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Analysis of Subspace Fitting and ML Techniques for 
Parameter Estimation from Sensor Array Data 
Bjom Ottersten, Member, IEEE, Mats Viberg, Member, IEEE, and Thomas Kailath, Fellow, IEEE 

Abstract-Signal parameter estimation from sensor array 
data is a problem that is encountered in many engineering ap- 
plications. Under the assumption of Gaussian distributed 
emitter signals, the so-called stochastic maximum likelihood 
(ML) technique is known to be statistically efficient, i.e., the 
estimation error covariance attains the Cramer-Rao bound 
(CRB) asymptotically. Herein, it is shown that also the multi- 
dimensional signal subspace method, termed weighted sub- 
space fitting (WSF), is asymptotically efficient. This also results 
in a novel, compact matrix expression for the CRB on the es- 
timation error variance. The asymptotic analysis of the ML and 
WSF methods is extended to deterministic emitter signals. The 
asymptotic properties of the estimates for this case are shown 
to be identical to the Gaussian emitter signal case, i.e., inde- 
pendent of the actual signal waveforms. Conclusions, concern- 
ing the modeling aspect of the sensor array problem are drawn. 

I. INTRODUCTION 
ENSOR array processing has been an active research S area for several years. The problems under consider- 

ation concern information extraction from measurements 
using spatially distributed sensors. The measured outputs 
are assumed to be noise-corrupted superpositions of nar- 
row-band plane waves. Given observations of the sensor 
outputs, the objective is to estimate unknown parameters 
associated with the wavefronts. These parameters can in- 
clude bearings and/or elevation angles, signal wave- 
forms, center frequencies, etc. Areas such as radar arrays, 
radio and microwave communication, acoustic sensor ar- 
rays in underwater applications and the seismic explora- 
tion industry, are all concerned with estimating parame- 
ters from observations of a sensor array output. 

A vast number of methods have been proposed in the 
literature for solving the estimation problem, see for ex- 
ample, [1]-[3]. When formulated in an appropriate statis- 
tical framework, the maximum likelihood (ML) principle 
provides a systematic way to obtain an estimator. Under 
certain regularity conditions, the ML estimator is known 
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to be asymptotically e@cient, i.e., it achieves the Cra- 
m&-Rao bound (CRB) on the estimation error variance. 
In this sense, ML has the best possible asymptotic prop- 
erties. 

The sensor noise is often regarded a superposition of 
several “error sources.” Due to the central limit theorem, 
it is therefore natural to model the noise as a Gaussian 
random process. For the signal waveforms, two main 
models have appeared in the literature. One approach as- 
sumes that also the signal waveforms are Gaussian. The 
corresponding ML method and CRB have been formu- 
lated and studied in several papers, see, e.g., [I] ,  [4]- 
[8], and are referred to as the stochastic ML and CRB, 
respectively. It is easily checked that the stochastic like- 
lihood function is sufficiently regular, resulting in an 
asymptotically efficient ML method. 

In many applications, the signal waveforms are not well 
approximated by Gaussian random processes. It has then 
been proposed to model the signals as arbitrary determin- 
istic sequences. The corresponding deterministic (or con- 
ditional) ML method is studied in, for instance, [3], [6], 
[9], [ 101. The deterministic likelihood function does not 
meet the required regularity conditions, and the determin- 
istic ML estimate does not achieve the corresponding 
CRB. This unusual fact was noted in [lo], where a com- 
pact expression for the deterministic CRB was derived. 

The weighted subspace fitting (WSF) approach to the 
estimation problem 191, [ 1 11 is a multidimensional signal 
subspace method and belongs to the same general class of 
subspace fitting methods as deterministic ML, conven- 
tional beamforming, MUSIC [ 11, [2], and ESPRIT [ 121. 
The asymptotic properties of the estimates have been de- 
rived and WSF has been shown to yield the lowest esti- 
mation error variance in the class of subspace fitting 
methods [13]. Herein, it is shown that the WSF method 
has the same asymptotic properties as the stochastic ML 
technique. Consequently, WSF is asymptotically efficient 
for Gaussian signal waveforms. This in turn results in a 
compact matrix expression for the stochastic CRB, which 
has not been available previously. 

Although the analysis of the deterministic ML method 
[9], [14] does not assume Gaussian signal waveforms, 
most other results do. For instance, the asymptotic prop- 
erties of the stochastic ML method are known only for the 
Gaussian case. Also, the asymptotic analysis of eigenvec- 
tor-based methods as reported in,  for example, [ 131, [ 151, 
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[ 161, relies on the assumption of Gaussian signal wave- 
forms. This is because the asymptotic analysis of the sam- 
ple covariance eigenvectors, e .g . ,  [17], is based on in- 
dependent, zero-mean, Gaussian observations. Herein, 
the analysis is extended to deterministic signal wave- 
forms. The asymptotic distribution of the signal eigen- 
vectors is derived for a general “deterministic signal in 
additive Gaussian noise,” model, and applied to the sen- 
sor array estimation problem. It is found that the stochas- 
tic ML technique and all multidimensional subspace fit- 
ting methods mentioned above preserve their asymptotic 
properties regardless of the actual signal waveforms. 

