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Modeling By Shortest Data Description* 
J. RISSANENt  

Estimates of both integer-valued structure parameters and real-valued system 
parameters may be obtained from a model based on the shortest data description 
principle. 

Key Word Index--Model ing;  parameter estimation; identification; statistics; stochastic systems. 

Summary - -The  number  of digits it takes to write down an 
observed sequence x l , . . . , x  N of a time series depends on the 
model with its parameters that one assumes to have generated 
the observed data. Accordingly, by finding the model which 
minimizes the description length one obtains estimates of 
both the integer-valued structure parameters and the real- 
valued system parameters. 

l. INTRODUCTION 

THIS study is an attempt to derive a criterion for 
estimation of both the integer-valued structure 
parameters and the real-valued parameters of 
dynamic systems starting from a single natural 
and fundamental principle: the least number of 
digits it takes to write down an observed sample 
of a time series 

X1, X2, • . . ,  X N • 

It is known that the usual criteria resulting from 
such, should we dare to say, ad hoc principles as 
the least squares, the minimum prediction error, 
and the maximum likelihood principles, cannot 
be used to estimate the order nor other structure 
parameters. This very fact seems to suggest that 
these time-honored principles are successful only 
insofar as they happen to coincide with one or 
another facet of some more powerful and com- 
prehensive principle. 

The shortest description length of individual 
recursively definable objects was studied by 
Kolmogorov[1]  and others, and it gives rise to 
the algorithmic notion of entropy. In statistical 
estimation, however, the data always includes a 
random element, and the original notion of en- 
tropy of random variables turns out to be the 
appropriate one to use. In a peripheral way we 
also invoke a simple combinatorial entropy no- 
tion which, however, need not cause any con- 
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fusion because basically all the different entropies 
measure one or another aspect of description 
length, or to put it more bluntly, they all amount 
to the logarithm of the cardinality of a finite set 
or its limit. To read this paper no background in 
information theory is needed. 

In Section2 we argue by Gibbs' theorem that 
it is not possible to write down the given se- 
quence of the observed data Xl . . . .  ,x  N by use of 
any conceivable coding with as few bits, i.e. 
binary digits, in the mean as when the statistical 
mechanism that generates the data is known. 
This theorem together with its interpretations 
given in that section provides then the basis for 
the studied estimation principle. 

Perhaps the first attempt to arrive at a crite- 
rion which includes a structure dependent term 
was made by Akaike[2], who proposed the fol- 
lowing criterion [MAICE] : 

N l o g r + 2 k ,  (1.1) 

where N log r is the minimized log-likelihood 
function (with opposite sign and within a con- 
stant) and k the number of parameters in the 
model. In [3] the criterion (1.1) was derived from 
the broader principle of maximizing 
ExB(f . ) ,g ( . ) ) ,  where B(f ,g)  is the Kullback- 
information with opposite sign: 

f(z) 7dz B ( f ' g ) = - f [ f ( z ) l ° g g ( z ; x ) ]  • 
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Here f ( . )  is the unknown "true" density function 
and g(. ;x) the one given by the model in the 
light of the observed data x. By taking log g (x ;x )  
as the estimate of its mean and removing the bias 
(1.1) results. 

This maximum entropy principle, as Akaike 
calls it, is in our opinion a valuable generali- 
zation of the maximum likelihood principle. 
However, while we have no objection to using 
Kullback's information as a measure of the dis- 
tance between the two distributions we remain 
doubtful of the origin; namely, the bias, of the 
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crucial structure dependent term in (1.11 which to 
us seems coincidental. Accordingly, we feel jus- 
tified to continue our search for a more fundam- 
ental and natural estimation principle. As we 
shall see there is a quite different cause for the 
structure dependent term resulting naturally from 
our adherence to the shortest description 
principle. 

