanczos step without knowing the eigenvalues of 
R XX" 

By Theorem 6.2, we know that the d'  larger RR values from the m-th 
Lanczos step (m/> d'  + 1) can replace the signal eigenvalues without affecting 
the asymptotic properties; more specifically, Ak = 0~ m) + O(N-(m-d')),  for 1 ~< 
k ~ d'. Since 

M M 

Tr(Rxx) = ~ Ak de t (Rxx)=  1-[ Ak (107) 
k=l  k=l  
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thus, 

M 

E 
k=d'+l 

d '  d '  

Ak = Tr(/~xx) - E A~ = Tr(/~xx) - E 0 (m) + O(N-(m-d')), 
k=l k=l 

(108) 

det(/?xx) _ det(/~xx) 
fi '{~- 7 -7 

k=d'+l H "~k I-I O(k m) 
k = l  k = l  

+ O(N-(m-d ' ) ) .  (109) 

M Ak and eventually their ratio (106) can be Therefore,  guk=d'+a ~k, 11~=d'+1 
equivalently evaluated by the R R  values, Tr(/~xx), and det(/}xx ). Neverthe- 
less, since the computation of det(/}xx ) generally requires O(M  3) flops, it is 
rather computationally intensive. Herein, we will form another statistic which 
can be evaluated by no more than O(M 2) flops. The trick is to replace the 
geometric mean of M - d '  smaller eigenvalues by their quadratic mean, viz., 
V ( 1 / M  d') M ~2 - -  ~k=d'+l A~. Knowing that [l&~xII 2 M ~2 = • k = l  / ~ k ,  w e  can use the 
same trick to obtain 

M d' 

E ~ = II&xII 2 -  E 02 m>2 + O(N-(m-a ' ) ) .  (110) 
k = d ' + l  k = l  

With these in mind, we can form the statistics q~a for estimating d'  as follows: 

Pa = N ( M  - cI) log ) k = l  

1 

M d g=l 

(111) 

The following theorem gives the limiting distribution of q~a under the null 
hypothesis H0: d = d'. 

THEOREM 6.3. For m > d' + 1, the statistic ~a defined in (111) is asymptotically 
chi-squared ( x  2) distributed with 1 (M - d ' ) ( M  - d' + 1) - 1 degrees of  freedom 
under Ho: d = d', if  R x x  is real. When R x x  is complex, 2tO a is asymptotically X 2 
with (M - d ' )  2 - 1 degrees of  freedom. 

The proof of Theorem 6.3 is given in [80, 85]. The proposed detection 
scheme for the ~Pa at the m-th Lanczos step is outlined below, c(N) is a 
predetermined sequence of numbers. The choice of c(N) is discussed in the 
next section. 
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FSD DETECTION SCHEME. 

(1) S e t 2 = l .  
(2) Set null hypothesis H0: d = d. 
(3) Properly choose a threshold Ya based on the tail area of the X 2 

distribution with ½ ( M -  d ) ( M -  d +  1) - 1 (for a real {¢xx) or ( M -  2) 2 - 1 
(for a complex [{xx) degrees of freedom. 

(4) Evaluate the test statistic q~a. 
(5) If q~a <~ Yac(N) (for a real Rxx) or 2q~ a ~< yac(N) (for a complex Rxx), 

accept H 0 and stop. 
(6) If q~a > 3'ac(N), reject H0; if 2 < m - 2, 2 := 2 + 1, return to Step (2). 

Otherwise, m := m + 1, continue the (m + 1)-th step. 

Strong consistency 
This section concerns how to select c(N) for the detection scheme to yield a 
strongly cons&tent estimate of the signal subspace dimension d'. The estimate 
of d '  is called strongly cons&tent, if the correct estimate occurs with probability 
one as the number of data goes to infinity. The consistency proof requires the 
following preliminary results. 

LEMMA 6.6. For the sample covariance matrix Rxx and its eigenvalues f%, the 
following relations hold with probability 1, 

Rxx - Rxx = O(X/log log N/N) , (112) 

A k - A k = O ( V ' l o g l o g N / N ) ,  k = l , . . . , M .  (113) 

The proof of (112) can be found in [28], while (113) is proved in [86]. 
Let  k = d '  + 1 or M, by (113), we have h~ - 0 -2 = O(s/log log N/N). Hence, 

E =  d'+l - -  = - -  0"2)  - -  - -  0"2)  = O ( ' k / l o g  l o g  N/N) 
( 1 1 4 )  

with probability 1. 
Now let us give the following theorem concerning strong consistency of the 

detection scheme. 

THEOREM 6.4. For the statistic ~a defined in (111), the detection scheme of the 
previous section is strongly consistent if c(N) satisfies the following conditions: 

lim c(N) c(N) N'--->~ N - 0 lim - oo. (115) ' N--,= log log N 

The proof of this theorem can be found in [80, 85]. In fact, the sequence 
c(N) which satisfies the conditions in (115) is not difficult to find. For example, 
V ~ g  N is a good candidate. The unique advantage of the FSD detection 
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scheme is that it does not require the knowledge of the eigenvalues but the 
intermediate quantities of the (d + 2) th Lanczos step, i .e . ,v  ka(m), k = 1, . . . ,  ~l + 
1. Therefore, the detection scheme can be carried out in parallel with the 
process of finding the signal subspace. Also only RR values (not RR vectors) 
need to be computed at each intermediate Lanczos step. According to [36, 
Section 8-15], the eigenvalues (no eigenvectors) of an m x m tridiagonal 
matrix can be found in 9m 2 flops (instead of 10m 3 flops for a complete 
eigendecomposition). Therefore, the detection only requires O(m 2) flops at the 
m-th Lanczos recursion or O(d 3) flops in total plus ½M 2 flops for computing 

II/ xxII 2. 