During the review process, it has come to the authors’ 
attention that many of the results presented herein parallel 
those of [18]. The compact expression for the stochastic 
CRB appears also in [18], and the asymptotic properties 
of the stochastic ML method are derived. Furthermore, a 
subspace-based estimation procedure termed method of 
direction estimation (MODE) is analyzed. The latter tech- 
nique is asymptotically identical to the WSF method when 
the emitter covariance matrix has full rank. However, for 
coherent sources only WSF is efficient. An important dif- 
ference between the analysis presented in [18] and in the 
present paper is the assumption of full rank emitter co- 
variance matrix made in [18]. Our analysis is valid for 
arbitrary signal correlation, including full coherence. 
Also, the papers differ in the methods of derivation. As a 
consequence we present results not found in [ 181, for ex- 
ample, the asymptotic distribution of the signal eigenvec- 
tors is derived under quite general conditions, the CRB 
on the noise variance is given, and a result on separable 
likelihood functions is provided in Appendix A. 

11. ASSUMPTIONS AND NOTATION 
Assume that d narrow-band plane waves impinge on an 

array of m sensors, where m > d. The measured array 
output is a weighted superposition of the wavefronts, cor- 
rupted by additive noise. The narrow-band signal as- 
sumption allows us to model the time delays of the wave- 
fronts at different sensors as phase shifts. The measured 
sensor outputs are also affected by the individual sensor 
gain and phase responses, modeled as a complex weight- 
ing of the wavefronts. The output of the ith sensor is rep- 
resented by 

d 

(t> = al(e,)sJ(t) + ‘I(‘> ( 1 )  
J = 1  

where 0, represents unknown signal parameters associated 
with the j t h  wavefront, a, (e,) is a complex scalar repre- 
senting the propagation delay of thejth emitter signal and 
the gain and phase adjustments by the ith sensor. Thej th  
emitter signal is represented by s, ( r )  and the additive noise 
sequence is denoted n,( t ) .  The sensor outputs are col- 
lected in the complex m-vector x ( r ) ,  to form the array out- 
Put 
x(t)  = [a(e,), , wt,)is(t) + n(t)  = A(e,)s(t) + no) 

(2) 

where O0 is a parameter vector corresponding to the true 
signal parameters. The vector a(t9,) = [a,(O,) . 
contains the sensor responses to a unit wavefront having 
parameters e,. The collection of these vectors over the pa- 
rameter space of interest 

(3) 

is called the array manifold. It is assumed that the array 
manifold vectors hpve bounded third derivatives with re- 
spect to the parameters, and that for any collection of m 
distinct e,, the matrix A(8)  has full rank. In general, each 
wavefront is parameterized by several signal parameters, 
such as bearing and elevation angle, polarization, range, 
center frequency, etc. The results presented here apply to 
a general parameterization. However, to avoid unneces- 
sary notational complexity, we restrict the discussion to 
the one-parameter problem. Thus, 0, is a real scalar, re- 
ferred to as the direction of arrival (DOA), and 8, = [e,, 
. . .  , e,] is a real d-dimensional vector of unknown pa- 
rameters. Collect N independent observations, x( l),  
. . .  , x ( N ) ,  of the array output. Given these observations, 
the main interest for our purposes is in estimating the un- 
known DOA’s. However, the parameter space usually in- 
cludes other unknowns as well, see Section 111-A. 

The vector of signal waveforms s ( t )  is assumed to be a 
stationary, temporally white, I zero-mean complex Gauss- 
ian random process with second moments 

am(8,)] 

Q. = {ace,) I e, E e> 

E[s(t)s*(l)] = SI/ (4) 

E[s(t)sT(Z)] = 0 (5) 
where 6,, is the Kronecker delta. In the analysis of Section 
V ,  this assumption is replaced by a much weaker require- 
ment on ~ ( t ) .  

The additive noise n(t) is modeled as a stationary, tem- 
porally white, zero-mean complex Gaussian random pro- 
cess. For simplicity, we will also require n(t)  to be spa- 
tially white, i .e.,  E[n(t)n*(t)] = a2Z. The assumption of 
spatially white noise is no restriction if the noise covari- 
ance is known (up to an unknown scalar a*). The noise is 
assumed to be uncorrelated with the signal waveforms. 
The covariance matrix of the array output has the follow- 
ing familiar structure: 

R = E[x( t )x*( t ) ]  = A(8,)SA*(O0) + a2Z. (6) 

The rank of the signal covariance matrix S is denoted d’. 
Let 

m 

R = c Ale, e,* = EAE* = E, A, ET + E,, AI, E: 

be the eigendecomposition of R,  where A,  > hz > 
> Ad’+ I = * . = A,,, = a2. The fact that the smallest 
eigenvalue of R has multiplicity m - d ’  and is equal to 
the noise variance is well known, see, e.g., [ I ] .  The col- 

(7) 
I = ,  

‘ I n  this context, a signal is temporally white if it has a flat spectrum over 
the (narrow) frequency band of interest. and if the sampling frequency is 
slow compared to the bandwidth, see further 1191. 
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umns of the matrix Es are the normalized d ‘  eigenvectors 
of R that correspond to the largest eigenvalues. The range 
space of E, is often referred to as the signal subspace. Its 
orthogonal complement is the noise subspace and is 
spanned by the columns of E, = [edt + , e,]. It is 
easy to see that the signal subspace is a subset of 
@(A(e0)), i .e.,  &(E,) G @(A(BO)). These subspaces co- 
incide if and only if d ’  = d, in which case the signals ar: 
said to be noncoherent. The sample covariance matrix R 
is defined by 

* 

. N  
I 

R = - c X(t)X*(t). 
Nr=l  

Introduce the eigendecomposition of the sample covari- 
ance matrix in a similar fashion as (7) 

R = E A E *  = EsA,E: + E,A,E,.. (9) 
Determination of the number of emitters d and the dimen- 
sion of the signal subspace d‘  is a crucial task for the 
methods described herein. This detection problem is dis- 
cussed in, e.g., [20]-[22]. It is assumed here that both d 
and d‘  are known. To guarantee unique estimates of eo, 
we further assume that d < (m + d’)/2.  This implies 
that @(E,)  C @(A(8)) holds if and only if 8 = eo, see 
1231. 