We mention other related works. In [4] 
Schwarz proposed a variant to Akaike's criterion 
which is closer to ours than (1.1t. Again, there 
appears to be a degree of arbitrariness in the 
selection of the premises leading to the result, 
although the striking similarity of the added term 
to one in our criterion may suggest another 
interpretation of the shortest description length 
principle. In [5] and [6] yet another principle 
was studied which has provably good properties 
in certain fairly general cases. But because we 
used entropies of real-valued random variables, 
which in reality are no entropies at all, that 
criterion fails utterly in estimation of the order of 
an autoregressive model. Although the major 
defects of this criterion can be fairly easily 'cor- 
rected, an interpretation of the result as a shorted 
description length seems less natural than in the 
currently studied case. 

2. B A S I C S  O F  E S T I M A T I O N  

All estimation is based on the idea of compar-  
ing the observed data with the result calculated 
by a proposed model for the data. Here the term 
"model" is used for any hypothesis that one uses 
for the purpose of trying to explain or describe 
the hidden laws that are supposed to govern or 
constrain the data. Insofar as the estimation is a 
statistical one an appropriate measure of the fit 
between the model and the data is provided by 
Gibbs'  theorem[7],  whose corollaries are the fa- 
mous results known as Shannon's noiseless cod- 
ing theorem[8 ], and Kullback's information mea- 
sure[9] as restricted to discrete distributions. 

Theorem 1. (Gibbs) Let pi and q~ for i=  1 ... . .  n 
be non-negative real numbers such that 

~ Pi = ~ qi" 
i = 1  i = 1  

Then, 

- ~, p~logp~<- ~ p~logq. (2.1) 
i = 1  i=-1 

or equivalently, 

• p~logPi>0, (2.2) 
i = l  qi 

where the equalities hold iff p~ = q~ for all i. i Here, 
0 log 0 is taken as 0.) 

Proof The claims follow by minimization of 
the right hand side of (2.1) over the q/s subject 
to the given constraints with the Lagrangian 
technique. 

Remarks. We need this theorem extended to 
countably many of the p~'s. The same proof is 
applicable provided that Ep~ < .m. In case [pi~ is a 
probability distribution (2.2) provides a measure 
of fit between the two distributions,. Kullback[9]. 

In order to get a quick idea of the role of this 
theorem in estimation let the data x~ be gene- 
rated by an independent source with an 
unknown-symbol probability p~=P(x~). If a mo- 
del prescribes the probability q~ for x~ then by 
(2.1) the true distribution ~,pi',. would come out 
from minimization of 

- Y', Pi log qi. (2.3) 
i 

Because the expectation would have to be appro- 
ximated from the data the estimation will involve 
statistical errors, one of which is the bias, as 
discussed and utilized by Akaike in his criterion 
(1.1). 

We next describe an interpretation of the basic 
inequality (2.1) as a size inequality, which pro- 
vides the basis for the description length principle 
in estimation. We first describe briefly the stan- 
dard communication theoretic interpretation, 
which is useful and simple, but which imposes a 
restriction on the way the encoding of the data is 
done. 

Suppose again the preceding independent source 
situation and think of an encoder who uses the 
model {qi} to assign binary codewords for the 
data s t r i n g s x = x l x 2 . . . x ~ , x i e { 1  . . . .  ,n}. One way 
to do this is to assign about - l og2q  ~ bits to the 
symbol x~, and then build the code of x by 
concatenating these symbol codes .~ thus: x 
=21.~2...2~. The fact that - log2q  i may not be 
an integer is not a serious deterrent, for by ' a  new 
arithmetic coding the code of 2 may be con- 
structed as a sum of the suitably shifted terms 
x l , x z , . . . , 2u  so as to permit overlapping, where 
each codeword x~ is now interpreted as a 
number, [10]. 

If ki is the number of times i occurs in x, then 
the per symbol length of the code 2 is seen to 
approach (2.3), and by (2.1) the minimum of this 
length cannot be achieved unless the model coin- 
cides with the true source or system. The si- 
tuation is no different if more generally 2i is 
allotted l~ rather than about -logq~ bits, because 
the decoding is possible only if, [10], 

~ 2  I~__<l, 
i 
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and the equality holds for the best choice of the l~ 
so that 2 -h defines a probability qi. Hence (2.1) 
applies again. 

