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Abstract  The quality of the satellite orbit determination is rested on the knowledge of per-
turbing forces acting on the satellite and stochastic properties of the observations, and the ability 
of controlling various kinds of errors. After a brief discussion on the dynamic and geometric orbit 
determinations, Sage adaptive filtering and robust filtering are reviewed. A new synthetically 
adaptive robust filtering based on a combination of robust filtering and Sage filtering is devel-
oped．It is shown, by derivations and calculations, that the synthetically adaptive robust filtering 
for orbit determination is not only robust but also simple in calculation. It controls the effects of the 
outliers of tracking observations and the satellite dynamical disturbance on the parameter esti-
mates of the satellite orbit. 
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The precise orbit information is the premise of 
the application of satellite, and the precise orbit deter- 
mination includes dynamic and geometric methods. 
The dynamic method estimates the position and veloc-
ity of a satellite at one epoch by extending the obser-
vational arc in order to include more observations of 
different epochs in it. It is realized by integrating the 
dynamic equation of the satellite so that the observa-
tions at different epochs are related to the particular 
state. The dynamic model of the satellite is thus re-
quired to be very accurate. Otherwise any error of the 
dynamic model will be propagated to the estimates of 
the state parameters. Generally, the longer the time 
from the solving epoch, the bigger the error of the dy-
namic model, and the larger the integral error of the 
dynamic model[1]. While the geometric method esti-
mates the discrete state parameters by the observations 
at the measurement epochs[2], it does not consider the 

dynamic model at all, so it is sometimes called kine-
matic orbit determination. It is very easy for the use of 
satellite carrying GPS receiver to carry out geometric 
orbit determination, because the geometric position at 
any epoch can be solved from at least four simultane-
ously observed pseudo-ranges. If the carrier phase is 
also received, the pseudo-ranges can be smoothed by 
the carrier phase and the discrete state parameters can 
be gained. The continuous orbit can obtain by fitting 
or smoothing the discrete states. The extrapolated 
value, however, is degraded in precision because no 
dynamic properties are considered in the geometric 
method. It is the reason that the dynamic methods are 
applied more often than the geometric methods. 

Applying the Kalman filtering in the satellite or-
bit determination, one has to have the supports of the 
reliable satellite dynamic functional models and ob-
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servational stochastic models as well as proper esti-
mate methods. The reliable satellite dynamic func-
tional models refer to that the satellite state equations 
and (geometric and physical) observational equations 
should reliably describe the satellite practical move-
ments. The reliable stochastic models denote that the 
model errors and their variance covariance matrix 
should accurately describe the reliability of the satel-
lite dynamic functional models and observational in-
formation. The proper estimate methods require that 
the estimate principle and the algorithms should relia-
bly take the rational advantage of the observational 
information and the dynamic model information to 
gain the accurate estimates of satellite states. Summa-
rily, the precision of the estimated orbit state by using 
the Kalman filtering depends on the knowledge of the 
satellite dynamic functional models and the prior sto-
chastic models. In general, if we cognize all kinds of 
the prior information more clearly, describe them more 
precisely, and utilize them more rationally, then we 
could obtain the estimates of the satellite states more 
reliably by using the Kalman filtering. When Kalman 
filtering is applied to engineering, the noise matrices 
are often added to the dynamic model covariance ma-
trices so as to weaken the influence of the model error 
on the orbit determination[3]. 

The satellite under the influence of perturbing 
forces, however, cannot sail in a stable orbit, so it is 
very difficult to compose the dynamic functional 
models. Also, the constitution of stochastic models is 
based on the prior statistical information, but any sta-
tistical information cannot avoid being distorted. So 
how to make use of the observations of ground tacking 
stations and the space-based satellite-to-satellite 
tracking (SST) measurements and how to employ the 
estimated satellite states to update the prior informa-
tion and compensate the errors of the satellite state 
equations are challenges in the field of satellite orbit 
determination. In this field some adaptive filtering 
algorithms to adaptively adjust and update the prior 
information in the process of Kalman filtering are de-
veloped. 