111. ESTIMATION METHODS 
Since the main focus in this paper is on the performance 

of the stochastic ML and the WSF methods, these tech- 
niques are briefly described below. 

A .  The Stochastic ML Method 
Under the Gaussian signal waveform assumption, the 

array output constitutes a stationary, temporally white, 
zero-mean complex Gaussian random process with co- 
variance matrix R ,  given by (6). The normalized negative 
log likelihood function of the observations x( l ) ,  * , 
x ( N ) ,  has the following form: 

(10) 
where q represents the unknown parameters of the array 
covariance matrix. The ML estimate of q is obtained by 
minimizing l(q). Herein, the unknown parameters are as- 
sumed to be 8, S, and a2 .  Noting that S is a Hermitian 
matrix, q contains the following d2  + d + 1 real param- 
eters 

l(q) = rn log R + log IR(q)l + tr { R - ] ( q ) R }  

q = 18,. * , Od, s I I ,  . . . , sdd, Re  SI^), 

Im {s ,2)  9 . . * , Re { S d -  1 . d )  9 Im {S& 1.d) 9 a21. 

(11) 

The stochastic ML method requires a nonlinear, ( d 2  + d 
+ 1 )-dimensional optimization. Although some methods 
have been reported for performing this search (e.g., [ 5 ] ,  
181) it is often unacceptably expensive. 

As noted in [7], the log likelihood function ( I O )  can be 
separated and thus the dimension of the optimization can 

be reduced. For fixed 8 and a2,  the minimum of (10) with 
respect to an unrestricted, Hermitian emitter covariance 
matrix is given by [7], [24], [251 

S = At(& - a2Z)At* (12) 

where A t  = (A*A)-IA*. When (12) is substituted into 
( lo) ,  the following concentrated negative log likelihood 
function is obtained (8- and a2-independent terms are 
omitted): 

~ ( 8 ,  a*> = -o-2  tr { P A R )  + a-2 tr { R I  
+ log ( P A R P A  + a 2 ~ , l l  

= a-2 tr { P , ~ R )  + log 1x1 (13) 

where PA = AAt, P i  = Z - PA, and X = PARPA + 
a2  P i .  The current parameterization of the emitter cov- 
ariance, which allows the separation of the ML criterion, 
does not guarantee a positive semidefinite estimate of S. 
See [24] for a discussion on this. Since the estimate is 
consistent, positive definiteness can be guaranteed if the 
true S is positive definite and if N is “sufficiently large.” 
However, if S is singular this is not necessarily the case. 

B. The Weighted Subspace Fitting Method 
As observed in Section 11, the d’-dimensional signal 

subspace is confined to a &dimensional subspace that is 
spanned by the array manifold vectors corresponding to 
the true signal parameters 80. A natural estimation crite- 
rion is to find the best least squares fit of the two sub- 
spaces 

[ e ,  f]  = arg min W1I2 - A(8) TI]; (14) 
0. T 

where W is a positive definite weighting matrix and 11 * 1 1 ~  
denotes the Frobenius porm. By solving for T ,  and sub- 
stituting back in (14), 8 can equivalently be expressed as 

(15) 

As proved in [13], the weighting matrix that gives lowest 
asymptotic estimation error variance is given by, W = 
A2A,F1 where A = A, - C2Z, and ij2 is any consistent 
estimate of the noise variance. Herein, (15) with this op- 
timal choice of W, is referred to as the weighted subspace 
fitting (WSF) method. Methods for solving the minimi- 
zation problem are discussed in [22]. In [13], it is ob- 
served through numerical examples that the WSF method 
is asymptotically efficient for Gaussian signal waveforms. 
This empirical observation is proved in the next section. 

6 = arg min Tr {P;(8)& WE:>. 
0 

IV. ASYMPTOTIC PROPERTIES FOR GAUSSIAN SIGNALS 
In this section, the accuracy of the DOA estimates is 

investigated under the assumption of Gaussian signal 
waveforms. It is shown that the stochastic ML method 
and the WSF method have the same asymptotic properties 
and that they both achieve the CramCr-Rao bound (CRB). 
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A. The Stochastic ML Method 
Let us first es(ab1ish strong consistency of the ML es- 

timates. Since R converges to R with probability one 
(w.P. l ) ,  and R is continuously differentiable w.r.t. all pa- 
rameters, it is easy to show that the log likelihood func- 
tion converges w.p. 1 ,  uniformly in the parameters, to the 
limiting function 

(16) 

Consequently, the estimate of q converges w.p.1 to the 
value that minimizes (16). In the proof of [26, theorem 
2.11, it is shown that (16) is minimized if R(q)  = R.  By 
assumption, the covariance uniquely determines the true 
parameters qo. From this it follows that the estimate of q 
converges w.p. 1 to the true value. 