BASIC FSD ALGORITHM. With the new strongly consistent detection scheme, our 
FSD algorithm is complete. The basic FSD algorithm is briefly described 
below. 

(1) Properly select a nondegenerate f, set m = 1 and d = 1. 
(2) Carry out the m-th Lanczos recursion. 
(3) Compute the RR values O} m), i = 1, 2 , . . . ,  m. 
(4) Evaluate q~a, for d = 1 , . . . ,  m -  1. If ~a <~ Yac(N), set d ' =  d (accept 

H0), go to Step (5). Otherwise, m := m + 1 and return to Step (2). 
(5) Compute the d' principal RR vectors y~k m~ associated with ~m([Cxx, f ) .  

The final signal subspace estimate is ~ {y~,n),. . . ,  y~am)}. Stop. 

Numerical concerns 
One practical issue regarding the FSD algorithm is possible numerical instabili- 
ty associated with the Lanczos method. Nevertheless, we can always remedy 
the numerical problem by adopting a selective reorthogonalization [36], Sec- 
tion 13-8, or a complete reorthogonalization. Since d' ~ M, the extra computa- 
tional complexity is no more than O(Md2), which is not so significant. Another 
remedy to this problem is to replace the Lanczos algorithm by Householder 
reflections and Givens rotations, which are much more numerically robust. In 
this case, the computational cost is still of the same order (O(M2d')),  but the 
coefficient is larger. 

6.3. Summary 

In this section, we first showed the possibility of achieving the signal subspace 
decomposition in a finite number of steps by properly exploiting the structure of 
ideal covariance matrices. The proposed algorithm can achieve nearly an order 
of computational reduction over eigendecomposition methods. 

We also proposed a new O(MZd ') fast subspace decomposition algorithm for 
sample covariance matrices, including a new simple detection scheme for 
estimating the signal subspace dimension, which can be carried out in parallel 
with the estimation of the signal subspace. Rigorous statistical and numerical 
analyses have been conducted, which assure the strong consistency of our new 
detection scheme and the asymptotic equivalence between the FSD estimates 
and those based on the more costly O(M 3) eigendecompositions. 
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7. Concluding remarks 

In this chapter we presented an approach to solving a class of nonlinear 
parameter estimation problems that fit a model characterized by 'low rank 
signal and full rank noise'. Our method first estimated this low rank signal 
subspace from the full rank observations (by exploiting certain structure of the 
noise contributions) and thereafter the problem of estimating the unknown 
parameters reduced to determining parameter values that induced a subspace 
that best fitted the estimated signal subspace. 

This core non-linear parameter estimation problem underlies a surprising 
number of problems ranging from antenna array processing, system identifica- 
tion, extraction of exponentials in noise, high resolution range estimation, and 
several others. Our discussion of this parameter estimation problem was mainly 
in the context of antenna array processing since it is here that subspace 
techniques have been traditionally developed. However, a number of problems 
in general signal processing as well as other applications in engineering/ 
sciences admit a similar formulation. The application of subspace techniques is 
slowly penetrating new areas and our hope is that our exposition in this chapter 
will encourage further exploration of this approach and its application to new 
problems. 

Some comments on the application of subspace methods to antenna array 
signal processing are needed to put in perspective the material covered in this 
chapter. 

(1) Array signal processing has been a particularly fertile area of research 
and has been approached from a number of different view points with varying 
degrees of success. Subspace methods (MUSIC, ESPRIT, etc.) have been only 
one, but particularly successful, paradigm for array signal processing. The 
success of the subspace methods arises largely from imposing a simple underly- 
ing model on the signal and noise and then usefully exploiting the properties of 
this model. 

(2) The assumptions on the data model may not always be practical or 
convenient. For example an important restriction of the subspace method is 
that the number of signals be less than the number of sensors (assuming no 
coherent sources). This restriction is not usually needed in the other array 
processing methods. Another restriction is that the noise field be uncorrelated 
and equi-power at each sensor (equivalently the noise field covariance is 
completely known to within a scalar). Again such restrictions are not necessary 
in many other array signal processing methods. This assumption on the noise 
field characterization is inconvenient or impractical in many real scenarios. 
Several extensions of subspace methods allowing them to relax some of these 
restrictions have been proposed, and further extensions remains of great 
interest. 

(3) Signal processing addresses a large number of problems including the 
direction-of-arrival estimation, signal waveform estimation (sometimes referred 
to as signal copy), signal covariance estimation etc. In our discussion we have 
restricted ourselves to the DOA estimation problem as it is the key to solving 
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the other problems. However subspace methods also provide a nice solution to 
the other related problems and the reader is referred to the extensive literature 
in the field. 

In summary, this chapter introduced subspace methods in the context of 
array signal processing. We began with a description of the underlying data 
model and presented an unified approach to this non-linear parameter estima- 
tion problem via subspace fitting techniques. We then discussed some of the 
statistical properties of these methods and followed this up with an analysis of 
their sensitivity to modeling errors. Determining the signal subspace (and its 
rank) is a key underlying problem and in the last section we described certain 
fast techniques for subspace estimation and analyzed their statistical properties. 
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