But the model may be used to describe the 
strings x by a more devious scheme. We show, 
albeit a bit sketchily, that the same conclusion 
still holds. If x includes k~ occurrences of i there 
are 

N! 
S=  

k I ! . . .  k,! 

distinct strings resulting from all possible per- 
mutations of the symbols. Now, no matter how 
the model is used to assign binary codewords for 
these strings x in one-to-one fashion, at least one 
codeword must have log2S bits or more, about 
half of the codewords must have at least (logzS) 
- 1  bits, and so on. Therefore, the maximum as 
well as the average number of bits in the code 
strings is about logzS, or more. I f  the reader is 
unfamiliar with these facts he will quickly grasp 
them by writing down the first 16 integers in 
binary and counting the number of integers with 
length 4, 3, etc. 

By Stirling's formula, 

. . . . .  

where H (zl . . . . .  z,,) = - ~ i  zi log2 zi is the 
Boltzman-entropy function. If the source is er- 
godic~ too, then k ~ / N ~ p ~  and we get the limiting 
minimum average per symbol length: 

1 
L = l i m  ~ l o g 2 S = H ( p  1 . . . . .  p,,). (2.4) 

Now, the encoder must also assign a codeword 
to every conceivable string x, including the S 
strings considered above. If he assigns the first S 
binary numbers to these strings then the average 
per symbol length will approach the limit (2.4). 
But he cannot possibly know which S strings out 
of the n N possible ones are to receive the first S 
binary numbers unless he knows the numbers ki, 
i.e., in the limit the probabilities Pi- If he picks 
those S strings that are derived from the model 
probabilities qi; namely, k i = q i N ,  then he will 
waste some of the short first S binary numbers 
for "wrong" strings; i.e., strings that are not 
among the ones with the data ki, and he will 
have to spend longer codes for some of the 
"right" strings with an increased mean per sym- 
bol length as the result. So, again, we arrive at 
the conclusion that it is impossible to describe 

strings in the minimal way unless the model 
agrees with the true probabilities. 

We have taken some space to interpret the 
basic inequality (2.1) as a limiting mean per 
symbol length inequality. The main reason for 
this is that it frees us from the task of interpret- 
ing some objects as random variables, which may 
be awkward, while we can always contemplate a 
description length of any object of whatever 
nature. For  example, multi-variable linear sys- 
tems have non-redundantly parameterized 
canonical forms, which the minimum description 
length principle automatically forces one to se- 
lect, without our having to worry about random 
variable interpretations so that (2.1) could be 
invoked to reject the redundantly parameterized 
models. Indeed, if there are redundant parameters 
then their description costs bits without reducing 
the right hand side of (2.1). 

3. DYNAMIC MODELS 

Modeling of time series, 

X ~ X 1 X 2 . . . X  N 

where the data indicates a dependency between 
distinct pairs Xj+ k and xj, is particularly impor- 
tant in many applications. On physical grounds 
there is often reason to expect that the joint 
distribution ( P ( X l , X 2 , . . . , )  admits a parameteri- 
zation with a moderate size parameter vector e, 
which leads to modeling of the process x by a 
dynamic system of the general type: 

X t  = f ~  ( x t  - 1 ,  • • . ,  x t  - n ,  U t  - 1 ,  • • . ,  u t  - k ,  

e t , . . . ,  e t  - ra ), (3.1) 

where the {u,} process is an observed input 
process, and {e~} is a non-observed "noise" pro- 
cess. The input process adds nothing of interest 
to our discussion and we drop it, which leaves us 
with the model 

x, =L  (x,_ 1 ..... x , _ , , e ,  . . . .  , e , -m) .  (3.2) 

As initial conditions we put xi=¢i=O for i<  1. 
We also require the function f ,  to be invertible in 
the sense that e~ can be solved from (3.2) in terms 
of x t , . . . , x t _  . and et_ 1 ..... e~-m. Although all our 
concrete results will be derived for linear systems, 
the general approach outlined in this section is 
not limited to them. 