The “general theory” of ML estimation states that un- 
der certain regularity conditions the ML estimate is 
asymptotically Gaussian distributed with covariance equal 
to the CRB [27]. These regularity conditions are verified 
in Section IV-C. The CRB gives the covariance of the 
entire parameter vector q, ( 1  l ) ,  whereas the WSF method 
only provides estimates of the DOA’s 0. In order to com- 
pare the asymptotic properties of ML and WSF, an 
expression for the “0 corner” of the CRB must be found. 

Extracting the covariance of 6 from the CRB matrix 
directly is far from trivial. By exploiting the separability 
of the likelihood function, an easier path is obtained. 

Theorem 1: Let 0 and G 2  minimize (13). Then as N 
tend:to injinity, the normalized estimation errors f i b  = 
f i ( 0  - 0,) and f i e 2  = f i ( G 2  - a2)  are asymptoti- 
cally independent, and have limiting Gaussian distribu- 
tions with zero-means and covariance matrices 

j(q) = m log a + log IR(q)l + tr { R - ’ ( q ) R } .  

NE[8eT] = aL [Re { (D*P;D)  0 (SA*R-’AS)T}]- l  
2 

and 

u4 
NE[(i32)2] = - (18) m - d  

respectively. Here, 

The symbol 0 denotes elementwise multiplication and all 
expressions above are evaluated at the true parameter 
values. 

Proof: The asymptotic normality and zero-mean of 
the ML estimati2n error is provided by Theorem 3 in Sec- 
tion IV-C. Let 0 and a2  be the ML estimates obtained 
from the concentrated negative log likelihood function in 
(13). Since the estimates are strongly consistent, a first- 
order Taylor expansion shows that the covariance of the 
parameter estimates, & [e T ,  6*]  in the asymptotic dis- 
tribution is 

H-’QH-’ 

where the i j t h  element of the matrices H and Q are ob- 
tained from 

a2J 
{ H } , ]  = lim - 

N - m  diaj 

see, e.g., [13] or [28]. In the partial derivatives above, i 
and j denote the i th and j th components of [ O  T ,  a2] and 
the derivatives are evaluated at the true parameter values. 
The derivation of Q is tedious. However, it is well known 
that the normalized negative log likelihood function sat- 
isfies 

see e.g., [29, p. 981. It is then not surprising that a similar 
relation holds for the concentrated criterion function. Ap- 
plying Lemma 1 of Appendix A yields2 

Since the sample covariance, R ,  converges to R w.p. 1 and 
J is twice continuously differentiable, the dominated con- 
vergence theorem [30] can be used to show that 

Consequently, Q = H ,  and the covariance of the asymp- 
totic distribution of the ML estimates is simply given by 
H - ’ .  We defer the somewhat lengthy evaluation of the 

0 matrix H to Appendix B. 

B. The WSF Method 
The asymptotic properties of the WSF method are de- 

rived in [13]. Therein, it is shown that the normalized 
WSF estimation error, f i 0  has a limiting normal distri- 
bution with zero-mean and covariance matrix 

NE[8eT]  = aL 2 [Re { ( D * P i D )  0 (SA*R- lAS)T}]- l .  

(26) 

The following important result is obtained by comparing 
the expression above with (17). 

Theorem 2: The WSF estimate of 0 has the same 
asymptotic distribution as the stochastic ML estimate. 0 

C. Asymptotic Eficiency of the Estimates 
The CRB is a lower bound on the estimation error vari- 

ance for any unbiased estimator. An estimator that 
(asymptotically) achieves the CRB is said to be (asymp- 
totically) efficient. It is well known that the ML method 

‘Since we  are dealing with the normalized negative log likelihood func- 
tion here, this expression differs in a sign and a factor N with the expression 
in the Appendix. 
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is asymptotically efficient provided that the likelihood 
function is sufficiently regular. Under the assumptions of 
Section I1 the “general theory” of ML estimation applies. 

Theorem 3: Let 4 be the M L  estimate of the true pa- 
rameter vector qo. Assume that 

Then, as N tends to injnity, the ML estimate has the fol- 
lowing limiting distribution: 

Jkcl - qo) E AsN(0, CRBSTO) (28) 

where CRBsi-0 is the Cramkr-Rao bound for a single ob- 
servation (N = 1). 

Proofi Notice first that the derivative of the log-like- 
lihood function has expected value zero, see [ l ] .  Using 
(27 ) ,  it is easily verified that the remaining conditions of 
[27, theorem 4.11 are satisfied. 0 

The following gives the ij th element of the inverse of 
the CRB [ l ] ,  [4]:  

(29) 
where Ri represents the derivative of R with respect to the 
i th component of the parameter vector (1 1). Although the 
above formula can easily be numerically evaluated, it does 
not give much insight into the performance. The reason 
is the many nuisance parameters involved in the stochas- 
tic ML formulation. 

By combining the results from Theorems 1 and 3 ,  a 
compact matrix expression for the CRB on the DOA and 
noise variance estimates is obtained. 

