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The Stochastic CRB for Array Processing:
A Textbook Derivation

Petre Stoica, Fellow, IEEE, Erik G. Larsson, and Alex B. Gershman, Senior Member, IEEE

Abstract—The stochastic Cramér–Rao bound (CRB) for direc-
tion estimation in array processing applications was indirectly de-
rived some ten years ago as the (asymptotic) covariance matrix of
the maximum likelihood (ML) estimator. Attempts to obtain the
stochastic CRB directly via the CRB theory fell short of providing
a simple derivation and consequently, no direct derivation of this
useful performance bound was available in the open literature. In
the present letter, we correct this situation by providing a text-
book-like direct derivation of the stochastic CRB.

Index Terms—Array signal processing, Cramér–Rao bound.

I. INTRODUCTION

CONSIDER an array comprising sensors that receives
the signals emitted by far-field narrowband sources with

direction parameters denoted by . Under the as-
sumption that the aforementioned signals are temporally white
and the sensor noise is both spatially and temporally white, the
array output is a temporally white random vector with the fol-
lowing covariance matrix [1]–[3]:

(1)

where is the signal covariance matrix,is the common vari-
ance of the sensor noises, and

(2)

with being the so-called direction (or steering) vector. At
the end of this section, we collect and explain the notation fre-
quently used in the letter, including the symbolin (1). Let

(3)

denote the unknown parameter vector, where
, and is the 1-vector made from

and Re Im for . Under the previous
assumptions and the Gaussian hypothesis, the Fisher informa-
tion matrix (FIM) for the parameter vector is given by

FIM Tr

for (4)
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where is the number of data snapshots (see, e.g., [1], [2],
[4], [5]). As in most applications, both and are nuisance
parameters. We are often interested only in the-block of
CRB FIM , which we denote by CRB . The following
closed-form expression for CRB was obtained in [2], [3]
(in an indirect and somewhat complicated manner) by an
asymptotic analysis of the ML estimate ofand use of the fact
that (asymptotically) the covariance matrix of the ML estimator
coincides with the CRB

CRB Re (5)

(see the end of this section for explanations of the notation). At-
tempts to derive (5) directly by picking the-block of FIM
were reported in [4], [5], but they led to involved proofs that
actually were never published. In particular, the evaluation of
the nine blocks of the FIM,FIM FIM FIM ,
which was the starting point of the aforementioned proofs, re-
quires a painstaking effort (see, e.g., [5]). As a consequence, no
direct derivation of (5) was available in the open literature. In
this letter, we derive (5) directly from (4) in a straightforward
manner. Among other things, we eliminate the need for the te-
dious explicit evaluation of some of the blocks of FIM.

Notation:
transpose;
conjugate transpose;
complex conjugate;
Hermitian square-root;

Tr trace;
Re Im real and imaginary parts;
vec operator stacking the columns of a matrix on top

of each other;
Kronecker product;
Hadamard–Schur product;

; ;
; .

II. DERIVATION OF THE CRB

We will make relatively frequent use of the following readily-
checked facts (see, e.g., [6])

Tr vec vec

vec vec (6)

which hold for any conformable matrices and . Using
(6) along with (4) yields

FIM vec vec (7)
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or equivalently

FIM (8)

where

vec vec vec (9)

Using the partition

(10)

we can write (8) as

FIM (11)

which, by a standard result on the inversion of partitioned ma-
trices (see, e.g., [1]), gives

CRB

(12)

[note that the existence of is guaranteed by the exis-
tence of FIM ].

Remark: At this point of the derivation we take a short break
from the calculation flow to point out the Gramian form of (11).
Because the FIM is nonnegative definite it can always be written
as a Gramian matrix, viz. FIM for some matrix . Note,
however, that (11) gives an explicit expression for the factor.
A similar Gramian matrix form of the FIM was evidenced in
[7] for the (simpler) deterministic case. Additionally, the reader
should note the geometrical interpretation of the FIMmade
possible by (12). The-block of the FIM is determined by the
orthogonal projection of onto the null space of . A sim-
ilar geometrical interpretation for the deterministic case can be
easily established (see, e.g., [7]).

Next, we partition as

(13)

As the range of is the same as the range of , it
follows that

(14)

To proceed we need to evaluate the derivatives ofwith respect
to . First consider . Let denote the th column
of

... (15)

Then

...

...

(16)

and hence, theth column of in (10) is given by

vec

vec vec (17)

where

(18)

Next, consider . The key observation here is that
vec , where is a constant nonsingular matrix.
To see this, note that vec is a permuted version of the
vector .
It follows that is a permuted version of the block-diagonal
matrix whose first diagonal blocks are equal to 1, and the
remaining diagonal blocks are given by , which proves
the assertion. Using the previous observation along with (9)
and (13) implies that

(19)

Note from (12) and (14) that the CRB depends on only via
, and since in (19) is nonsingular

(20)

Hence, the explicit form of in (19) is immaterial [an observa-
tion that certainly simplifies the derivation of the CRB, see
the following]. Additionally, note that for any matrices and

with full column rank

(21)

Finally, we have vec and therefore

vec vec (22)

We have now all ingredients required to obtain the CRB.
From (17), (20), and (21) we get

vec

vec (23)
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where in the last equality, we used the fact that .
Using (23) along with (22) and (6) gives

Tr

Re Tr (24)

From the following easily verified equivalence

(25)

it follows that and must have the same range
space. Hence, there is a nonsingular matrixsuch that

(26)

Using this observation, it follows that

(27)

Therefore, from (24) and (27)

(28)

which leads to [cf. (12), (14) and (23)]

CRB

Re Tr

Tr (29)

The first term in (29) is obviously equal to zero [see (18)], and
hence

CRB

Re Tr

Re

(30)
Using (26) once again yields

(31)

However, , or equivalently, .
Therefore

CRB

Re (32)

which proves (5).

REFERENCES

[1] P. Stoica and R. Moses,Introduction to Spectral Analysis. Upper
Saddle River, NJ: Prentice-Hall, 1997.

[2] P. Stoica and A. Nehorai, “Performance study of conditional and uncon-
ditional direction-of-arrival estimation,”IEEE Trans. Acoust., Speech,
Signal Processing, vol. 38, pp. 1783–1795, Oct. 1990.

[3] B. Ottersten, M. Viberg, and T. Kailath, “Analysis of subspace fitting
and ML techniques for parameter estimation from sensor array data,”
IEEE Trans. Signal Processing, vol. 40, pp. 590–600, Mar. 1992.

[4] A. Weiss and B. Friedlander, “On the Cramér-Rao bound for direction
finding of correlated signals,”IEEE Trans. Signal Processing, vol. 41,
pp. 495–499, 1993.

[5] B. Friedlander and A. Weiss, “Direction finding using noise covariance
modeling,”IEEE Trans. Signal Processing, vol. 43, pp. 1557–1567, July
1995.

[6] A. Graham,Kronecker Products and Matrix Calculus with Applica-
tions. New York: Wiley, 1981.

[7] L. L. Scharf and L. T. McWhorter, “Geometry of the Cramér-Rao
bound,”Signal Process., vol. 31, pp. 301–311, 1993.


