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On Estimation of Covariance Matrices With
Kronecker Product Structure
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Abstract—The estimation of signal covariance matrices is a cru-
cial part of many signal processing algorithms. In some applica-
tions, the structure of the problem suggests that the underlying,
true covariance matrix is the Kronecker product of two valid co-
variance matrices. Examples of such problems are channel mod-
eling for multiple-input multiple-output (MIMO) communications
and signal modeling of EEG data. In applications, it may also be
that the Kronecker factors in turn can be assumed to possess addi-
tional, linear structure. The maximum-likelihood (ML) method for
the associated estimation problem has been proposed previously.
It is asymptotically efficient but has the drawback of requiring an
iterative search for the maximum of the likelihood function. Two
methods that are fast and noniterative are proposed in this paper.
Both methods are shown to be asymptotically efficient. The first
method is a noniterative variant of a well-known alternating max-
imization technique for the likelihood function. It performs on par
with ML in simulations but has the drawback of not allowing for
extra structure in addition to the Kronecker structure. The second
method is based on covariance matching principles and does not
suffer from this drawback. However, while the large sample perfor-
mance is the same, it performs somewhat worse than the first esti-
mator in small samples. In addition, the Cramér–Rao lower bound
for the problem is derived in a compact form. The problem of es-
timating the Kronecker factors and the problem of detecting if the
Kronecker structure is a good model for the covariance matrix of a
set of samples are related. Therefore, the problem of detecting the
dimensions of the Kronecker factors based on the minimum values
of the criterion functions corresponding to the two proposed esti-
mation methods is also treated in this work.

Index Terms—covariance matching, Cramér–Rao bound, Kro-
necker model, multiple-input multiple-output (MIMO) channel
modeling , structured covariance matrix estimation .

I. INTRODUCTION

I N the statistical modeling of multiple-input multiple-output
(MIMO) wireless communications channels, covariance

matrices with a Kronecker product structure are often assumed
[8], [19], [3]. This assumption implies that
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where is the stochastic channel matrix, is an
transmit covariance matrix, and is an receive covari-
ance matrix. The vector is obtained by stacking the
columns of on top of each other and denotes the Kro-
necker matrix product (see e.g., [6]). Estimating such matrices
is useful in the design and analysis of signal processing algo-
rithms for MIMO communications. Imposing the structure im-
plied by the Kronecker product assumption gives the advantages
of leading to more accurate estimators, of reducing the number
of parameters needed when feeding back channel statistics, and
of allowing for a reduced algorithm complexity. Models such as
(1) also appear naturally when modeling spatio-temporal noise
processes in MEG/EEG data [4], [17].

In statistics, processes with covariance matrices that satisfy
(1) are referred to as separable [9], [10]. They appear when vari-
ables in the data set can be cross-classified by two vector valued
factors. The process

(2)

contains products of all possible pairs of an element from
and an element from , where and are two sto-
chastic processes. If and have zero means and are mu-
tually uncorrelated with covariance matrices

(3)

then has a covariance matrix of the form (1). Some exam-
ples of problems where separable stochastic processes appear
are given in [9]. A framework for estimation of a related class
of structured covariance matrices is developed in [2], together
with examples of applications where they appear.

In practical scenarios, the properties of the underlying
problem sometimes imply that the matrices and in (1)
have additional structure. In the MIMO communications sce-
nario for example, uniform linear arrays (ULAs) at the receiver
or transmitter side imply that or has Toeplitz structure. If
the estimator is able to take such additional structure into ac-
count, the performance might be improved. Such performance
gains have been reported for array processing when the signal
covariance matrix has Toeplitz structure [5].

The intimately connected problems of estimating such a co-
variance matrix from a set of data and evaluating whether (1)
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is an accurate model for the underlying true covariance matrix
naturally lead to the maximum-likelihood (ML) method. As the
optimization problem associated with the ML method lacks a
known closed-form solution, an iterative search algorithm has
to be used. The standard choice seems to be the minimization
with respect to (w.r.t.) and alternately, keeping the other
matrix fixed at the previous estimate. This algorithm is called
the flip-flop algorithm in [9]. The algorithm performs well in
numerical studies [9]. Numerical experience indicates that the
flip-flop algorithm converges faster than a Newton-type search
[9]; the global minimum was found in general in our experi-
ments. The flip-flop algorithm, however, has the drawback of
being iterative and it does not allow for a general linear structure
on the and matrices in addition to the positive definiteness
implied by the problem formulation.