Theorem 4: For Gaussian signal waveforms, the Cra- 
m&-Rao inequality can be expressed as 

U 2  
NE[88T] L 2 [Re { ( D * P i D )  0 ( S A * R - ’ A S ) T ) ] - l  

(30) 
U 4  

NE[(t72)2] L ___ 
m - d ’  

Proof: Theorems 1 and 3,  give the asymptotic ma- 
trix expressions for the CRB. Equation (29) gives a bound 
on NE[fiijT] that is valid for all N.  Since the right-hand 
sides of (29)-(31) are independent of N ,  it follows that 
the expressions (30)-(31) are also valid for all N. 0 

The compact matrix expression (30) for the CRB on the 
DOA estimates has not been available earlier. It is inter- 
esting to compare (30) with the corresponding CRB for 
deterministic signal waveforms. For large N,  the deter- 
ministic inequality reads [ 101 

U‘ 
NE[88T]  1 j- [Re { ( D * P i D )  0 S T } ] - ’ .  (32) 

Using the matrix inversion lemma we can relate the two 
bounds. Observe that 

SA*R-’AS = S - S(Z - A*(ASA* + a2Z)-IAS) 

= s - S(Z + A * ~ - ~ A s ) - ’ .  (33) 

Since the matrix S(Z + A * K 2 A S ) - ’  is Hermitian (by the 
equality above) and positive semidefinite, it follows that 
SA*R-IAS I S .  Hence, application of [14, lemma A.21, 
yields 

U 2  
- 2 [Re { ( D * P i D )  0 ( S A * R - ’ A S ) T } ] - l  

U 2  
2 7 [Re { ( D * P i D )  0 S T } ] - ’ .  (34) 

If the matrices D*Pi D and S are both positive definite, 
the inequality is strict showing that the stochastic bound 
is in this case strictly tighter than the deterministic bound. 

V .  ASYMPTOTIC ROBUSTNESS 

The asymptotic results presented in the previous sec- 
tion, are based on the assumption that the signal wave- 
forms s(t)  and the additive noise n ( t )  have Gaussian dis- 
tributions. This assumption can be justified, for example, 
by assuming that a discrete Fourier transform is applied 
to the array output. Results from Brillinger [31] then state 
asymptotic normality and independence of the output of 
the individual frequency bins. However, in many appli- 
cations, filters other than the DFT may be applied and a 
non-Gaussian signal distribution may result. The present 
section examines the asymptotic distribution of the esti- 
mation error for stochastic ML and subspace fitting tech- 
niques for a general signal distribution. The noise is, 
however, still assumed to be Gaussian. It is found that the 
asymptotic distribution derived for Gaussian signals is 
preserved in the non-Gaussian case. This interesting prop- 
erty is known in the statistical literature as asymptotic ro- 
bustness. 

In the analysis we will assume that { s ( t ) }  is an arbitrary 
deterministic (i.e., fixed), second-order ergodic sequence 
of vectors. The signal “covariance” is still denoted S ,  
but the definition (4) is replaced by the following deter- 
ministic limit: 

Let us first point out that the strong consistency of the 
estimates immediately generalizes to the non-Gaussian 
case. For all methods discussed, consistency depends only 
on the convergence of the sample covariapce matrix and 
if the signals are second-order ergodic, R can easily be 
shown to converge w.p. 1 to R using, e .g . ,  [32, theorems 
3.2.2. and 4.2.4.1. Notice, though, that R is not the 
“true” array covariance in the deterministic signal case. 
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A .  Stochastic ML 
There are strong connections between the parameter es- 

timation problem considered here and factor analysis. In 
the statistical literature, the stochastic model presented 
here is often referred to as a linear structural relationship. 
The properties of the resulting ML estimator have been 
widely studied, see [26] and the references therein. 

The following result demonstrates the asymptotic ro- 
bustness of the stochastic ML estimator. 

Theorem 5: Let 0 and b2 be the minimizing arguments 
of (13). Then, 0 and b2 have the same asymptotic distri- 
bution for s(t) being a fixed second-order ergodic se- 
quence as in the case of Gaussian signals, i.e., the 
expressions ( I  7), (18) are still valid. 

0 

B. Subspace Fitting Techniques 
The asymptotic distribution of the subspace fitting es- 

timates is based on the distribution of the signal eigen- 
vectors of the sample covariance matrix. In the case of 
real Gaussian observations, the distribution was estab- 
lished in [ 171. These results were extended to the complex 
case in [33]. The case of real non-Gaussian stochastic ob- 
servations was studied by Davis [34]. Using the tech- 
niques developed in these references, the extension to our 
case where the observations consist of a deterministic sig- 
nal in additive Gaussian noise is not difficult. 

The expected value of the sample covariance is denoted 

Proof: See [26, theorem 3.5].3 

RN3 
RN = E[R] = ASNA" + a21 (36) 

. N  

(37) 

Introduce the eigendecomposition of RN 

RN = ENANEg (38) 
where E,,,, = [eN. I ,  * , t ? N , m ] .  The following theorem 
establishes the distribution of the eigenvectors. 

Theorem 6: Let s(t) be afixed sequence of bounded and 
second-order ergodic quantities and let Ak be the kth larg- 
est nonrepeated eigenvalue of R. Define the estimation 
error as = 8 k  - k?N,k. Then f i c k  has a limiting Gauss- 
ian distribution with first- and second-order moments 
given by 

E[f?k] = O(N-')  (39) 

where X k  is the kth largest eigenvalue of ASA", i.e., i k  = 

0 
A k  - a2. 

Proof: The proof is given in Appendix C. 

'In Anderson's notation. &( 1) corresponds to A ( 8 )  and z::' corresponds 
to s ( 1 ) .  