Many kinds of adaptive Kalman filtering are con-
structed for different backgrounds of engineering ap- 

plication. Mehra[4] proposed to estimate the variance 
covariance matrices of the observations and the states 
by the innovation series, which is called Sage filtering, 
it requires the covariance matrices of the observations 
and the states to adapt their error distributions[5,6]. It 
employs the residual series of m steps to estimate the 
covariance matrices of the observational vectors and 
the state vectors. Some robust estimation methods are 
also proposed to modify the Kalman filtering. Re-
cently a new adaptive filtering method has been de-
veloped based on the robust estimation for kinematic 
GPS positioning that combines the robust estimation 
for the measurements and inflation of the variance 
covariance matrices of the predicted states[7,8]. The 
model error compensation methods and adaptive ro-
bust filtering have been compared in other papers[9,10]. 
This paper tries to combine the new adaptively robust 
filtering with the Sage filtering. It uses the Sage filter-
ing to provide prior covariance matrices of the pre-
dicted states of the satellite orbit and applies the adap-
tive Kalman filtering to adapt the robust filtering in 
unstable periods of the satellite movements. 

1  Sage adaptive filtering 

The adaptive Kalman filtering is composed based 
on observational residual series and/or innovation se-
ries. Let the linear dynamic system be given by 

 , 1 1 ,k k k k kX X WΦ − −= +  (1) 

where Xk denotes a u×1 state vector at the epoch tk, 
, 1k kΦ −  is a u×u state transition matrix, and Wk is a 

state noise vector. 

The observational model at the epoch tk is 

 ,k k k kL A X Δ= +  (2) 

where Lk is an nk×1 observational vector, Ak denotes an 
nk×u design matrix, and Δk is an observational noise 
vector. Let Wk and Δk have zero expectations and be 
mutually uncorrelated, their covariance matrices be 
taken as 

kWΣ  and kΣ , respectively, and let the pre-

dicted state vector be 

 , 1 1
ˆ .k k k kX XΦ − −=  (3) 
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Then the classical Kalman filtering reads as 

 

 ˆ (kk k k kX X K L A X= + − ),k  (4) 

 1(
k k

T T
k k k kX XK A A A −= ∑ ∑ +∑ )k  (5) 

and 

 
1

ˆ, 1 , 1 .
k kk

T
k k k k WX XΦ Φ

−
− −∑ = ∑ +∑  (6) 

Let the residual vector be 

  (7) ˆ
k k kV A X L= − k

and the innovation vector be 

 .k kk k k kV L L A X L= − = −  (8) 

Suppose that Lk and kX  are mutually independent. 
The following covariance matrices can be taken based 
on the covariance propagating law according to eqs. (7) 
and (8): 

 ˆ ,
k k

T
V k k kXA A∑ ∑ ∑= −  (9) 

 .
kk

T
k k kV XA A∑ ∑ ∑= +  (10) 

In general, the observational covariance matrix is 
estimated adaptively by windowing method, by using 
the innovation and residual vectors of m epochs. The 
former is called the innovation-based adaptive estima-
tion (IAE), and the latter the residual-based adaptive 
estimation (RAE) which has been discussed in many 
references[5,6,11]. 

1.1  IAE and RAE windowing methods for the 
estimation of the observational covariance matrix 

Suppose that the observational errors are nor-
mally distributed. If the width of moving windows is 
chosen as m, the estimator ˆ

kV∑  of the covariance 

matrix 
kV∑ can be given by 

 
1

1ˆ .
k

m
T

k j k jV
j

V V
m

∑ − −
=

= ∑  (11) 

The covariance matrix of the observational residual Vk 
vector can be expressed by RAE windowing method 
as 

 
1

1ˆ .
k

m
T

V k j
j

V V
m

∑ − −
=

= ∑ k j  (12) 

The observational vector covariance matrices k∑  at 
epoch tk can be estimated based on eqs. (11), (12), (9) 
and (10). Then the observational vector weight matri-
ces can be taken as 

1ˆ
k kP ∑ −= . 

1.2  Estimation of the covariance matrix of the dy-
namic model noises  

Let the updated value of the predicted state be 
kXΔ , and  

 ˆ ;k k kX X XΔ = −  (13) 

then the covariance matrix of the predicted state vector 
can be estimated as 

 
1

1ˆ ,
m

T
X k j

j
X X

m
∑ k jΔ − −

=
= Δ Δ∑  (14) 

and then the covariance matrices Wk of the dynamic 
model noises can be calculated as 

 
1

ˆ ˆ, 1 , 1
ˆ ˆ .

k k k k

T
W X k k k kX X∑ ∑ ∑ Φ ∑ Φ

−
Δ −= + − −  (15) 

If the satellite flies in a stable orbit, estimates 

1
ˆ

kX∑
−Δ  and 

1
ˆ

kW∑
−

 based on the previous jXΔ  of m 

epochs can describe the dynamic noise level accurately. 
If the satellite is in a non-stable orbit, however, the 
state noises before epoch tk cannot reliably reflect the 
dynamic noise level at epoch tk. Therefore, when the 
satellite state is disturbed largely, the windowing 
method estimating 

kW∑  is hard to adapt the real 

noise level of the satellite states. 