Another common approach is to simply calculate the (un-
structured) sample covariance matrix of the data and then find
the closest (in the Frobenius norm sense) approximation with
a Kronecker product structure. This approximation problem
is treated in [17]–[19]. The corresponding method lacks the
asymptotic efficiency of the ML approach but has the advan-
tage of simplicity and low computational complexity. It is also
possible to incorporate an additional linear structure of the
and matrices in this approach (as will be demonstrated).

In this paper, we derive a new method for the estimation of
covariance matrices with Kronecker product structure based on
a covariance matching criterion (see Section V). The method is
noniterative and has a relatively low computational complexity.
It is also shown to be asymptotically efficient. Similarly to the
Kronecker approximation method discussed above, it allows for
linearly structured and matrices.

In addition, we propose a noniterative version of the flip-flop
method for ML estimation. The proposed method can be seen
as the flip-flop algorithm terminated after three iterations. It
is shown analytically that the resulting estimate is asymptoti-
cally efficient, regardless of initialization (see Section IV), and
numerical simulations indicate a very promising small-sample
performance. However, the method has the drawback of not al-
lowing for additional linear structure.

Furthermore, the Cramér–Rao lower bound (CRB) for the
problem is derived in Section VI.

The problem of determining if (1) is an appropriate model
for the covariance matrix of a set of samples is treated in
Section VIII. For the noniterative version of the flip-flop algo-
rithm, the generalized-likelihood ratio test (GLRT) is proposed.
For the covariance matching approach, the minimum value of
the criterion function can be used. Its asymptotic distribution is
therefore derived in Section VIII.

Computer simulations are used to compare the asymptotic,
theoretical results to empirical results in Section IX.

In the following, and denote the Moore–Penrose
pseudoinverse and the determinant of the matrix , respec-
tively. For a positive semidefinite (p.s.d.) matrix , the
notation denotes the unique p.s.d. matrix that satisfies

. The th element of the matrix is denoted
. The superscript denotes the conjugate transpose and

denotes the transpose. Also . The notation
or denotes the elementwise derivative of the matrix
w.r.t. the parameter at the th position in the parameter vector
in question. Finally, the notation means that

(4)

in probability. In this paper, the asymptotic results hold when
the number of samples tends to infinity.

II. PROBLEM FORMULATION

Let be a zero-mean, complex Gaussian, circularly sym-
metric random vector with

(5)

The covariance matrix is assumed to have a Kronecker
product structure, i.e.,

(6)

where the matrix and the matrix are positive
definite (p.d.) Hermitian matrices. The problem considered is to
estimate from the observed samples .

Define the —vector and the —vector
as the real vectors used to parameterize and , respectively.
Furthermore, assume that and depend linearly on and

(7)

where and are data and parameter independent matrices
of size and , respectively. The matrices
and are required to have full rank. If the only structure im-
posed is that and are Hermitian matrices, then
and . Also introduce the concatenated parameter vector

. Denote the parameter vector that corresponds to
and by . Note that the Kronecker product parameter-

ization is ambiguous since

(8)

for any . Hence, we can only estimate and up to a
scalar factor.

III. MAXIMUM-LIKELIHOOD ESTIMATION

The ML estimator for the above estimation problem has been
proposed, e.g., in [9] and [11]. The associated maximization
problem has no known closed-form solution. In this section,
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methods for iteratively calculating the ML estimate will be re-
viewed. The negative log-likelihood function for the problem is
(excluding constant terms)

(9)

where

(10)

The last term in (9) can be rewritten as

(11)

where is the th block of size in the matrix . It is
a standard result that the p.d. minimizer, , of

(12)

where is p.d., is (see, e.g., [1], [14]). Hence, for a
fixed , the minimizing (9) is given by

(13)

assuming it is p.d. Note that is Hermitian by construction.
However, a structure of the kind of (7) is in general hard to
impose. If such a structure is to be imposed, it is unclear how to
express the minimizer in closed form, except for special cases.
In order to show that is p.d. when is p.d., let be an
arbitrary complex vector and consider

(14)

By defining a matrix such that

(15)

we have and

(16)

Clearly, for any if both and are p.d.
In fact, this result is conservative in the sense that can be

p.d. even if is only p.s.d. In the real case, at least, it is possible
to relax the condition on significantly [10].