Remark 1: It is interesting to compare (39)-(41) with 
the corresponding quantities in  the case of Gaussian sig- 
nals, see, e.g., [ 151. The deterministic si nal assumption 

second-order moments differ from the Gaussian case only 
0 

The main result of this section follows easily from the 
above. 

Theorem 7: Let the assumptions of Theorem 6 hold. 
Then the WSF estimation error has the same asymptotic 
properties as in the case of Gaussian signal waveforms, 
1.  e., 

introduces a bias on 8k of order O( 1 / f N ) ,  whereas the 

by the extra term involving ik. 

f i 0  E AsN(0, C) (42) 
where C is given by (26). 

Proof: It is clear from the proof of [ 13, theorem 21 
that the asymptotic distribution of the estimation error 
only depends on the distribution of the variables 
Pi(&,)8k, k = 1 ,  * - , d ' .  It is easy to verify that 
Pi(OO)eN,k = 0, k = 1 ,  e , d ' .  Thus, (39) shows that 
E[Pi(80)bk] = 0 , )  = 1, , d'  as in the Gaussian case. 

, m ,  equations Moreover, since hk = 0,  k = d'  + 1, - * 

(40) ,  (41) show that the non-Gaussian contribution to the 
second-order moments of Pi(O0)kk is zero. Hence, the 
limiting distribution of these variables is the same under 
the deterministic and the Gaussian signal assumptions. 

0 
We remark that Theorem 7 applies to the subspace fit- 

ting criterion (15) for any choice of weighting matrix W 
and also for an arbitrary (identifiable) parameterization of 
A.  Hence, one can conclude that the deterministic ML 
method, MD-MUSIC (Cadzow's method, [35]) ,  and TLS- 
ESPRIT are all asymptotically robust estimation tech- 
niques. See further [ 131 for details on how these methods 
relate to the subspace fitting criterion. 

However, asymptotic robustness is only guaranteed for 
multidimensional subspace fitting methods. The qualifi- 
cation multidimensional here refers to the fact that &(E,) 
C &(A(Oo)). This is not true for the MUSIC algorithm, 
which, in the subspace fitting formulation fits a one di- 
mensional subspace, a(0) to E,. 

* 

VI. DISCUSSION 
The asymptotic efficiency and robustness properties of 

the stochastic ML and WSF methods have some interest- 
ing implications on the modeling aspects of the sensor 
array problem. There are two competing models for the 
sensor array problem, namely, deterministic versus sto- 
chastic modeling of the emitter signals. These lead to dif- 
ferent ML criteria and CRB's. If the emitter signals are 
Gaussian, it is clear that the stochastic ML method is op- 
timal as shown by Theorem 3. If, on the other hand, the 
signals have an unknown non-Gaussian distribution or are 
modeled as deterministic, the relation between the deter- 
ministic ML criterion and the Gaussian based ML method 
is unclear. It is also of interest to compare the CRB for 
the Gaussian case with the corresponding bounds for other 
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signal distributions. The following corollary to Theorems 
3, 5 ,  and 7 establishes these relations. 

Corollary I :  Let Cs, and C,,, denoie the asymptotic 
covariances of f i e ,  for  the stochastic and deterministic 
ML estimates, respectively. Furthermore, let CRB,, and 
CRBARB be the stochastic CRB and the CRB for any other 
signal distribution or deterministic signals, respectively. 
The following inequalities then hold: 

CDE, 2 CsTo = CRBsTo 2 CRBARB. (43) 

Proof: Consider the first inequality. Apply the de- 
terministic ML method to Gaussian signals. The deter- 
ministic ML estimator provides asymptotically unbiased 
parameter e ~ t i m a t e s . ~  The CRB inequality then implies 
that the first inequality in (43) holds (see also (34)). This, 
together with the asymptotic robustness of the determin- 
istic and stochastic ML methods implies that the first in- 
equality holds for arbitrary signals. 

To prove the second inequality, apply the stochastic ML 
method to non-Gaussian signals. The ML estimates are 
asymptotically unbiased and the asymptotic covariance of 
the stochastic ML estimates still equals CsTo = CRBsTo. 
Hence, also this result follows from the CramCr-Rao 

The corollary above is a more general version of a sim- 
ilar theorem from [36]. The first inequality provides strong 
justification for the stochastic model being appropriate for 
the sensor array problem. The second inequality says that 
the case of Gaussian signal waveforms can be interpreted 
as a worst case. If the signal waveforms have a known 
non-Gaussian distribution, it is usually possible to beat 
the stochastic ML and WSF methods. This would require 
the maximization of the appropriate likelihood function, 
which can be very complicated. Notice also that the re- 
sulting method cannot be asymptotically robust. 

Corollary 2: CsTo = CRBsTo is a lower bound for  the 
covariance of f i 0  for any (asymptotically) unbiased es- 
timator which is also asymptotically robust. 

inequality. U 

ProoJ Immediate. 0 
It should be noted that the results here refer to asymp- 

totic in the number of snapshots, N .  Although there is a 
strong connection between D O A  estimation in sensor ar- 
rays and cisoid estimation in time series, the asymptotic 
statements are different. The dual statement to having a 
large number of data in time series, is that the number of 
sensors m is large. For large m ,  the deterministic ML 
method is efficient and the deterministic model is appro- 
priate. Let us comment on the applicability of the results 
of this paper to more general array parameterizations. The 
array response matrix A(8) is assumed to be parameter- 
ized by the DOA's only. However, the analysis here is 
not restricted to this case, except for the explicit construc- 
tion of the matrix form of the covariance matrix (17). All 
results are therefore valid for a general parameterization, 

'The signal waveform estimates are not consistent: B(r) = A'(G)x(r) -t 
S ( I )  + A ' ( O o ) n ( r ) .  However, it can be shown that they are indeed asymp- 
totically unbiased. 

and can include bearing, elevation, range, unknown array 
response, etc., provided that all parameters are consis- 
tently estimated. The expression (B.28), see Appendix B, 
for the i j  th element of the asymptotic covariance and the 
CRB, is valid for a general parameterization of A .  The 
matrix form of the covariance depends, of course, upon 
which parameterization is used. 

