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a b s t r a c t

In normal working conditions it is possible to achieve sufficient attitude estimation accuracy for a
satellite using regular Kalman filter algorithm. On the other hand, when there is a fault in the
measurements, the Kalman filter fails in providing the required accuracy and may even collapse over
time. In this paper, a Robust Kalman filtering method is proposed for the attitude estimation problem.
By using the proposed method both the Extended Kalman Filter and Unscented Kalman Filter are
modified and the new algorithms, which are robust against measurement malfunctions, are called
Robust Extended Kalman Filter and Robust Unscented Kalman Filter, respectively. A multiple scale factor
based adaptation scheme is preferred for adapting the filters so only the data of the faulty sensor is
scaled and any unnecessary information loss is prevented. The proposed algorithms are demonstrated for
attitude estimation of a small satellite and performances of these two robust Kalman filters are compared
in case of different measurement faults. The application of the algorithm is discussed for small satellite
missions where the attitude accuracy depends on a limited number of measurements.

& 2013 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The Extended Kalman Filter (EKF) is a nonliear version of
Kalman Filter (KF) which has been widely preferred for various
applications including attitude estimation [15]. The Unscented
Kalman Filter (UKF) algorithm is a recent filtering method which
has many advantages over the well known EKF. The essence of the
UKF is the fact that; a nonlinear distribution can be approximated
more easily than a nonlinear function or transformation [11]. The
UKF avoids the linearization step of the EKF by introducing sigma
points to catch higher order statistic of the system. As a result, it
satisfies both better estimation accuracy and convergence speed
[27]. The UKF is more robust against noise, bias and [17] and initial
attitude estimation errors [3].

In literature there are many examples where the UKF is used
for attitude estimation. In [3] the attitude and gyro biases are
estimated via the UKF and in [24] a dual-state parameter estima-
tion routine is presented as a part of attitude determination
system of a small satellite. Moreover, Vinther et al. [28] introduces
an UKF based inexpensive cubesat attitude estimation method
where also the magnetometer biases are estimated and in [9] the

UKF is used for in-orbit magnetic disturbance estimation and
compensation.

One main problem for both the EKF and UKF, when they are
used for spacecraft attitude estimation, is that they are not robust
against faults. Such faults in the measurements affect the estima-
tion accuracy and may make the attitude estimator diverge in the
long term. Hence the KF algorithm that is used as the attitude
estimator must be built robust using an adaptive approach [26].

In literature the adaptation methods for the linear KF are
discussed by many researchers. The method proposed by Mehra
[19,20] can be shown as the forerunning study in this area. The
Multiple Model Based Adaptive Estimation (MMAE), Innovation
Based Adaptive Estimation (IAE) and Residual Based Adaptive
Estimation (RAE) are some of the techniques which may be given
as examples of more recent studies [22]. Estimation of the process
and measurement noise covariances is further discussed in
[30,23,4]. In [30] noise covariance matrices of a discrete–time
linear system is estimated via an algorithm named 3-OM. In [23]
the noise covariances are computed in a single step using the
autocovariance least-squares method. Lastly, [4] gives a survey of
the recent studies about the covariance estimation.

Another approach is scaling the noise covariance matrices
rather than estimating them [1]. Multiplying the process or
measurement noise covariance matrix with a time-dependent
scale factor [5,7] is a method that is used for correcting the gain
of the Kalman filter and can be applied when the information
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about the dynamics or measurements is absent [13]. Hence
adaptation against both the system uncertainty and measure-
ments malfunctions is possible using such algorithms.

All these methods, introduced so far, are given for the discrete–
time linear systems and cannot be used for the adaptation of the
EKF or UKF without any correction or modification. Therefore, we
shall investigate the methods that are proposed for adaptation of
the nonlinear systems such as the Adaptive Extended Kalman
Filter (AEKF) or Adaptive Unscented Kalman Filter (AUKF).

Kim et al. [14] generalize the method proposed in [13]
for nonlinear systems and present a two-stage AEKF for the
loosely coupled INS/GPS systems. The main drawback of this AEKF
approach is using a single fading factor for the adaptation
procedure. This is not a healthy procedure since each term of the
innovation sequence has a different effect on the filter perfor-
mance, especially in a case where one of the sensors is faulty but
the rest are working properly. In [8] two distinct methods are
described as the AUKF algorithm. In the first method, adaptive law
is derived using the MIT rule and the difference between the filter
computed covariance and actual innovation covariance is mini-
mized by defining a cost function. As a deficiency, it is necessary to
calculate the partial derivatives so the algorithm has a very high
computational load. In the second method, two UKFs run parallel;
the first one as the master and the other one as the slave filter.
Although it is easier than the first method; still the computational
load is high because of two parallel UKFs. Futhermore, in [16,25]
the authors propose an AUKF which is built by integrating the
Saga-Husa noise statistics estimator with the regular UKF algo-
rithm. The method gives accurate estimation results for the target
tracking problem. But for certain cases the noise covariance loses
its semi-positive definiteness and the filter diverges.