After inserting into (9) and after removing constant
terms, the concentrated criterion function becomes

(17)

A Newton-type search procedure can be used to search for the
minimum of w.r.t. . It is necessary to make sure that
the estimate is p.s.d., for example by setting and
minimizing w.r.t. .

If , it is more advantageous to concentrate out in-
stead, and then minimize the resulting criterion function w.r.t.

. Similar to (13), for a fixed , the that minimizes (9) is

(18)

where is the th block of

(19)

The permutation matrix is defined such that

(20)

for any matrix . A similar argument as above guarantees
that is p.d. as long as and are p.d.

The flip-flop algorithm is obtained by alternately minimizing
w.r.t. and , keeping the last available estimate of fixed
while minimizing w.r.t. and vice versa [9]–[11]. This algo-
rithm can be outlined as follows:

1) Select an initial estimate .
2) Set . Using (13), find the that mini-

mizes (9) w.r.t. given .
3) Set . Using (18), find the that

minimizes (9) given .
4) Set . Using (13), find the that

minimizes (9) given .
5) Iterate steps 3) and 4) until convergence.

Numerical experiments have been reported which indicate that
the flip-flop algorithm can converge faster than a Newton-type
search [9].

Imposing a linear structure of the form (7) into the flip-flop
algorithm can be done by imposing (7) in each step. However,
as pointed out above, this typically would require running an
iterative search in steps 2), 3), and 4) above.

An interesting alternative to the iterative search for the min-
imum of the negative likelihood function is to perform only
steps 1)–4), without iterating. This method can be shown to in-
herit the asymptotic efficiency of the ML approach. See the next
section.
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IV. NONITERATIVE FLIP-FLOP APPROACH

The proposed estimate

(21)

is the result of steps 1) to 4) of the flip-flop algorithm discussed
above. The initial estimate is an arbitrary p.d. matrix (and
need not be data dependent). In the following, it will be shown
that is an asymptotically efficient estimate of the covari-
ance matrix independently of the initialization. In order to
state the result, consider the rearrangement function [18]

...

...

(22)

where is the th block of . This rearrangement
function has the property that

(23)

It is easy to see that a permutation matrix can be defined
such that

(24)

for any matrix of compatible dimensions. It will also be useful
to introduce two other matrices that are obtained by rearranging
the elements of the sample covariance matrix. They are

(25)

and

(26)

Also introduce the corresponding permutation matrices that sat-
isfy

(27)

We are now ready to state the result.
Theorem 1: Let be the estimate of given by (21).

Then, under the data model described in Section II, has

an asymptotic complex Gaussian distribution with covariance
given by

(28)

where

(29)

The matrix is defined in (20). Furthermore, is a
consistent estimate of .

Proof: See Appendix I.
It is interesting to note that the expression for the asymptotic

covariance does not depend on the initial value . This im-
plies that the dominating part (for large ) of the estimation
error is the same as if the initialization was at the true value it-
self.

A similar result can be shown for the ML method.
Theorem 2: Let be defined as in Section II, where

and are p.d. but otherwise assumed unstructured. Let

(30)

be an ML estimate of , given . Then,
has an asymptotic complex Gaussian distribution, and

(31)

where is given by (29). Furthermore, is a consistent
estimate of .

Proof: See Appendix II.
Clearly, this result together with the asymptotic efficiency

of ML gives us an expression for the asymptotic Cramér–Rao
lower bound for the special case when no linear structure is im-
posed. A more general and compact expression that can take
linear structure into account is derived in Section VI.

The somewhat surprising conclusion is that the asymptotic (in
) covariances of the ML estimate and the estimate co-

incide regardless of the initialization . Both estimates are
consistent. Hence, is an asymptotically efficient estimate,
when no structure is imposed on and except that they are
Hermitian matrices. Numerical studies in Section IX also sug-
gest a promising small sample performance for .
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It is interesting to note that the estimate

(32)

which is obtained by terminating the algorithm after step 3 lacks
the asymptotic efficiency of . This can be shown using
techniques similar to those used in the proof of Theorem 1 (the
asymptotic covariance of (32) will depend on ).