The problem of the above windowing methods in 
evaluating the observational weight has been analyzed 
in another paper[10]. In our opinion, the IAE and RAE 
windowing methods can hardly be applied to the pre-
cise satellite orbit determination. 

2  The synthetically adaptive robust filtering 

The adaptive filtering of dynamic system can also 
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be carried out by min-max robust estimate princi-
ple[8,12]. Write the error equation of the predicted state 
vector as  

 , 1 1
ˆ ˆ ˆ .

k k k k k k kXV X X X XΦ − −= − = −  (16) 

On the basis of observation equation (7) and error 
equation (16), the following minimization problem 

 1 1 min
k k k

T T
k k k X X XV V V VΩ ∑ ∑− −= + = , (17) 

where k∑  is the equivalent covariance matrix of the 
observational Lk. It is an adaptive estimate of the 
covariance matrix of the observational vector, 

kX

 

∑  

is an equivalent covariance matrix of the predicted 
state. According to eq. (17), the estimate of the state 
vector expressed as ˆ

kX  is 

 ˆ (k k k k k kX X K L A X= + − ),  (18) 

 1(
k k

T T
k k k kX XK A A A∑ ∑ ∑ −= )k+  (19) 

and  

 ˆ ( )
kk k k XX I K A∑ = − .∑  (20) 

The formulae above are the synthetically adaptive 
robust filtering for orbit determination. 

2.1  The equivalent covariance matrix of the observa-
tions 

The equivalent covariance matrix k∑  of the ob- 
servations can be computed by a bi-factor inflation 
model of the covariance components[13]. It should be 
noticed that the variance-covariance as a criterion of 
precision should reliably reflect the scattering of the 
observations. If an observation has high precision and 
good reliability, then its variance ought to be small, 
and thus the observation should have a large “weight” 
in the parameter estimates, and vice versa. 

What should be emphasized is that the correlation 
usually comes from the geometric structure of obser-
vations and the physical error source, and/or from a 
piece of prior statistic information, which reflects the 
intrinsic relations of the observations. Thus the infla- 

tion of the covariance components for the outlying 
observations should keep the intrinsic correlation of 
the observations unchanged. In other words, the new 
equivalent covariance matrix should be of the same 
correlation coefficients as those of the original co-
variance matrix. 

Let the prior variances and covariance compo-
nents of Li and Lj be known as 2

iσ , 2
jσ  and σij. If Li 

and Lj are outlying observations, for simplicity, we 
costruct the contaminated variance and covariance 
components as[13]

 2 ,i ii i
2σ λ σ=  (21) 

 2 2
j jj jσ λ σ=  (22) 

and 

 ,ij ij ijσ λ σ=  (23) 

where ij ii jjλ λ λ=  ( 1iiλ ≥ , ), 1jjλ ≥ iiλ  and jjλ  

are two inflation factors, 2
iσ , 2

jσ  and ijσ  are 

called equivalent variances and covariance.  

It is obvious that the equivalent covariance ma-
trix composed of the bi-factor inflation model still 
keeps the same correlation coefficients as those of the 
original covariance matrix. 

As for the constitution of iiλ , we oxpect that 
when the observation error exceeds a certain criterion, 
its covariance components should be inflated; other-
wise, iiλ  equals 1, namely, the original covariance 
components are unchanged. Thus we construct an in-
flating factor iiλ  similar to the inverse of Huber’s Ψ 
function as the following  

 
1                

                    ,

i

i
i

v
ii

i
i

v
v c

v
v c

c

σ
λ

⎧
⎪ =
⎪= ⎨
⎪

>⎪
⎩

≤

 (24) 

where  is a standardized residual, c is a constant 

which is chosen to be 1.0—1.5. Another inflating fac-
iv
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tor jjλ  is similar to eq. (24). 

Actually, iiλ  calculated in eq. (24) is the recip-
rocal of Huber weight function[12]. Similarly, the other 
weight functions can also be applied to the inflating 
factor.  

 

Once iiλ  and jjλ  are calculated, then 2
iσ , 

2
jσ  and ijσ  as well as the corresponding equivalent 

covariance matrix k∑  are obtained. 