In this paper, a robust Kalman filtering method is proposed
for spacecraft attitude estimation in case of measurement system
failure. The new algorithms are called the Robust Extended
Kalman Filter (REKF) and Robust Unscented Kalman Filter (RUKF).
The applied adaptation scheme is similar to the algorithm given in
[26]. However, in this paper the attitude estimation problem is
generalized and instead of the Euler angles the quaternions are
used as the attitude representation method. Additionally, robust
Kalman filters (RKFs) are examined for different measurement
system failure cases and discussions with respect to application
are added. Unlike the exiting studies, which suggest using complex
procedures for adapting the measurement noise covariance, this
paper introduces a simple method. Furthermore a multiple scale
factor based adaptation scheme is used so any unnecessary
information loss is prevented by disregarding only the data of
the faulty sensor. The algorithms are tested for the attitude and
attitude rate estimation problem of a small satellite which has only
three magnetometers as the attitude reference source. Using
magnetometers as the primary sensors is a common preference
for the small satellite applications; and having only a limited
number of sensors onboard increases the significance of the given
robust Kalman filtering methods.

2. Satellite equation of motion and sensor models

This section gives a brief description about the satellite equa-
tions of motion and attitude sensor models.

2.1. Satellite equation of motion

The kinematics equation of motion of the satellite using the
quaternion attitude representation can be given as [29],

_qðtÞ ¼ 1
2ΩðωBRðtÞÞqðtÞ ð1Þ

here q is the quaternion vector formed of four attitude parameters,
q¼ ½ q1 q2 q3 q4 �T and ΩðωBRÞ is the skew symmetric matrix as

ΩðωBRÞ ¼

0 r �q p
�r 0 p q

q �p 0 r

�p �q �r 0

2
66664

3
77775; ð2Þ

where, p, q and r are the components of ωBR vector which indicates
the angular velocity of the body frame with respect to the reference
frame. The body angular rate vector with respect to the inertial axis
frame should be stated separately as ωBI ¼ ½ωx ωy ωz �T : ωBI and
ωBR can be related via,

ωBR ¼ωBIþA½0 �ω0 0 �T : ð3Þ

here ω0 denotes the angular velocity of the orbit with respect to
the inertial frame, found as ω0 ¼ ðμ=r30Þ1=2; μ is the gravitational
constant, r0 is the distance between the center of mass of the
satellite and the Earth. Moreover A is the attitude matrix which is
related to the quaternions by

A¼
q21�q22�q23þq24 2ðq1q2þq3q4Þ 2ðq1q3�q2q4Þ
2ðq1q2�q3q4Þ �q21þq22�q23þq24 2ðq2q3þq1q4Þ
2ðq1q3þq2q4Þ 2ðq2q3�q1q4Þ �q21�q22þq23þq24

2
64

3
75:

ð4Þ
In case of using quaternions for the kinematic modeling of the

satellite0s motion, the UKF or EKF in standard format cannot be
implemented straightforwardly. The reason for such a drawback is
the constraint of quaternion unity given by qTq¼ 1. If the kine-
matics Eq. (1) is used in the filter directly, then there is no
guarantee that the predicted quaternion mean of the UKF will
satisfy this constraint.

One of the documented methods to overcome this problem is
to use an unconstrained three component vector to represent an
attitude-error quaternion instead of using all four components of
the quaternion vector. In this paper we preferred to use the vector
of Generalized Rodrigues Parameters (GRP) for representing the
local error-quaternion. For details about how to represent attitude
for nonlinear attitude estimation techniques, readers may refer to
[3,18].

First let us rewrite the quaternion vector by q¼ ½ gT q4 �T , so
g ¼ ½ q1 q2 q3 �T . After that when the local error-quaternion is
denoted by δq¼ ½ δgT δq4 �T , the vector of GRP may be given as [3],

δp¼ f ½δg=ðaþδq4Þ� ð5Þ
here a is a parameter from 0 to 1 and f is the scale factor. When a¼0
and f¼1 then Eq. (5) gives the Gibbs vector and when a¼1 and f¼1
then it gives the standard vector of modified Rodrigues parameters.
In [3] – as well as authors of this paper – chose f as f ¼ 2ðaþ1Þ.
The inverse transformation from δp to δq is given by

δq4 ¼
�a‖δp‖2þ f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2þð1�a2Þ‖δp‖2

q
f 2þ‖δp‖2

; ð6aÞ

δg ¼ f �1ðaþδq4Þδp: ð6bÞ
For a full-state attitude estimator where attitude and attitude

rates are estimated jointly, we also need to model the dynamics.
The dynamic equations of the satellite can be derived based on the
Euler0s equations

J
ωBI

dt
¼Nd�ωBI � ðJωBIÞ; ð7Þ

where J is the inertia matrix consisting of principal moments of
inertia as J ¼ diagðJx; Jy; JzÞ and Nd is the disturbance torque vector
affecting the satellite which can be given as a sum of the gravity
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gradient torque, aerodynamic disturbance torque, solar pressure
disturbance torque and residual magnetic torque [29].