V. COVARIANCE MATCHING APPROACH

It is not obvious how to modify the noniterative version of the
flip-flop algorithm proposed above to take linear structure as in
(7) into account without making the algorithm iterative. This
section aims at developing a noniterative method that achieves
the CRB for large also when a general linear structure is
imposed.

A simple standard approach to the present estimation problem
is to form the estimate of from the minimizers of

(33)

This minimization problem can be rewritten [18] as

(34)

where is the rearrangement function introduced in
Section IV. The reformulated minimization problem is a
rank-one approximation problem that is easy to solve using the
singular value decomposition (SVD). The resulting estimate
is consistent since is consistent, but it is not asymptotically
efficient. Incorporating a linear structure as in (7) can be done
similarly to what is shown at the end of this section. It can also
be proven [18], that the estimates of and obtained from
(34) are guaranteed to be p.d. if is p.d.

In the following, it will be shown that the estimate obtained
by minimizing

(35)

is asymptotically statistically efficient if the weighting matrix
is chosen as

(36)

This result is not very surprising, especially in the light of the
extended invariance principle [12], [15]. It can be observed that
the minimization problem in (33) coincides with (35) if .

That choice would not yield an asymptotically efficient esti-
mator, however. It is well known that the sample covariance ma-
trix has a covariance given by

(37)

Note that (37) depends on the unknown parameters. It will be
shown in Section VII that replacing with a consistent estimate

(38)

does not affect the asymptotic efficiency.
For a general , the minimization problem (35) lacks a

simple, closed form solution and iterative methods similar to
the flip-flop algorithm have to be used. Here, we will use a
specially structured for which the minimization problem
in (35) can be solved in closed form. We suggest using the
weighting matrix

(39)

where and are selected such that

(40)

This condition is satisfied, e.g., by the closed form estimates
given by the minimizers of (33). This choice also ensures pos-
itive definiteness of when is p.d. [18]. With the choice of

in (39), (35) can be written as

(41)

where

(42)

Next, using (7), we have that

(43)

and

(44)
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Hence, (41) can be expressed as

(45)

where and are matrices (with dimensions
and , respectively) with orthonormal columns and
and are invertible matrices (with dimensions and

, respectively) such that

(46)

The criterion in (45) can be rewritten as

(47)

The rank-one approximation problem in (47) is easily solved
using SVD. The proposed estimator has a fixed computational
complexity similar to that of the unweighted ad hoc method,
(33), and yet it achieves asymptotic efficiency as will be shown
in Section VII. The performance for finite sample sizes will be
evaluated using simulations in Section IX.

One remark is in place here. While the true covariance matrix
is known to be p.d., this constraint is not imposed on the estimate
obtained from (47). However, the sample covariance matrix is a
consistent estimate of the true covariance matrix and it will be
p.d. with probability one (w.p.1) as due to the strong
law of large numbers. This implies that the covariance matching
estimate will also be p.d. w.p.1 as . The conclusion is
that the asymptotic performance of the estimator is not affected
by relaxing the positive definiteness constraint. See also [16].

VI. CRAMÉR–RAO LOWER BOUND

The CRB gives a lower bound on the covariance matrix of
any unbiased estimator. In this section the CRB will be derived
for the estimation problem described in Section II.

The elements of the matrix are linear combina-
tions of products of the form . Therefore, it is pos-
sible to construct a constant, parameter independent,

matrix such that

(48)

In order to find an expression for , note that by definition

(49)

Then, by using the previously defined permutation matrix it
follows immediately that

(50)

This gives

(51)

The main result of this section can now be stated in the fol-
lowing theorem.

Theorem 3: The covariance matrix of any unbiased estimator
of in the data model described in Section II must satisfy

(52)

where is given by

(53)

evaluated for parameters and that give the true covariance
matrix .