To describe the process x amounts now to the 
description of the sequence e and the function £.  
To describe e, a statistical model is needed, i.e., a 
distribution of e. This then raises the question of 
why bother to introduce the sequence e at all, for 
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we could evidently describe x directly relative to 
an assumed distribution, which moreover, could 
be parameterized. Indeed, such approaches have 
been studied, e.g. by Whittle and by Walker: for 
an exposition of their work, see Hannan[11].  The 
reason for studying a model of type (3.21 is that 
we hope to be able to get a good model with an 
independent e-process, so that the joint distri- 
bution P(el can be described as the product of 
the marginal distributions P(e,). Then the de- 
scription of the joint distribution is the shortest 
possible, for, indeed, as the joint distribution 
determines all of its marginal distributions but 
the converse is true only with independence, the 
description length of any joint distribution can- 
not be shorter than that of its marginal 
distributions. 

These arguments justify the use of models of 
type (3.2) at least in the case where the e-process 
can be made independent by some model in this 
family. 

If we parameterize the marginal distributions 
P#(e,) by [J then the whole model is parameter- 

s ~ denotes ized by a vector 0=( ,~ , ) ,  where s 
integer-valued structure parameters such as n and 
m and possibly others, and { consists of the real- 
valued parameters ~ and ft. With two more 
conventions we now can write the general form 
for the length description of x. The real-valued 
components of the q-component vectors e, must 
clearly be written with some precision _+~,/2: e.g. 
+_ 10-3//2, i.e., with two decimal digits. Similarly, 
the real-valued parameters {~, the components of 
{, are written with precision _+~$j2. This allows 
for adjusting the precision of each component  
according to its contribution to the criterion as 
will be explained in the next section. 

Then the per symbol length of the data x 
=x~ .... .  xN, is of the form: 

1 1 1 
--L(x, =~ L(e/O)+~-L(Oi , (3.3t 

where we take 

N 

L(e/O)-- ~ logeqp#(e,) 
t = l  

g(O)=log(n+ 1)(m÷l)+i:,  ~ l°gl~@ ' (3.4t 

p# denoting the density function of the distri- 
bution Pe. The expression for L(O) is not entirely 
accurate; e.g., the signs of certain components 
should be included, but it is accurate enough to 
give the features we need. if I{il/6~< 1 we drop 
that term in the sum, although at least one bit 
would be needed to indicate ~ to be as zero. 

Finally, q and k denote the number of con> 
ponents in e, and d-', respectively. 

The second term in (3.3i corresponds in a 
Bayesian interpretation to an assumed a priori 
distribution for the parameters. This distribution, 
instead of being assumed as uniform is one which 
for the integer j assigns the probability 1/j. Other 
distributions could be contemplated. IX'or in- 
stance, because asymptotically efficient estimators 
in general have a near Gaussian distribution this 
could be taken as the distribution for the ~i as m 
[5] and [6]. To make the description length 
interpretation meaningful, however, we would 
have to assume that the observed data points 
come in batches of, say, N pieces in each and we 
calculate the length L(Ok/Ok-li of the parameter 
vector O k for the k'th batch given the previous 
parameter O k 1 or, alternatively, all the previous 
parameters. We do not describe this process in 
detail because we study here the simpler formula 
(3.41. 