2.2. Sensor models

Magnetometers are the favourite sensor type for attitude
estimation especially in small satellite applications. The model
for the magnetometer measurements is given by (let us assume
that magnetometers are already calibrated with one of the in-orbit
or on-ground estimation methods – [27,2]),

Bxðq; tÞ
Byðq; tÞ
Bzðq; tÞ

2
64

3
75¼ A

B1ðtÞ
B2ðtÞ
B3ðtÞ

2
64

3
75þη1; ð8Þ

where B1ðtÞ, B2ðtÞ and B3ðtÞ represent the Earth magnetic field
vector components in the orbit frame as a function of time and can
be modeled as given in [24]. Therefore, Bxðq; tÞ, Byðq; tÞ and Bzðq; tÞ
show the measured Earth magnetic field vector components in the
body frame as a function of time and varying quaternion vector.
Furthermore, η1 is the zero mean Gaussian white noise with the
characteristic of

E½η1kηT1j� ¼ I3�3s2
mδkj: ð9Þ

I3�3 is the identity matrix with the dimension of 3�3, sm is the
standard deviation of each magnetometer error and δkj is the
Kronecker symbol.

3. Conventional Kalman filter algorithms

3.1. Unscented Kalman filter

The essence of the UKF is the unscented transform, a determi-
nistic sampling technique, that we use for obtaining a minimal set
of sample points (or sigma points) from the a priori mean and
covariance of the states. These sigma points go through nonlinear
transformation. The posterior mean and the covariance are deter-
mined using the transformed sigma points [10,3].

The UKF is derived for discrete–time nonlinear equations, so
the system model is given by

xkþ1 ¼ f ðxk; kÞþwk; ð10aÞ

~yk ¼ hðxk; kÞþvk; ð10bÞ

here, xk is the state vector and ~yk is the measurement vector.
Moreover wk and vk are the process and measurement error
noises, which are assumed to be Gaussian white noise processes
with the covariances of Q ðkÞ and RðkÞ respectively.

The initial step of the UKF algorithm is determining the 2nþ1
sigma points with a mean of x̂ðk k

�� Þ and a covariance of Pðk k
�� Þ.

For an n dimensional state vector, these sigma points are obtained by

x0ðk k
�� Þ ¼ x̂ðk k

�� Þ; ð11aÞ

xγðk k
�� Þ ¼ x̂ðk k

�� Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþκÞPðk k

�� Þ
q� �

γ

; ð11bÞ

xγþnðk k
�� Þ ¼ x̂ðk k

�� Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþκÞPðk k

�� Þ
q� �

γ

; ð11cÞ

where, x0ðk k
�� Þ, xγðk k

�� Þ and xγþnðk k
�� Þ are sigma points, n is the state

number, and κ is the scaling parameter which is used for fine tuning.
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþκÞPðk k

�� Þ
q

Þγ corresponds to the γth column of the indicated
matrix and γ is given as γ ¼ 1…n.

The next step of the UKF procedure is evaluating the trans-
formed set of sigma points for each of the points by,

xlðkþ1 k
�� Þ ¼ f ½xlðk k

�� Þ; k� l¼ 0…2n: ð12Þ
Thereafter, these transformed values are utilized for gaining the

predicted mean and covariance [27,3].

x̂ðkþ1 k
�� Þ ¼ 1

nþκ
κx0ðkþ1 k

�� Þþ1
2

∑
2n

l ¼ 1
xlðkþ1 k

�� Þ
( )

; ð13Þ

Pðkþ1 k
�� Þ ¼ 1

nþκ

(
κ½x0ðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�½x0ðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�T :

þ1
2 ∑

2n

l ¼ 1
½xlðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�½xlðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�T

)
þQ ðkÞ:

ð14Þ
Here, x̂ðkþ1 k

�� Þ is the predicted mean and Pðkþ1 k
�� Þ is the predicted

covariance. Furthermore, the predicted observation vector is,

ŷðkþ1 k
�� Þ ¼ 1

nþκ
κy0ðkþ1 k

�� Þþ1
2

∑
2n

l ¼ 1
ylðkþ1 k

�� Þ
( )

; ð15Þ

where,

ylðkþ1 k
�� Þ ¼ h½xlðkþ1 k

�� Þ; k� l¼ 0…2n: ð16Þ
After that, the observation covariance matrix is determined as,

Pyyðkþ1 k
�� Þ ¼ 1

nþκ

(
κ½y0ðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�½y0ðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�T :

þ1
2

∑
2n

l ¼ 1
½ylðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�½ylðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�T

)
;

ð17Þ
where the innovation covariance is

Pvvðkþ1 k
�� Þ ¼ Pyyðkþ1 k

�� ÞþRðkþ1Þ; ð18Þ
here, Rðkþ1Þ is the measurement noise covariance matrix. Con-
versely, the cross correlation matrix can be obtained as,