2.2  The equivalent covariance matrix of the pre-
dicted state  

In order to obtain a proper equivalent covariance 
matrix 

kX∑  of the predicted state, we propose to 

adjust the equivalent covariance matrix of the pre-
dicted state in accordance with the difference between 
the predicted state and its robust estimate by using the 
geometric observations at present epoch. Let kX  be 
a robust estimate using the geometric measurements at 
the present epoch. When the difference between the 
predicted state kX  and kX  is small, 

kX∑  can be 

computed by Sage windowing method eq. (14). While 
the satellite flies in non-stable condition, the compo-
nents of 

kX∑ can be amplified by the inflation 

method, that is, the equivalent covariance matrix is 

 
1

1   ( 1
k

m
T

k j k jX
j

X X
m

∑ α− −
=

⎛ ⎞
= Δ Δ <⎜ ⎟⎜ ⎟
⎝ ⎠
∑ )α  (25) 

or equivalently, 

 ,
kX XP Pα=

k
 (26) 

where 1
kXP Σ −=

kX , α is the adaptive-factor[10]. When 

0 kc X< Δ ≤ 1c , α is calculated as 

 
2

10

1 0
,k

k

c Xc
c cX

α
⎛ ⎞− Δ
⎜=
⎜ −Δ ⎝ ⎠

⎟
⎟

 (27) 

where  and  are constants.  may be 1.0—

1.5, and  may be 3.0—8.0; 

0c 1c 0c

1c kXΔ  is the standard-

ized difference between the predicted state kX  and 

kX , i.e. 

 ˆ( )
kk k k XX X X trΔ = − ∑ ,  (28) 

so the equivalent weight matrix of the satellite dy-
namic model reads 

 

0

0

1

       

0        .

k

k k

kX

kX X

k

P X

P P c X 1

c

c

X c

α

⎧ Δ
⎪⎪= < Δ⎨
⎪

Δ >⎪⎩

≤

≤  (29) 

When 1 kX cΔ > , 0;
kXP =  that is, the predicted 

state has zero weight, and the error is infinite, which 
means that the satellite moves in a mutant orbit, and 
the predicted state is futile, and the state is completely 
estimated by the observations at the measurement ep-
och. The previous observational information is useless. 
In order to avoid the case 0

kXP = , the equivalent 

weight matrix can be as 

 
, .

, ,
k

k

k

kX
X

kX

P X
P

P cα

⎧ Δ⎪= ⎨
< Δ⎪⎩

≤ c

X
 (30) 

where 
k

c
X

α =
Δ

, and c may be 2.5. 

The covariance matrix or weight matrix of the 
observational vector is still computed by the robust 
estimation method, not by the Sage IAE windowing 
method. Because there are abundant and various 
observations for the satellite, they may not satisfy the 
premise of Sage IAE windowing method. 

Summarily, by introducing the equivalent co- 
variance matrices k∑  and 

kX∑  of the observations 

and the predicted state, and by using the Sage win- 
dowing method to provide the fundamental covariance 
matrices, we establish the synthetically adaptive robust 
filtering for the orbit determination. It uses robust es- 
timate to resist the measurement outliers, furthermore, 
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it employs the Sage windowing method to estimate the 
state noise matrices and adjusts them by the adap- 
tive-factor α to counteract the influence of the dy- 
namic abnormal errors. 

3  Computation and comparison 

First, a circular orbit with the altitude of 500 km 
is simulated as the orbit of a satellite being used. The 
simulated orbit acts as the ‘true orbit’ for comparison. 
The orbital dynamic models of the satellite being used 
are taken as precise as possible in the simulation[14,15]. 
The chosen models are as follows: the earth’s gravita-
tional effects of (70 degree and order), atmospheric 
drag, the solid earth’s tides and ocean tides, the lunar, 
solar and planetary perturbations; the solar radiation 
pressure and earth’s radiation pressure, and general 
relativistic forces. 

Then, the orbits of the GPS satellites are simu-
lated according to the forces that the GPS satellites 

suffer[16]. The P-code pseudo-range and Doppler 
measurements of space-borne GPS receiver are simu-
lated based on the orbit of the using satellite and the 
orbit of GPS satellites simulated. The P-code pseudo- 
range contains 6.4 m stochastic errors, and the Dop-
pler measurements contain 0.015 m/s stochastic errors. 
The measurement arc is 2 h long (the periods of the 
using satellite is 1.58 h). 