Proof: The th element of the Fisher information matrix
(FIM) is given by [7], [14]

(54)

It follows that

(55)

Construct a matrix such that

(56)

which, when evaluated at , reads

(57)

This immediately gives the following expression for the FIM

(58)

Some care must be exercised when using this result to find the
CRB for the elements of . The reason is that the mapping
between the parameter vector and the matrix is many-to-one
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due to the ambiguous scaling of and mentioned above [see
(8)] and possibly also due to the imposed linear structure. By
using results proved in [13] we have that the desired CRB is
given by

(59)

where column of is given by

(60)

It is then straightforward to conclude that and thus
that the CRB is given by (52). The matrix is equal to
evaluated at .

VII. ASYMPTOTIC PERFORMANCE OF THE COVARIANCE

MATCHING ESTIMATOR

The asymptotic performance of the estimator proposed in
Section V is derived in this section. The result is summarized
in the following theorem.

Theorem 4: Let be an estimate of constructed as

where and are minimizers of (35). Then, under the data
model described in Section II, has an asymptotic complex
Gaussian distribution with

(61)

Furthermore, (61) still holds if in (35) is replaced by any
consistent estimate of [e.g., (39)]. The matrices and

are defined in Section VI. The estimate is a consistent
estimate of for any p.d. (or, for any consistent ).

Proof: The consistency of the estimate is a direct conse-
quence of the consistency of . In order to derive the asymp-
totic covariance, first note that by using the definitions from the
previous section and a Taylor series expansion one obtains

(62)

Let be the minimizer of the covariance matching criterion
function in (35). A Taylor series expansion of (35) gives

(63)

where

(64)

and

(65)

In order to derive an expression for , note that the criterion
function (35) can be written

(66)

where and were introduced in (51) and (48), respectively.
From the consistency of the sample covariance matrix it follows
that:

(67)

Hence, we have that

(68)

Making use of (56), this gives

(69)

where is evaluated at . Now, it follows from (63) that

(70)

and therefore

(71)

Note that the matrix within square brackets above is a projection
matrix upon the null-space of . Thus, multiplying (71) from
the left with gives

(72)

This gives, making use of (62) and the consistency of the esti-
mate

(73)
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Finally, the relation

(74)

shows that the asymptotic covariance matrix in (73) is given by
(61). The first equality of (74) follows by making use of (66)
and the last equality depends on (36). Also note that the asymp-
totic performance is unaffected by using a consistent estimate
of the weighting matrix, such as , instead of the true . The
asymptotic normality of the estimate follows from the asymp-
totic normality of the elements of the sample covariance matrix;
see, e.g., [1].

Comparing Theorem 3 with Theorem 4 shows that the pro-
posed covariance matching method is asymptotically efficient
in the statistical sense.

VIII. DETECTION

The problem we study in this section is as follows: Given a
set of data , test whether the covariance matrix of
is the Kronecker product of two matrices and with (given)
dimensions and , and with linear structure of the type (7).
This detection problem is thus closely related to the estimation
problem treated in the previous sections.

In the MIMO communications example, and are known
from the number of antennas on the transmitter and receiver, re-
spectively, and the test is then used to accept or reject the Kro-
necker product structure of the covariance matrix, and possibly
additional linear structure. In an application where the dimen-
sions and are unknown, the test can be used to detect them
by successively testing hypotheses with different values of
and .

The generalized-likelihood ratio test (GLRT) has been pre-
viously proposed for the considered detection problem [10]. It
can be shown (using standard theory) that twice the difference
of the minimum values of the negative log-likelihood functions
for the Kronecker structured model and the unstructured model,
namely

(75)

has an asymptotic distribution given by

(76)

Thus, this quantity can be used to accept or reject the hypoth-
esis that the covariance matrix for the data has a Kronecker
product structure (with given dimensions of the Kronecker fac-
tors). With the results of Section IV in mind, the estimate

from (21) can be used in lieu of the true ML estimates, at least
asymptotically, when calculating the GLRT test statistic. This
makes it possible to construct the detection algorithm without
using iterative estimation algorithms.

When structure of the kind (7) is to be included in the test,
the GLRT can still be used. However, it is then necessary to cal-
culate the ML estimates given such structure. In order to avoid
the associated iterative search, it is natural to use the covariance
matching estimator instead. The minimum value of the crite-
rion function from Section V can then be used instead of the
GLRT statistic for designing the detection algorithm. Note that
this minimum value of the criterion function is given immedi-
ately by the SVD solution to the minimization of (47). The test
statistic is thus readily available.