Pxyðkþ1 k
�� Þ ¼ 1

nþκ

(
κ½x0ðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�½y0ðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�T :

þ1
2 ∑

2n

l ¼ 1
½xlðkþ1 k

�� Þ� x̂ðkþ1 k
�� Þ�½ylðkþ1 k

�� Þ� ŷðkþ1 k
�� Þ�T

)
: ð19Þ

The following part is the update phase of the UKF algorithm.
In that phase, first by using the measurements, y(kþ1), an
innovation sequence is found as

eðkþ1Þ ¼ yðkþ1Þ� ŷðkþ1 k
�� Þ; ð20Þ

and then the Kalman gain is computed by,

Kðkþ1Þ ¼ Pxyðkþ1 k
�� ÞP�1

vv ðkþ1 k
�� Þ: ð21Þ

Finally, the updated states and covariance matrix are deter-
mined,

x̂ðkþ1 kþ1
�� Þ ¼ x̂ðkþ1 k

�� ÞþKðkþ1Þeðkþ1Þ; ð22Þ

Pðkþ1 kþ1
�� Þ ¼ Pðkþ1 k

�� Þ�Kðkþ1ÞPvvðkþ1 k
�� ÞKT ðkþ1Þ; ð23Þ

here, x̂ðkþ1 kþ1
�� Þ is the estimated state vector and Pðkþ1 kþ1

�� Þis
the estimated covariance matrix.

3.2. Extended Kalman filter

We will consider a real-time linear Taylor approximation of the
system function for the estimated states of the previous step and
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that of the observation function for the predicted states of the
current step. The obtained KF will be called the EKF and its
algorithm is given below [31].

Equation of the estimation value,

x̂ðkþ1 k
�� þ1Þ ¼ x̂ðkþ1 k

�� ÞþKðkþ1Þfyðkþ1Þ�h½x̂ðkþ1 k
�� Þ; k�g: ð24Þ

Equation of the extrapolation value,

x̂ðkþ1 k
�� Þ ¼ f ½x̂ðk k

�� Þ; k�: ð25Þ

The filter gain of the EKF,

Kðkþ1Þ ¼ Pðkþ1 k
�� ÞHT ðkþ1Þ½Hðkþ1ÞPðkþ1 k

�� ÞHT ðkþ1ÞþRðkþ1Þ��1;

ð26Þ
where Hðkþ1Þ ¼ ∂h½x̂ðkþ1 k

�� Þ; k�=∂x̂ðkþ1 k
�� Þ is the measurement

matrix formed of the partial derivatives.
The covariance matrix of the extrapolation error is,

Pðkþ1 k
�� Þ ¼ FðkÞPðk k

�� ÞFT ðkÞþQ ðkÞ: ð27Þ

where FðkÞ ¼ ∂f ½x̂ðkÞ; k�=∂x̂ðkÞ is the system matrix formed of partial
derivatives.

The covariance matrix of the filtering error is,

Pðkþ1 k
�� þ1Þ ¼ ½I�Kðkþ1ÞHðkþ1Þ�Pðkþ1 k

�� Þ: ð28Þ

4. Robust Kalman filtering for satellite attitude estimation

When the measurement systems operate normally without any
malfunction, the EKF and UKF work accurately. On the contrary,
in case of a fault in the estimation system such as abnormal
measurements, step-like changes or sudden shifts in the measure-
ment channel etc. the accuracy of the filter degrades.

Therefore, a robust algorithm must be introduced such that the
filter is insensitive to the measurements in case of malfunctions.
Besides, the estimations should be corrected without affecting the
good estimation behavior for the rest of the process.

Robustness of the filter may be assured by a single scale factor
that is used for tuning the filter gain. However that is not a healthy
procedure since the filter should be insensitive just to the
measurements of the faulty sensor, not to all sensors including
the ones working properly [26]. As a solution, the corresponding
term of the Kalman gain matrix should be fixed individually by
using multiple scale factors as the multiplier.

The robust algorithm affects the filter gain only if there is a
fault in the measurements. Otherwise the UKF or EKF work with
the regular algorithm.

This section gives the detailed discussion about the adaptation
procedure of the EKF and UKF.

4.1. Robust unscented Kalman filter

The essence of the adaptation procedure against the measure-
ment fault is to compare the real and theoretical values of the
innovation covariance matrix. When there is a sensor fault in the
system, the real error will exceed the theoretical error. In this case
we may ensure the robustness of the filter against the sensor fault
by adapting the R matrix, which is a diagonal matrix formed of the
measurement process noise covariances. The adaptation proce-
dure basically aims at finding an appropriate multiplier matrix for
the R, such that the real and theoretical values of the innovation
covariance match. By matching these two values we basically
increase the necessary terms of the R matrix (the terms which
corresponds to the sensors with the faulty measurement). In other
words we enforce the UKF not to rely on the measurement of the
faulty sensors at the current sampling time.