Finally, according to pseudo-range and Doppler 
measurements simulated, the orbits of the using satel-
lite are estimated by various schemes and compared 
with the ‘true orbit’ to gain the radial error DR and 
velocity error DV (shown from fig. 1 to fig. 4). The 
estimation schemes are as follows: (i) geometric 
method by least square estimation (LSE) (fig. 1); (ii) 
classical Kalman filtering (the empirical estimate of 
state noise matrix 

kW∑  is considered in eq. (6) (fig. 

2); (iii) Sage adaptive filtering (fig. 3); (iv) syntheti-
cally adaptive robust filtering (fig. 4). 

 

 
Fig. 1.  Orbit errors of LS geometric determination. 

 

Fig. 2.  Orbit errors of Kalman filtering ( Wk
Σ considered). 

 

Fig. 3.  Orbit errors of Sage adaptive filtering. 
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Fig. 4.  Orbit errors of synthetically adaptive robust filtering. 

The following points should be noted: 

1) In order to compare the results of all methods, 
in the process of dynamic orbit determination, the dy-
namic model of using satellite is simplified. The em-
ployed earth’s gravitational effect is only 30 degree 
and order, only the lunar and solar perturbations are 
considered. These kinds of dynamic models have er-
rors to some extent. 

2) The broadcast ephemeris of GPS is used dur-
ing orbit determination, which is accordant with the 
practice. 

3) One of GPS satellites is abnormal, whose error 
of broadcast ephemeris is about 70 m compared with 
GPS precise ephemeris during the backward time of 
the test, that is equivalent to the GPS satellite’s meas-
urement outliers (pseudo-range and Doppler meas-
urements).  

4) After several tentative comparisons, a suitable 
state noise matrix 

kW∑  is found and employed as the 

fundamental model error covariance matrix in the 
classical Kalman filtering[3]: 

5 5 5 8 8 8diag[10 ,10 ,10 ,10 ,10 ,10 ].
kWΣ

− − − − − −=  

5) The width of the Sage window m is equal to 
10. 

From the test computation and comparison, some 
facts are drawn as follows. 

1) The orbit determined by the adaptive filtering 
that integrated the dynamical model information and 
the geometric observational information is more pre-
cise than that of geometric orbit determination. 

2) LSE, classical Kalman filtering and Sage fil-
tering cannot resist the measurement outliers in the 

process of orbit determination. In some cases, the al-
gorithm of filtering even is divergent.  

3) When the dynamic models describe the satel-
lite movement reliably, the Sage windowing method 
can give the proper state noise matrices. But the 
choice of the width of window is still a problem. 

4) Sage filtering is not a really adaptation method. 
Because, with the measurement arc being longer, the 
error of dynamic model becomes bigger, and Sage 
filtering diverges (fig. 3). 

5) When the error of dynamic model becomes 
large, the synthetically adaptive robust filtering for the 
orbit determination decreases the adaptive-factor α , 
and increases the state noise variances, so it avoids the 
filtering divergence. 

6) Because of taking full advantage of the prior 
state noise matrix provided by the Sage windowing 
method, the synthetically adaptive robust filtering 
adopts Sage filtering when the satellite is in a stable 
state of flight, and it enlarges the state noise matrices 
adaptively in order to weaken the influences of the 
imprecise dynamic models on the estimate of the state 
while the satellite is in an unstable state. Having made 
use of robust estimate, it decreases the weights of out-
liers to weaken the influences of them when the ob-
servations have outliers. 

4  Conclusions 

(1) Sage filtering can provide the reasonable co-
variance matrices of the predicted states, when the 
satellite dynamic models describe the movements of 
the satellite. 

(2) The width of the window in Sage filtering af-
fects the reliability of the covariance matrices of the 
satellite dynamic model. An increase in the width of 
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window can ensure the reliability of the dynamic 
model when the satellite is in stable state. It may badly 
smooth the disturbances of the satellite movements to 
give unreasonable covariance matrix when the satellite 
suffers some interference, and it leads to the deviation 
of the estimate of the state. 

(3) Adaptive robust filtering can resist the orbital 
disturbance and measurement outliers evidently. How- 
ever, due to not employing the prior covariance matrix, 
it may ignore the effects of the historical states, espe-
cially when the dynamic model describes the satellite 
state well. 

(4) The new synthetically adaptive robust filter-
ing based on the Sage windowing method has the ad-
vantages of Sage filtering, robust filtering and adap-
tive robust filtering. It employs Sage adaptive filtering 
when the satellite is in stable states of flight, and it 
increases the state covariance components provided by 
the Sage windowing method to weaken the influences 
when the satellite dynamic models have large noises. 
Additionally, it makes use of robust weight function to 
resist the measurement outliers.  
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