Establishing the statistical distribution of the minimum value
of the criterion function is then an important aspect. This distri-
bution is given in the following theorem.

Theorem 5: Let be the minimizer of the criterion function
in (35). Then, under the data model described in Section II, the
corresponding minimum function value is distributed asymptot-
ically in according to

(77)

provided that .
Proof: Using the notation introduced in the previous sec-

tion, it follows from (70) that

(78)

where is the minimizer of . A series expansion then gives

(79)

Making use of (72), it can be shown that

(80)

This gives

(81)

It is possible to construct an invertible matrix
such that is real for any Hermitian matrix . Next

note that

(82)
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The real random vector has the real covariance
matrix

(83)

It is therefore possible to introduce a real whitening matrix
such that

(84)

The gradient in (82) can then be written

(85)
Here, is a zero-mean real Gaussian-distributed random vector
with covariance for large . The test statistic can now be
written as

(86)
Next, note that the matrix within square brackets is idempotent
with rank equal to . Using a standard proce-
dure, the rank of can be found as follows:

(87)
The rank deficiency of is due to the above-mentioned ambi-
guity in the parameterization. The matrix is real since any
postmultiplication of it by a real vector gives a real result. It can
thus be verified that the matrix within square brackets in (86) is
real. Then, the stated result follows.

IX. NUMERICAL STUDY

A. Estimation

Monte Carlo simulations were used to evaluate the small
sample performance of the proposed estimators. Two matrices

and were generated (and then fixed) and was cal-
culated. In each Monte Carlo trial, samples were generated
from a complex Gaussian distribution with covariance .
Then, each estimator was applied to the sample set and the
normalized root-MSE was defined as

(88)

Fig. 1. Normalized root-MSE as a function of the sample size for five dif-
ferent estimators. Simulations consisting of 100 Monte Carlo runs were used.
The figure shows the results of an experiment, whereA andB are Hermitian
but otherwise unstructured. The matrix dimensions werem = n = 4.

where is the estimate produced by the estimator in question
in Monte Carlo trial and is the number of Monte Carlo trials.

The resulting normalized root-MSE as a function of the
sample size is shown in Fig. 1. In this example, the true ma-
trices and were unstructured randomly generated p.d.
matrices. This allows all considered methods to be used. The
matrix dimensions used were . Five alternative
estimators were tried: i) the unstructured sample covariance
matrix, that does not utilize the known Kronecker structure of
the problem; ii) the unweighted Frobenius norm approximation
of the sample covariance matrix by a Kronecker structured
matrix [see (33)]; iii) the proposed covariance matching method
with the structured weighting matrix given by (39); iv) the ML
method (implemented using the iterative flip-flop algorithm);
and v) the proposed noniterative flip-flop method discussed
in Section IV. In the presented results for this algorithm, the
identity matrix was used for initialization, .

After trying different initializations and different search
methods, our conclusion based on numerical evidence is that
the global minimum was found in general in the ML problem.
A Newton search for the minimum gave exactly the same
results in all experiments, regardless of initialization. For the
noniterative flip-flop algorithm, it was shown in Section IV
that the initialization does not affect the asymptotic results,
but this does not rule out possible effects on performance for
finite sample sizes. It is thus interesting to note that, in this
example, the proposed noniterative version of the flip-flop
algorithm performs as well as the ML method. The covariance
matching method proposed in Section V performs worse than
the ML-based methods for the smaller sample sizes, but ap-
proaches the CRB for larger . The unweighted approximation
method, based on (33), does not reach the CRB (as expected).

In the example used to produce Fig. 1, the dimension of the
sample covariance matrix is . This
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Fig. 2. Normalized root-MSE as a function of the sample size for five different
estimators. Monte Carlo simulations were used with 100 Monte Carlo runs. The
figure shows the results of an experiment were the A and B matrices were
Toeplitz structured. The matrix dimensions used were m = n = 3.

implies that is singular when . Thus, there is no guar-
antee that the estimates at each iteration of the two flip-flop al-
gorithms and are p.d. However, in the numerical
experiments, they have always been p.d. (also for sample sizes
as small as ). The same observation applies to the ma-
trices and that are used to form the weighting matrix in
the covariance matching method.