First, we may add a matrix built of multiple scale factors, S(k),
into the algorithm in order to tune the measurement noise
covariance matrix and match the real and theoretical innovation
covariances,

1
ξ

∑
k

j ¼ k� ξþ1
eðjþ1ÞeT ðjþ1Þ ¼ Pyyðkþ1 k

�� ÞþSðkÞRðkþ1Þ; ð29Þ

here, ξ is the width of the moving window. The left hand side of
the equation represents the real innovation covariance while the
right hand side stands for the theoretical innovation covariance.
Then, if we re-arrange the equation, it is clear that we can get the
scale matrix by,

SðkÞ ¼ 1
ξ

∑
k

j ¼ k� ξþ1
eðjþ1ÞeT ðjþ1Þ�Pyyðkþ1 k

�� Þ
( )

R�1ðkþ1Þ: ð30Þ

In case of a measurement fault for one of the sensors the
corresponding term of the scale matrix will be relatively larger and
that will increase the measurement noise covariance of this sensor
in the R matrix. Eventually this faulty measurement will be
disregarded (or regarded with a lower gain) by the filter. On the
other hand, the scale matrix affects the estimation procedure only
when the measurements are faulty. Otherwise, in case of normal
operation, the scale matrix will be a unit matrix as SðkÞ ¼ Iz�z ,
where z is the size of the innovation vector.

The S(k) matrix that is calculated using (30) may not be
diagonal and may have diagonal elements which are "negative"
or lesser than "one". Because the ξ is a limited number and the
computer computations cause approximation and round off errors.
The S(k) matrix should be diagonal because just the diagonal terms
have a significance on the adaptation (each diagonal term corre-
sponds to the noise covariance of a measurement when multiplied
with the R). Besides the S(k) matrix cannot have terms less than
one since any term of the R matrix cannot decrease in time for this
specific problem; there is no possibility for increasing the perfor-
mance of the onboard sensors.

Therefore, composing the scale matrix by the following rule is
suggested:

Sn ¼ diagðsn1; sn2;…; snz Þ ð31aÞ

sni ¼ max f1; Siig i¼ 1; z; ð31bÞ
here, Sii represents the ith diagonal element of the matrix S(k).
Apart from that point, if the measurements are faulty, Sn(k) will
change and affect the Kalman gain as

Kðkþ1Þ ¼ Pxyðkþ1 k
�� Þ½Pyyðkþ1 k

�� ÞþSnðkÞRðkþ1Þ��1: ð32Þ
In case of any kind of malfunction, the elements of the scale

matrix, which correspond to the faulty components of the innova-
tion vector, increase and the terms in the related columns of the
Kalman gain decrease. As a consequence, the effect of the faulty
innovation term on the state update process reduces and accurate
estimation results can be obtained even in case of measurement
faults.

4.2. Robust extended Kalman filter

The adaptation procedure of the EKF is not different from the
UKF0s. Basically this time we apply the same method on the EKF
equations. Hence if we compare the real and theoretical values of
the innovation covariance matrix and add a scale matrix, S(k), into
the algorithm as,

1
ξ

∑
k

j ¼ k� ξþ1
eðjþ1ÞeT ðjþ1Þ ¼Hðkþ1ÞPðkþ1 k

�� ÞHT ðkþ1ÞþSðkÞRðkþ1Þ;

ð33Þ
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we get the definition for the scale matrix as,

SðkÞ ¼ 1
ξ

∑
k

j ¼ k� ξþ1
eðjþ1ÞeT ðjþ1Þ�Hðkþ1ÞPðkþ1 k

�� ÞHT ðkþ1Þ
( )

R�1ðkþ1Þ:

ð34Þ
After that, we use Eq. (31) to correct and diagonalize the scale

matrix. Finally the Kalman gain is tuned as

Kðkþ1Þ ¼ Pðkþ1 k
�� ÞHT ðkþ1Þ½Hðkþ1ÞPðkþ1 k

�� ÞHT ðkþ1ÞþSnðkÞRðkþ1Þ��1

ð35Þ

4.3. Fault detection procedure

As aforementioned, we use the robust Kalman filters only in case
of the fault and in all other cases, the filters run with their regular
algorithms. The fault detection is realized via a kind of statistical
information. In order to achieve that, the following two hypotheses
may be proposed [6]:

� γ0; the system is normally operating
� γ1; there is a malfunction in the estimation system.

Then we may introduce the following statistical functions for
the RUKF and REKF ,

βðkÞ ¼ eT ðkþ1Þ½Pyyðkþ1 k
�� ÞþRðkþ1Þ��1eðkþ1Þ; ð36aÞ

βðkÞ ¼ eT ðkþ1Þ½Hðkþ1ÞPðkþ1 k
�� ÞHT ðkþ1ÞþRðkþ1Þ��1eðkþ1Þ:

ð36bÞ
These functions have χ2 distribution with z degree of freedom

[12], where z is the dimension of the innovation vector.
If the level of significance, α, is selected as,

Pfχ24χ2α;zg ¼ α; 0oαo1; ð37Þ
the threshold value, χ2α;z, can be determined. Hence, when the
hypothesis γ1 is correct, the statistical value of βðkÞ will be greater
than the threshold value χ2α;s, i.e.,

γ0 : βðkÞrχ2α;s 8k
γ1 : βðkÞ4χ2α;s (k: ð38Þ

5. Simulations for small satellite attitude estimation
and results

In this section, the proposed robust Kalman filtering algorithms
are tested for a small satellite model via simulations. The same
simulation scenarios are repeated for the conventional algorithms
and the results are compared.