It is worth elaborating a bit further the crucial 
second term in {3.3), which is precisely the differ- 
ence between the length measure in (3.31 and the 
maximum likelihood criterion: i.e., tile first term. 
Without any cost in writing down the parameters 
we could, in principle, bring the first term as near 
to the entropy in the left hand side of {2.1i as we 
like by increasing tile complexity of tile model 
and the number of parameters in it. This, basi- 
cally, is why the correct structure cannot be 
estimated consistently by the maximum like- 
lihood criterion. In the traditional applications of 
this criterion the number of parameters and their 
nature: i.e, the "'structure", have been agreed 
upon before the data is being collected. Clearly, 
then, the minimization of {2.11 is a constrained 
one, and no problems of over parameterizations 
arise. In Akaike's criterion ( l . l l  the structure 
dependent term resulted from the observation 
that the bias caused by the asymptotically Z -~- 
distributed estimates is twice the number of the 
parameters, and, hence, it could serve as the 
desired penalty term. As stated in the introduc- 
tion the bothersome thing about this is the 
coincidental appearance of the number of para- 
meters in the bias and what seems to be needed 
to penalize the over parameterization. After all, 
why should the penalty term be a linear function 
of the number of the parameters? Certainly not 
because the bias happens to be such a function of 
them. 

In {3.4! we have not included the lengths of the 
algorithms needed to calculate the x,'s from the 
coded values of e, and to describe the codes 
themselves. This is because these algorithms do 
not depend on the data of interest: the obser- 
vations and the parameters. Their lengths, there- 
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fore, represent a fixed overhead type of cost and 
may well be omitted in the present discussion. 

Our plan is to work out the length formula 
(3.4) in the important case of Gaussian distri- 
butions and determine the optimum truncation 
levels 6~. But before doing that we would like to 
interpret the criterion (3.4) as one measuring the 
degree of independence of the process {et}, and 
hence the minimizing model of x is the one with 
which e is "most independent." Insofar as the 
usually dominant part (1/N)L(e/O) in (3.3) is in 
many cases equivalent to the several popular 
criteria such as the maximum likelihood, least 
squares, and the prediction error, criteria, [13], it 
is certainly of interest to support the latent belief 
that it is the degree of achieved independence 
that ultimately counts and unifies all the success- 
ful criteria. The difficulty in case a complete 
independence is not achievable, is, of course, 
which measure of independence one should use. 
The answer provided here presently is that it is 
the Kullback-measure, which itself is based on 
the Gibbs' measure (2.1), and of which the shor- 
test length criterion is a computable and practic- 
able reflection. 

For the following discussion we consider scalar 
processes. The arguments are clearly valid for 
vector processes as well. For the collection of 
random variables e~,...,eN, the numbers trun- 
cated to _+E/2, we may apply Kullback's infor- 
mation (2.2) to measure the deviation of the joint 
distribution eNp(ea ..... eN) from the product of the 

~N N N  marginal ones 1 1 i  = l p ( e i )  • The result is given in 
terms of the entropies of the truncated variables 
a s :  

R~(el . . . . .  eN) = ~ eNp(el . . . . .  eN)log p ( e l ' ' ' ' ' e N )  
N 

"' ...... '~' 1--[ P(ei) 
i = l  

tropies of the truncated variables 

H~(el . . . .  ,eN) 
H u ( x 1  . . . . .  x N )  - p ~  (3.6) 

is as near to one as possible, this ratio will go to 
one as e, goes to zero. From (3.5), then 

N 

H~(ei) 
R~(e l , " ' , eN)  i=~ 

H u ( X 1 , . . . , X N )  H , ( X l  . . . . .  X N )  
PE- 

Because Hu(x I ..... XN) is not dependent on the 
model we conclude that for small e, R~(el . . . . .  eN) 
is minimized with good approximation by the 
same parameter values as the sum 

N 

H~(ei). 
i = l  

This sum, when divided by N, approximates 
almost surely as N--,oc the first and the do- 
minant term in. the length expression (3.3), and 
therefore the minimizing parameter of the length 
(3.3) also minimizes in the limit N =  oc the mea- 
sure of independence (1/N)R~(el , . . . ,eN),  which is 
what we wanted to show by this digression. 

4. L I N E A R  M O D E L S  

In this section we work out in detail an 
expression for the description length of the obser- 
vation sequence when linear models and 
Gaussian distributions are used. To facilitate the 
discussion we let the observed process tx,~r ~ have 
just one component, q = l .  The general case is 
handled similarly, although the structure to be 
allowed for the models is more complex as 
discussed e.g. in I-6]. 