Fig. 2 shows the results of Monte Carlo simulations when
a Toeplitz structure was imposed on the matrices and .
In the wireless communications application, this corresponds to
using uniform linear arrays at both the receiver and the trans-
mitter. In this example, the dimensions were set to .
In this case, not all methods can take advantage of the structure.
The included methods are as follows: i) the unstructured covari-
ance estimate (that does not take the Kronecker structure into
account); ii) the method based on Frobenius norm approxima-
tion (not taking the Toeplitz structure into account); iii) the pro-
posed covariance matching method taking the full structure into
account; iv) the same method but without taking the Toeplitz
structure into account; and v) the noniterative flip-flop algorithm
(not taking the Toeplitz structure into account).

The results presented in Fig. 2 confirm that making use of
knowledge of the structure improves the estimation perfor-
mance. As expected, the proposed method based on covariance
matching outperforms the other methods since it is asymp-
totically efficient also in a scenario with additional structure.
The figure also illustrates that, in order to achieve the CRB, it
is necessary to use the correct weighting, and also to take the
structure into account.

B. Detection

For the detection problem, an important question is for which
sample sizes can the asymptotic result in Theorem 5 and the
corresponding result for the GLRT test statistic (75) be used
for calculating the detection thresholds. In order to compare
the asymptotic results with empirical distributions, experiments

Fig. 3. Asymptotical (in N ) theoretical cumulative distribution function (cdf)
of the minimum criterion function value (unmarked line) and empirically esti-
mated cdfs for N = 50; 100;200. The detection thresholds corresponding to a
5% probability of incorrectly rejecting the null hypothesis are marked for each
cdf. In this experiment m = 4; n = 2.

Fig. 4. Asymptotical (in N ) theoretical cumulative distribution function (cdf)
of the GLRT test statistic, � (unmarked line) and empirically estimated
cdfs for N = 50;100;200. The detection thresholds corresponding to a 5%
probability of incorrectly rejecting the null hypothesis are marked for each cdf.
In this experiment, m = 4; n = 2.

were conducted where a large number of test statistics were
generated based on independent sample sets. The matrices
and were randomly generated p.d. matrices with dimensions

. Different sample sizes were tested. Fig. 3
shows empirical cumulative distribution functions for the min-
imum value of the covariance matching criterion function to-
gether with the theoretical asymptotic result of Theorem 5. The
corresponding results for the GLRT statistic in (75) are shown
in Fig. 4. The match appears to be good for for both
methods.

Two detection algorithms are compared in Fig. 5. The true
Kronecker factors and were unstructured with dimen-
sions (the chosen matrices were the same as those
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Fig. 5. Empirical probability of correct detection using 2000 independent re-
alizations for each sample size. The probability of falsely rejecting the null hy-
pothesis was set to � = 0:01. The performance of the algorithm based on the
minimum value of the covariance matching criterion function is compared to the
performance of the algorithm based on the GLRT test statistic; both algorithms
are implemented as described in Section IX.

used for the example in Fig. 1). The detection algorithms were
implemented using the GLRT test statistic (75) and the min-
imum value of the covariance matching criterion function (35),
respectively. The asymptotic distributions of these statistics are
given in Section VIII.

The null hypothesis, that the underlying covariance matrix is
a Kronecker product of matrices with dimensions and

, was accepted if

(89)

where is the test statistic (GLRT or covariance matching) cal-
culated under the hypothesis and where is the the-
oretical cumulative distribution function under the hypothesis
(as derived in Section VIII). The parameter , which is the
probability of falsely rejecting the null hypothesis, was set to

. In this example, the hypotheses tested were (in the
order tested): ;
and . In order to make a fair comparison, no
extra linear structure of and was assumed. It is possible to
perform the tests in a different order, which may give a different
result.

The sample size was varied and the probability of correct de-
tection (the detected and equal the true and ) was esti-
mated and plotted in Fig. 5 for both methods. It can be seen that
both methods approach the desired 99% of correct detections
as increases, but the GLRT performs significantly better in
small samples.