The simulations are realized for 10,000 s with a sampling time
of Δt ¼ 0:1 s. The orbit of the satellite is assumed as circular. Other
orbit parameters are the magnetic dipole moment of the Earth,
Me ¼ 7:943� 1015 Wb m; the Earth Gravitational constant,
μ¼ 3:98601� 1014 m3=s2; the orbit inclination, i¼ 31 3 ; the spin
rate of the Earth, ωe ¼ 7:29� 10�5 rad=s; the magnetic dipole tilt,
ε¼ 11:7 3 ; the distance between the center of mass of the satellite
and the Earth, r0 ¼ 7450 km. The inertia matrix for the used small
satellite model is J ¼ diagð310 180 180 Þkg m2:

The magnetometer sensor noise is characterized by zero mean
Gaussian white noise with a standard deviation of sm ¼ 300 nT.
As the filter parameters for the UKF and RUKF, κ is selected as
κ¼ �2, where f ¼ 2ðaþ1Þ and a¼1. For the REKF and RUKF the
size of the moving window is taken as ξ¼ 30.

The initial attitude errors for all the simulations are set to 51,
151 and 1301 for pitch, yaw and roll axes respectively. Besides, the

initial value of the covariance matrix is taken as P0 ¼ diag
½0:05 0:05 0:05 10�5 10�5 10�5 � while the process noise
covariance matrix is selected as Q ¼ diag½10�12 10�12 10�12

10�1510�1510�15�. The R matrix is composed of the sensor noise
covariances for the magnetometers which means 9�10�12 T as
each diagonal component.

Furthermore, for the fault detection procedure, χ2α;z is taken
as 7.81 and this value comes from chi-square distribution when
the degree of freedom is 3 and the reliability level is 95%.

Three different scenarios are taken into consideration for
simulating the fault in the measurements; continuous bias, fault
of zero output and measurement noise increment. For each
scenario a series of simulations are run using the REKF, the RUKF
and as well using the conventional EKF and UKF algorithms.

5.1. Continuous bias failure case

In this scenario, a constant value is added to the measurements
of the magnetometer aligned in the x axis between the 6000th and
6050th s, for a period of 50 s, such that

Bxðq; tÞ ¼ Bxðq; tÞþ20;000 nT t ¼ 6000…6050 s:

The constant term that is selected as 20,000 nT almost doubles
the magnetometer output.

In Fig. 1 estimation results for the UKF and RUKF are given.
Fig. 1 gives the Euclidian norm of the attitude estimation errors for
the Euler angles, which is formed by taking the norm of the
difference between the true and estimated attitude. Apparently, in
case of fault the conventional UKF algorithm estimation accuracy
deteriorates. Moreover, we apply the fault for just 50 s but it
affects the filter for a longer period and it takes about 700 s for the
filter to converge again to the true attitude. On the other hand, the
RUKF keeps its estimation accuracy without being affected from
the fault. An examination on the scale matrix at an instant
between the 6000th and 6050th s of the simulation shows that
the algorithm works properly; Sn ¼ diagð4454:16 1 1 Þ: The
difference between the estimations of the UKF and RUKF when
there is no fault in the measurements is mainly caused by the
random sigma point calculations for the UKF algorithm.

Since the fault is in the measurements of the magnetometer
aligned in the x axis, the correction must be applied to the first
term of the R matrix. High first diagonal term of the scale matrix

Fig. 1. Norm of attitude estimation errors for the UKF and RUKF in case of
continuous bias: the solid line is the RUKF estimation and the dashed line is the
UKF estimation.
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decreases the terms in the first column of the Kalman gain and so
the faulty first term of the innovation vector is disregarded in the
state update process. If we had preferred to use a single scale
factor instead of a matrix built of multiple factors, the measure-
ments of all three magnetometers would be disregarded when the
filter is adapted. Inherently that would cause worse estimation
performance as discussed in [26].

In Fig. 2 the estimation results for the REKF and EKF are given.
Like the RUKF, the REKF is not affected from the measurement
fault and sustains reliable estimation results for the whole period.
An investigation on the scale matrix also gives similar results;
Sn ¼ diagð4485:17 1 1:71 Þ:

In order to compare the results for two different types of filter,
the RUKF and REKF, the root mean square error (RMSE) of the
estimations are tabulated (Table 1), such that

RMSEγ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
20;000

∑
70;000

k ¼ 50;001
½xγðkÞ� x̂γðkÞ�2

s
γ ¼ 1…n:

The table shows that in case of continuous bias fault in one of the
magnetometer measurements, the most efficient filter is the RUKF. It
outperforms the REKF as it outperforms the conventional algorithms.
This is an expected result because of the characteristics of the UKF as
mentioned in the introduction section. Since we start simulations with
a high initial attitude error, the RUKF achieves better performance
than the REKF because of being more robust against such conditions
inherently [3]. Nevertheless, supplementary simulations show that
when the initial attitude error is small then the estimation error of the
REKF decreases.