We then consider models of the type: 

=-~(logep(el)) ~ eNp(el,...,eu) 
e 1 e 2, •. , , e  N 

X t + a l  x l  - 1 + .  • • + a n X e  - n =- el + bl e l  - 1 + .  • • + b m e t  rn 

x , = e , = 0  for t < 0 .  (4.1) 

- ~  (log ep(e2)) ~ cUp(e, . . . . .  e,~ 
e 2 e l ,e3,  •, . , e  N 

- . . . -  ~ eNP(ea . . . . .  eN)logeUp(el . . . .  ,eN) 
e l , . . . , e  N 

N 

= ~ H~(e i ) -H~(e  I . . . .  ,e~,~). (3.5) 
i = 1  

Now, without truncations the function j~, is 
one-to-one. Hence, when xi is truncated to +/~/2 
and /~ determined so that the ratio of the en- 

The parameter vector consists of the data: 

O = ( n , m , ~ ) , ~ = ( r ,  al . . . . .  a , ,bl  . . . . .  b,,) (4.2) 

where r=~0 is the variance-parameter for the 
zero-mean normal distribution modeled for e,. 

The numbers e, are written with precision 
_+e/2, and the parameter ~i, the i'th component 
of ~, is written with precision +6~/2. As it turns 
out we must use (4.1) to express e, in terms of the 
observed data x i, which themselves are trun- 
cations. If the purpose is to recover the truncated 
observations with minimum error from the coded 
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string of the numbers e,, then /~ and c should be 
chosen so that the ratio in (3.6) is as near to one 
as possible. However, our purpose is parameter 
estimation, and the choice of the precision ~ is 
less critical; it merely adds a constant to the 
criterion to be derived. 

If h~ denotes the Gaussian distribution mo- 
deled for e,, then by an assignment of a codeword 
of length -lnh~(e,) for e, the sequence 
e =  (ex,..., eu) can be described with about 

minimization in the context of classification pro- 
blems which they studied by a description length 
criterion of the same general type as that of 
ours[12]. 

Let ~ denote the number resulting when ~; is 
truncated to the level _+6/,,/2 Then the difference 
Ai = ~i --  ~i lies in the interval [~ : -  @2, ~ + @2]. 
It seems reasonable to assume the errors A~ to be 
uniformly distributed within their range. 

Expand L(x  n, m , ~ ) i n  Taylor's series about ~: 

1 N 
I" 

y" eZ/r (4.3) LieOI  ~ ln2~z~5+ ~ 
.a i=1 

"nats ' ;  i.e., natural logarithmic units. From (3.4) 
and (4.3) we then obtain the total length: 

L ( x , n , m , ~ ) = L ( x , n , m , ~ ) + }  
i, .j = 0 

~':.2 L 
x ~  ~ AiAj+O(A 3) 

( ¢ i C C j  

N r 1 N 
L(x, 0) = ~- In 2~r e~ + ~ ~x e2/r 

m+n I ~  
+ y, In + l n ( n + l ) ( m + l ) .  

i=0  
(4.4) 

By Gibbs' theorem we ought to minimize the 
mean of L(x,O), which, naturally, must be sui- 
tably estimated from the data. Whatever the 
estimate is, the best choice for r is the one which 
minimizes L(x,O); or, the solution to: 

N 1 1 N 
2rr+r  2r 2 ~'. e2=0 ,  

i=1 

where, to remind the reader, the second term 
follows from the convention ~0 = r. 
This gives 

1 N 
f = N  + - - Z  ~ e{, (4.5) 

i=1 

with the corresponding minimum: 

N + 2  ,~m [{~{+Nln2~ 
L ( x , O ) = ~ ( l + l n i ' ) +  l n ~ [  2- /_:2 

i=1 

+ln6~o + l n ( n +  1)(m+ 1 ) - ~ .  (4.6) 

where the notation for the double derivatives 
means that they be evaluated at ~, andA = max~(A 0. 
Within an error of order O (A/N) 
we may replace L by the first two terms in (4.4) 
when calculating the double derivatives: 

i,~2-- 2i:2 t-O , 

~?2L N + 2  .,?2lnt: ( ~ )  
~,¢~c'~,j 2 ~?~f~i ~ 0 , i,j = 1, 

82L 
O~o~i =O' i= l . . . .  , n + m. 