Although the stochastic ML and WSF techniques have 
identical asymptotic properties, the finite sample behavior 
may be different. There are other aspects which also need 
to be considered when comparing the methods, for ex- 
ample computational complexity and global minimization 
properties. These issues require further study. 

VII. CONCLUSIONS 
The asymptotic (for large amounts of data) properties 

of the ML and WSF estimation techniques are studied. It 
is shown that the likelihood function based on stochastic 
(Gaussian) modeling of the emitter signals satisfies the 
regularity conditions, ensuring an efficient ML estimate. 
The asymptotic distribution of the WSF method is com- 
pared to that of ML, and they are found to be the same. 
Hence, also WSF is asymptotically efficient and achieves 
the CRB for Gaussian signals. As a by-product, a com- 
pact matrix expression for the CRB on the signal param- 
eters is obtained. The effects of non-Gaussian emitter sig- 
nals on the statistical properties of the WSF and ML 
estimates are examined. Both methods are found to be 
asymptotically robust, i .e.,  the distribution derived under 
the Gaussian assumption is valid for general second-order 
ergodic emitter signals. This result has implications on 
the modeling aspects of the sensor array processing prob- 
lem. The deterministic and stochastic modeling tech- 
niques are discussed and it is argued that the stochastic 
model is appropriate for the problem under consideration. 

APPENDIX A 
SEPARABLE LIKELIHOOD FUNCTIONS 

The following result is required for the proof of Theo- 
rem 1. Since the result is of interest in itself, it is for- 
mulated as a lemma. 

Lemma 1 :  Let l(q, 5)  be a regular log likelihoodfinc- 
tion so that the ML estimates of the parameter vectors q 
and 5 are consistent. Assume that l{q, 5) is separable in 
q and 5. Denote the concentrated likelihood finction J { S )  
= l(q#, t), where qTz, is such that 

Denote the partial derivatives of J and 1 according to 

Then, the following identities hold: 

J ,  = l,lq=lj(<) 

E[ J ,  J,1 = - E [  J,,] ' 
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Proof: The chain rule implies 

By (A.]), the second term vanishes and (A.3) follows. 
Apply (A.3) to the left side of (A.4) 

E[ J, J,] = E[1iJ,] . (A. 6) 

Since 1, is the derivative of a regular log likelihood func- 
tion, [29, theorem 4.1.11 can be applied to give 

The last equality follows since E[  J,] = E [ ( ]  = 0 .  Clearly, 
(A.6),  (A.7) implies (A.4) and the lemma is proved. 0 

APPENDIX B 
EVALUATION OF H 

Herein, the matrix H ,  defined in (21) is calculated. For 
ease of notation, overbar is used to indicate the limit as 
N tends to infinity with the parameters evaluated at the 
true parameter values. Moreover, we use P and P' for 
the projection matrices PA and PA', and their derivatives 
with respect to 8; are denoted Pe, and Pet, respectively. 

It will be shown that jOu2 = 0. Thus, 

The derivatives of the projection matrix P ,  are given by 
[ 131 Appendix B 

pS, = P ' A ~ , A ~  + ( .  . . ) *  

= -P'AgAtAo!At  - At*A$P'Ae,At + P'A#,e,At 

+ P A ~ ,  (A*A)-~A$ P 

- P ' A ~ , A ~ A , , A ~  + ( .  . . )*  (B. 11) 

where ( - - - )*  indicates that the Hermitian transpose of 
the same expression appears again. 

Using the relations, P ' A  = 0 and tr { A B }  = tr { B A } ,  
some calculations lead to 

X = PRP + u2P'ASA* + a2P + a2P' = R 

(B. 12) 

Xez = PozASA* + ( * * )* (B. 13) 
- 

- 
Xe,eJ = Pe,gASA* + Pe,ASA*PO, + ( * * * ) * .  (B. 14) 

Thus, we have 

JelS = -a-2 tr {POgeJR} + tr {R-'Xe,@, - R-'Xe~R-'XeJ}  

(B. 15) 

= tr {P, ,R} + tr {R-'X,, ,2 - R-'X,,2R-IXe,). 