5.2. Zero output failure case

The second failure case, which is fault of zero output, is
simulated by simply making the measurement output of one of
the magnetometers zero so it measures 0 nT for 100 s between the
6000th and 6100th s;

Bxðq; tÞ ¼ 0þη1x t ¼ 6000…6100 s:

In Fig. 3, the estimation results for the UKF and RUKF are given.
Obviously, same as the first simulation scenario, the UKF cannot
achieve accurate estimation results for a period longer than
the fault itself. Per contra, the RUKF is not affected by simply
disregarding the measurements of the faulty magnetometer and
working on the basis of the measurements from two properly
operating magnetometers; Sn ¼ diagð 508:74 1 1 Þ.

In Fig. 4, the estimation results for the EKF and REKF are given.
Just as the UKF, the EKF fails at giving accurate estimation results
for almost 1000 s. after the fault occurs whereas the REKF sustains
the good estimation characteristic. Yet the estimation accuracy of
the REKF is not high as for the RUKF and that is clearly seen from
the RMSE values given in Table 2.

Fig. 2. Norm of attitude estimation errors for the EKF and REKF in case of
continuous bias: the solid line is the REKF estimation and the dashed line is the
EKF estimation.

Table 1
The Root Mean Square Error for the UKF, EKF, RUKF and REKF in case of continuous
bias; the data sampled between the 5000th and 7000th s.

UKF EKF RUKF REKF

φ(1) 0.3373 0.6866 0.0207 0.3743
θ(1) 0.2868 0.4768 0.0164 0.2634
ψ(1) 0.2275 0.3892 0.0218 0.3504
ωxðrad=sÞ 14.132e�5 24.366e�5 5.3311e�5 23.752e�5
ωyðrad=sÞ 25.770e�5 32.509e�5 1.5907e�5 7.6111e�5
ωzðrad=sÞ 23.874e�5 26.903e�5 2.6197e�5 11.745e�5

Fig. 3. Norm of attitude estimation errors for the UKF and RUKF in case of fault of
zero output: the solid line is the RUKF estimation and the dashed line is the UKF
estimation.

Fig. 4. Norm of attitude estimation errors for the EKF and REKF in case of fault of
zero output: the solid line is the REKF estimation and the dashed line is the EKF
estimation.
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5.3. Measurement noise increment failure case

In this scenario, the measurement noise of the magnetometer
aligned in the x axis is multiplied with a constant between the
6000th and 6050th s. for a period of 50 s. In fault case the standard
deviation of this magnetometer becomes sf

mx
¼ 300� 2000 nT.

In Fig. 5, the estimation results for the UKF and RUKF are
given. As can be observed, again the UKF fails in case of fault
while the RUKF stands robust against the fault and keep good

estimation characteristic for the whole process. Nonetheless,
the detractive effect of the fault on the conventional UKF is
bigger in this fault case. Hence as expected this time the
corresponding term of the scale matrix takes an even higher
value; Sn ¼ diagð4741947 2:78 1:62 Þ.

The performed simulations proved that the REKF is also capable
of overcoming the deteriorating effect of the measurement noise
increment as seen in Fig. 6. However, still the performance of the
REKF is worse than the RUKF0s (Table 3).

6. Discussions on the application of the proposed algorithms

The simulations show that the robust Kalman filtering is more
reasonable in case of measurement faults. For small satellites the
risk of being affected from the external and internal disturbances
is high. The interaction between the tightly placed subsystems and
the external disturbances such as the ionospheric charges may
change the characteristics of the magnetometers and that is
reflected to the measurements as additional bias, increase in the
noise etc. For small satellite applications the magnetometers are
usually preferred as the primary sensors since they are light and
small, thus, appropriately with the concept of the satellite.

Hence the attitude estimation accuracy relies on the magnet-
ometer measurements and as shown with the simulations even a
short term fault affects the estimation accuracy by a significant
amount. That is why the proposed RKFs are especially important
for small satellite applications.

The existing R adaptation techniques in the literature mostly
depend on either direct estimation of the R matrix itself or scaling
the R matrix using a complex algorithm. The benefits of our
approach are being simple (required extra computational load
compared to the regular filter algorithm is insignificant) and giving
more stable results than the existing estimation methods. When
our method is used there is no chance of obtaining negative
definite R matrix, which is a high risk when R is estimated rather
than being scaled [1].