. ,n+m.  

Then, 

L(x ,n ,m ,~ ) - - -L (x ,n ,m ,~ )+  N + 2  
4 

A n + m  (~2 In ~ ] 
x ~ - -=-  Ai& J 

. 1 ~ £ ~ j  

+ O ( ~ ' / +  O(A 3 ). (4.7) 

The expected value of L(x,  n, m, ~) with respect to 
the uniform distribution for A~ is: 

E L ( x , n , m , ~ ) = L ( x , n , m , ~ ) + - - -  
N + )  

48 

For simplicity we take (4.6) as an estimate of its 
mean, and the other parameters ~, i=  1, . . .n+ m, 
will then be determined so as to minimize L(x,  0), 
where e~ is to satisfy (4.1). Let ~ be the minimiz- 
ing parameters for a given pair n and m. We 
write L(x,O) as L(x ,n ,m,~) .  

Following a suggestion by Boulton and 
Wallace (private correspondence) we next de- 
termine the optimum truncation levels 6~. 
Boulton and Wallace have done an analogous 

I 
~2 ,~m821nf ] 

This is minimized for 

X/24 / ( (  v2 lni" ) ~ = N + 2 ) -  ~ i=1,  n + m  
cgr 

{4.9) 

(4.8) 
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The corresponding minimum gives our final 
criterion: 

.~+ m (~2 . 82 In ~'] 
U ( x , n , m , ~ ) = N l n i ' +  = In 8 ~  J 

+ (n+ m+ l ) ln(N + 2)+ 21n(n+ l )(m+ l ), 

(4.10) 

which is to be minimized with respect to the 
structure parameters n and m. Evidently, we may 
also determine all the parameters by minimi- 
zation of U(x,n,m,~). When deriving this ex- 
pression we used the length term in (3.4) of type 
In ]~il/~i which also appears in (4.6). This, clearly, 
is reasonable provided that ]~il/6i>l. However, 
because the value of 821nk/~ 2 is independent of 
the value of t(it (4.9) may give the ratio ]~,]/6, a 
value less than 1 for some i. If this happens ~i is 
to be written as 0, and the corresponding term in 
the sum in (4.10) is to be dropped. Moreover, the 
number of parameters in the third term is to be 
reduced by one. 

We notice that the minimum description length 
principle has given the three last terms in (4.10) 
as the penalty term for using the chosen model 
with its parameters. Of these the last is un- 
important and can be dropped. The first and the 
third terms together virtually coincide with a 
criterion derived by Schwarz, [4], starting from 
an asymptotic expansion of the a posteriori pro- 
bability in Bayes' approach. The main difference, 
in addition to the approach, between this and 
Schwarz' criterion is, then, the second term and 
the underlying convention that each parameter 
here must be written with a precision (4.9) which 
depends on the sensitivity of the criterion to that 
parameter. 

CONCLUSIONS 

A criterion for estimation of parameters, in- 
cluding the structure parameters, in a model for a 
random time series has been derived from the 
single and natural principle: minimize the num- 
ber of bus it takes to write down the observed 
sequence. This criterion has the negative of the 
likelihood function as the dominant term. It also 
has terms that penalize an over parameterization. 
These terms differ from the corresponding term 
in Akaike's criterion, and they penalize the over 
parameterization more strongly, in particular, for 
large samples. Moreover, these terms depend on 
the degree the parameters affect the value of the 
first dominant maximum likelihood term. 
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