X. CONCLUSION

The problem of estimating a covariance matrix with Kro-
necker product structure from a set of samples and that of

detecting the dimensions and structure of the Kronecker factors
have been treated. The focus has been on developing fast, nonit-
erative methods. Two cases were considered: In the first case, the
Kronecker factors, and , are Hermitian and p.d., but no
other structure is assumed. It has previously been shown that the
ML estimate can be computed by an iterative so-called flip-flop
algorithm. It was shown in Section IV that a noniterative ver-
sion of the flip-flop algorithm can be derived that is asymptoti-
cally efficient. In a numerical example, the proposed algorithm
also showed a small sample performance that is fully compa-
rable to that of ML. For the detection problem, it was natural to
use the GLRT in this case. Simulations were used to investigate
the performance of the GLRT; these results were presented in
Section IX.

The second case is more general since it allows for linear
structure of the Kronecker factors (as defined in Section II). If
such a structure can be assumed, a different approach is needed.
A method based on covariance matching was suggested. The
proposed method is noniterative and also asymptotically effi-
cient. The minimum value of the criterion function can be used
as a statistic for a detection algorithm. The asymptotic distri-
bution of this statistic was derived in Section VIII. Numerical
evaluations of a detection procedure based on this quantity were
presented in Section IX.

The Cramér–Rao lower bound for the considered estimation
problem was derived in Section VI. Due to the asymptotic ef-
ficiency of the two proposed estimation methods, the resulting
expression also gives their asymptotic covariance matrix.
Expressions for the asymptotic performance of these methods
were also derived more directly in Section IV for the methods
based on the ML criterion and in Section V for the covariance
matching method.

APPENDIX I
PROOF OF THEOREM 1

In order to simplify the notation, note that (13) gives

(90)

where is defined in (25). Similarly

where is defined in (26). By introducing

(91)



WERNER et al.: ON ESTIMATION OF COVARIANCE MATRICES WITH KRONECKER PRODUCT STRUCTURE 489

it follows that (w.p.1)

(92)

where and are defined as the limiting estimates as shown
above. Thus, is a consistent estimate:

(93)

Now, consider a first-order perturbation analysis of . We
proceed by investigating the error in the estimate of after the
initial iteration (step 2) in the algorithm outlined in Section III.
To that end, define

(94)

where

(95)

In order to proceed, note that the matrix inversion lemma gives

(96)

where the symbol denotes a first-order approximate equality
where terms that have higher order effects on the asymptotics
(in ) compared to the retained terms are removed:

(97)

In analogy with (94), define the error in the estimate after the
first iteration (step 3) as

(98)

where use was made of (96) in the last step and where the defi-
nition

(99)

was introduced similar to in (95). By inserting (94) into
(98), we obtain

(100)

Next, define the error in the estimate of at step 4 as

(101)

The second step was obtained similar to (98). Using (100) in
(101) then gives

(102)

In order to relate these results to the error in , write

(103)

At this stage, recall the rearrangement function defined in (22).
Applying it to (103) gives

(104)

Inserting (100) and (102) in (104) yields

(105)

Next, note that

(106)

The last term in (105) can then be simplified to

(107)
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This shows that the second and the last terms of (105) cancel
each other. Thus

(108)

where is given by (29).
Finally, making use of the standard result (see, e.g., [12])

(109)

leads to the conclusion that the asymptotic covariance of the
noniterative flip-flop estimate is given by

(110)

The asymptotic normality of the estimate follows from the
asymptotic normality of the elements of the sample covariance
matrix; see, e.g., [1]. This concludes the proof.

APPENDIX II
PROOF OF THEOREM 2

The proof will be along the same lines as the proof of The-
orem 1. First assume that is such that

(111)

where is the ML estimate of the sought covariance. This
implies that, with the definition (18) in mind

(112)

Also define [analogously to (92)]

(113)

for some constant . This allows us to define

(114)

Now, define, similarly to (98), the error in as

(115)

where use was made of (106). In the same way, note that since

(116)

The last term was simplified using

(117)

Now, similar to (104), write

(118)

Here, the second and last terms cancel each other and after vec-
torizing (precisely in parallel to the proof of Theorem 1), we
have that

(119)

with given by (29). The asymptotic normality follows similar
to the proof of Theorem 1. By combining (109) and (119), the
result of Theorem 2 follows.
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