In the application phase, as an alternative to our method,
ignoring the faulty measurement after the fault identification
might be another option. However our algorithm has multiple
advantages over this approach:

a) When the faulty measurement is ignored that means it is
necessary to reconfigure the filter algorithm (the update part)
because of changed number of incoming measurements. In this
case, especially if we regard that we need to have more than
one reconfiguration options depending on which sensor is
faulty, the overall computational load will increase. However
in our algorithm the only extra thing that we need to calculate
compared to the regular UKF/EKF is the fault detection statistics
and the scale matrix when necessary. So for our method the
increment in the computational load is insignificant. The fault
detection, faulty sensor isolation and fault compensation are

Table 2
The Root Mean Square Error for the UKF, EKF, RUKF and REKF in case of fault of zero
output; the data sampled between the 5000th and 7000th s.

UKF EKF RUKF REKF

φ(1) 0.2712 0.6703 0.0399 0.3941
θ(1) 0.1262 0.2997 0.0270 0.3089
ψ(1) 0.1208 0.5733 0.0515 0.3234
ωxðrad=sÞ 6.6487e�5 24.488e�5 7.989e�05 24.120e�5
ωyðrad=sÞ 19.367e�5 19.383e�5 1.890e�05 8.214e�05
ωzðrad=sÞ 21.244e�5 30.519e�5 4.089e�05 11.343e�5

Fig. 5. Norm of attitude estimation errors for the UKF and RUKF in case of
measurement noise increment: the solid line is the RUKF estimation and the
dashed line is the UKF estimation.

Fig. 6. Norm of attitude estimation errors for the EKF and REKF in case of
measurement noise increment: the solid line is the REKF estimation and the
dashed line is the EKF estimation.

Table 3
The Root Mean Square Error for the UKF, EKF, RUKF and REKF in case of
measurement noise increment; the data sampled between the 5000th and
7000th s.

UKF EKF RUKF REKF

φ(1) 2.1493 1.1925 0.0351 0.3622
θ(1) 0.4939 1.1786 0.0472 0.2660
ψ(1) 1.3786 0.6300 0.0381 0.3467
ωxðrad=sÞ 10.483e�5 28.814e�5 8.1370e�05 23.430e�5
ωyðrad=sÞ 47.217e�5 47.987e�5 4.1998e�05 7.5745e�5
ωzðrad=sÞ 54.983e�5 46.263e�5 3.9015e�05 11.895e�5
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achieved by just using a simple modification over the tradi-
tional EKF/UKF algorithm.

b) When the faulty sensor is ignored it will be rather difficult to
detect its recovery since its measurements are not used in the
filtering algorithm anymore. However in the proposed robust
Kalman filter algorithms there is no need to perform any
additional calculation to understand whether the sensor is
recovered or not. When the sensor recovers the β(k) goes down
below the threshold and we start using its measurement again.
On the other hand if we consider a scenario where the faulty
sensor is ignored for the rest of the estimation procedure then
that will decrease the estimation accuracy remarkably. In
Table 4 absolute error values are tabulated for such scenario.
After the fault that occurs at 3000th s (it lasts for 100 s) the UKF
is reconfigured and the measurement of this sensor is ignored
for the rest of the procedure. In contrast the RUKF continues
using the measurements of this sensor. The degradation in the
estimation accuracy for the reconfigured UKF is apparent
especially at 6500th s where reconfigured UKF is working with
the measurements of two sensors but the RUKF is using all sensors
including the one that recovered at 3100th s.
Measurements indicate the quantity of the feedback for the
estimated states. When the faulty measurement channel is
removed, the number of feedbacks reduces and that increases
the divergence tendency of the filter [21]. Therefore, even though
the measurements are faulty, if the measurement noise covariance
matrix is tuned with the proposed method, the obtained results
will be better than the results of the reconfigured UKF.

c) Suppose that we are experiencing measurement noise incre-
ment failure for one of the magnetometers. In this case for each
sampling the noise will have random noise characteristics with
a high standard deviation as discussed. A measurement sample
with high noise may be followed by another sample with low
noise because of the randomness of the process. That means
the measurement may still contain some healthy information.
Our algorithm detects such variations automatically and
reflects to the estimation process by changing the calculated
scale matrix. However when we completely ignore the sensor
we will also loose possibly healthy information.

7. Conclusions

In this paper, a Robust Kalman filtering method is proposed for
the attitude estimation of a small satellite in case of measurement
system failure. In contrast with the existing studies, the measure-
ment noise covariance matrix is tuned using a simple method.
Moreover a multiple factor based adaptation scheme is used so
any unnecessary information loss is prevented by disregarding
only the data of the faulty sensor. The algorithms are tested
for attitude estimation problem of a small satellite which has only
three magnetometers onboard as the attitude sensors. The simula-
tion results show that both the RUKF and REKF perform well when

a specific measurement fault is the point at issue. On the other
hand, the conventional filters (the UKF and EKF) fails at giving
accurate estimation results for the period of the fault and as well
for some additional time that is necessary for filter to converge
again. Moreover the RUKF outperforms all other filters including
the REKF for all simulation cases.
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