(B. 16) 

Introduce the notation 

Y = s(z + u - 2 ~ * ~ ~ ) - L  (B. 17) 

and examine the terms in the expression for 7,,02 

tr {P, ,R} = tr { (P'Ae ,At  + ( e  - . )*)(ASA* + a2Z)} 

= a* tr {pe t }  = o (B. 18) 

= -tr {R-'Pe,}  = -tr { ( u - ~ Z  - U - ~ A Y A * ) P ~ , }  

= tr {P, , }  = 0 

tr { R - ~ X , ~ R - I X ~ , }  

(B. 19) 

= a-4 tr {P' Pe,ASA* + ( e  . .)*} = 0. (B.20) 

Hence, j e , , 2  = 0, implying that 8 and a* are uncorrelated 
(and thus independent) in the asymptotic distribution. Let 
us now show (1 8) 

= 2 8  tr { P ' R }  - tr {R-IP' R - ' P ' }  

m - d  
- a-4 tr { P I }  = - (B.21) 2(m - d )  - - 

a4 a4 
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which by (B. l )  yields ( 1 8 ) .  Consider next the evaluation 
of Jo,oJ. Examine the first term in (B .  15) 

f 2  tr {PB,OJR> 

= u - ~  tr {POXoJASA*} + tr {Po,o,} 

= 

- - tr {A;P'AOzS + ( -  a ) * } .  (B.22) 

tr { A ~ * A ; P ~ A , , A ' A S A *  + ( e  - )*} 

Examine the second term in (B. 15) 

tr (R- 'XOloJ} = tr (R-'(Po3,ASA* + PoJASA*Po,) 

+ ( * * a ) * }  

= tr { ( u - ~ Z  - u-~AYA*)  (Po,oJASA* 

+ Po,ASA*PO,) + ( * * e ) * }  

= tr { - ~ u - ~ A ' * A ; P ' A ~ ~ A ' A S A *  

+ ( s - 2 ~  ' A ~ , A ~ A S A * A  '*A; P 

+ 2U-4 AYA*A+*A;P~A~,A~ASA*  

+ ( .  * e ) * }  

= tr {A; P ' A#, (- aP2S + 2K4SA*AY)  

+ ( *  * - ) * } .  (B.23) 

The third term in ( B .  15) can be expressed as 

tr { R - I X ~ , R - ~ X ~ ~ }  
= tr { R- P ~ ~ A S A * R  - I P ~ ~ A S A  * 

+ R - ~ P ~ ~ A S A * R - ~ A S A * P ~ ~  + ( .  . I*} 

= tr {u -~P '  A ~ , A ~ A S A * R - ~ A S A * A ~ * A $ P ~  

+ ( *  * ) * }  

= U -2 tr {A;PLAo,SA*R-IAS + ( a  * e ) * } .  (B.24) 

Collect (B.22)-(B.24) and insert them in (B. 15) to obtain 

Jo,oJ = tr { A [ P ' A o , ( C 2 S  - C 2 S  + ~ u - ~ S A * A Y  

- U - 2 ~ ~ * ~ - 1 ~ ~ )  + ( - I*} 

= tr {A;  P' Ao,(2~-4SA*AY - f 2 S A * R - I A S )  

+ ( -  * - ) * } .  (B.25) 

Note that 

Y = s(z + U - 2 ~ * ~ ~ ) - 1  = S(Z - A*(ASA* + U 2 ~ ) - 1 ~ ~ )  

= s - SA*R-~AS. (B.26) 

This gives 

u-~SA*AY = u-~SA*(Z - ASA*R- ' )AS 

= C 4 S A * ( R  - ASA*)R-'AS 

= U - 2 ~ ~ * ~ - 1 ~ ~ .  (B.27) 

Use this in (B.25) 

= 2 K 2  Re [tr {A;PLAO,SA*R- IAS}] .  (B.28) 

The above can be put in matrix form by the relation 

A ~ ,  = io, . . . , 0, d(e,), 0, e , 01. ( ~ . 2 9 )  

This leads to (17) ,  and the proof of Theorem 1 is com- 
plete. 

APPENDIX C 
PROOF OF THEOREM 6 

Following the ideas in [17] ,  [33] ,  [34],  we introduce a 
transformation of the sample covariance 

T = E;kEN (C. 1 )  

where EN is defined in (38).  Observe that E [ T ]  = A N .  

The second-order ergodicity of S ( t )  guarantees that the 
central limit theorem can be applied, see for instance, [28, 
lemma 9A.1.1. Hence, &(T - AN) has a limiting zero- 
mean Gaussian distribution. The perturbation arguments 
in, e.g., the proof of [37, theorem 13.5.11, show that for 
X k  being a simple eigenvalue, the ith component of Zk is 
related to T b y  

where E, and Tpk denote the elements of E and T ,  re- 
spectively. It follows that f i g  also has a limiting zero- 
mean Gaussian distribution. The covariance of the 
asymptotic distribution is obtained from 

m m 

x lim NE[TpkT$.  
N -  03 (C.3) 

Denote R = R - RN and note that for p # k ,  
{ E ; R E N } ~ ~  = {E,$REN}pk. Thus, 

lim NE[ Tpk T,*,] = lim NE[ { E; 
N -  m N - 0 3  

8; &EN};] 

(C.4) 

= N - 0 3  lim NE[(E*@E},~{E*@E}~,I  

(C.5) 

= c E$E,,E?E,, x lim NE[RIjRrs] 
i jrs N -  03 

(C.6) 

It is straightforward to show that 

lim NE[Rj,Rrs] = RrjRis - {ASA*}rj{ASA*}, ,y .  (C.7) 
N -  m 
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Inserting this in (C.6) leads to 

lim NE[ Tpk T,*,] = E; R, Ejk E: R;, Es, 
N -  m ijrs 

- E; ( ASA* } r, E,kE$ { ASA* ] ;, ES, 

= e? Reke,* Re, - e?ASA*eke:ASA*e, 

(C. 10) 

Finally, inserting (C.10) into (C.3) gives the i j th  com- 
ponent of (40). The proof of (41) is similar. 
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