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Multikernel Adaptive Filtering
Masahiro Yukawa, Member, IEEE

Abstract—This paper exemplifies that the use of multiple kernels
leads to efficient adaptive filtering for nonlinear systems. Two types
of multikernel adaptive filtering algorithms are proposed. One is a
simple generalization of the kernel normalized least mean square
(KNLMS) algorithm [2], adopting a coherence criterion for dic-
tionary designing. The other is derived by applying the adaptive
proximal forward-backward splitting method to a certain squared
distance function plus a weighted block norm penalty, encour-
aging the sparsity of an adaptive filter at the block level for ef-
ficiency. The proposed multikernel approach enjoys a higher de-
gree of freedom than those approaches which design a kernel as a
convex combination of multiple kernels. Numerical examples show
that the proposed approach achieves significant gains particularly
for nonstationary data as well as insensitivity to the choice of some
design-parameters.

Index Terms—Block soft-thresholding operator, kernel adaptive
filtering, reproducing kernel Hilbert space.

I. INTRODUCTION

O NLINE-LEARNING/ADAPTIVE-FILTERING with
kernels has extensively been studied during the past

decade [2]–[10]; see [11] for a comprehensive introduction to
kernel adaptive filtering. Despite the significant advantages of
the kernel approach, one of its major challenges is that the size
of dictionary grows linearly with the number of data observed.
Several sparsification techniques have therefore been proposed
to maintain a reasonable dictionary-size for computational effi-
ciency as well as memory efficiency. In the literature of kernel
online-learning/adaptive-filtering, a reasonable kernel has been
assumed available prior to adaptation. This assumption is
however not always realistic, particularly when nonstationary
data are considered, and finding a reasonable kernel is costly
even though possible.
On the other hand, the design of optimal kernel matrix/func-

tion has also been studied over the past decade [12]–[23]. Some
of the works are based essentially on the boosting idea [13],
[17], [22], while most of the other works are called multiple
kernel learning (MKL), based on convex programming refor-
mulations of the kernel designing problem with computation-
ally efficient (such as polynomial-time) implementations [15],
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[16], [18]–[21], [23]. This line of researches has proved the sig-
nificance of kernel design in learning. The existing techniques
for the kernel design were developed exclusively for batch pro-
cessing, and they are not suitable for online processing.
The major contribution of this paper is to make the kernel

adaptive filtering approach more practical and attractive by
presenting two novel adaptive algorithms that exploit multiple
kernels.Theproposedalgorithmsdonotexplicitlydesignweights
to the kernels in contrast to the existing MKL techniques which
design a kernel as a convex combination of multiple kernels.
Indeed, those weights are embedded in the filter coefficients
which are updated recursively by means of the metric projection
onto a hyperplane (or a hyperslab) defined in a parameter
space. The proposed algorithms are thus fully adaptive because
the weights to the kernels are implicitly determined by the
filter coefficients and have no need to be designed separately.
Moreover, the proposed multikernel approach enjoys a higher
degree of freedom than the existing MKL techniques (see
Section III-E-1).
The first algorithm is a simple generalization of the kernel

normalized least mean square (KNLMS) algorithm [2],
adopting a coherence criterion for dictionary designing. It
is therefore named the multikernel NLMS algorithm with
coherence-based sparsification (MKNLMS-CS). The second
algorithm is derived by applying the adaptive proximal for-
ward-backward splitting method [24] to a certain squared
distance function (smooth) plus a penalty term (nonsmooth).
While the popular norm has been employed in [24] as a
penalty term for sparse adaptive filtering, we adopt a weighted
block norm, aiming to encourage the sparsity of the solution
at the block level. This is because sparseness is insufficient by
itself —and block sparseness is required—for efficiency in both
computational complexity and memory requirements. The algo-
rithm operates the metric projection followed by the weighted
block soft-thresholding, thus named the multikernel NLMS
algorithm with block soft-thresholding (MKNLMS-BT). Its
remarkable feature is that it can discard each datum from the
dictionary with a simple computation if its contribution is
insignificant.
The existing NLMS-based kernel adaptive filtering algo-

rithms can be classified from the vector space viewpoint [25]
into two categories (see Appendix A). The first approach is
updating solely the new coefficient associated with the newly
added dictionary-element at each iteration by performing the
projection of the current filter (a nonlinear function) onto a
zero-instantaneous-error hyperplane in a reproducing kernel
Hilbert space (RKHS) ; e.g., [11, Section 2.8]. The second
approach is updating all coefficients at every iteration by per-
forming the projection of the current filter (a coefficient vector)
onto a zero-instantaneous-error hyperplane in a parameter
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(Euclidean) space; e.g., [2]. The proposed algorithms fall into
the second category.
The remainder of the paper is organized as follows. Fol-

lowing a short preliminary section, we present in Section III
(A) MKNLMS-CS, (B) MKNLMS-BT, (C) the computational
complexity and memory requirements of the proposed algo-
rithms, (D) an adaptive control of the parameters involved with
the weighted block soft-thresholding, and (E) several remarks
on the proposed algorithms. In Section IV, numerical examples
in channel equalization and online prediction of three different
time series data are presented to demonstrate the great advan-
tages of the proposed approach, followed by the conclusion in
Section V.

II. PRELIMINARIES

Throughout the paper, let , , and denote the sets of
all real numbers, nonnegative integers, and positive integers,
respectively. The notation stands for transpose of a vector
(or a matrix). Given any matrices for arbitrary

, define and .

Here, stands for the trace of matrix. In the particular case
that or , the inner product and the norm are reduced
respectively to the standard inner product and the Euclidean
norm. Given any closed convex subset , a closest
point of an in uniquely exists. Namely there
exists a unique such that
for all . The operator that maps to is called
the metric projection of onto and it is denoted as

.
Let denote the input space which is a compact subset of

the dimensional Euclidean space . Suppose that the desired
response at time instant is a nonlinear function of
the input vector . The task of nonlinear adaptive filtering
is to find the nonlinear function in an online fashion with the
measurements which arrive sequentially. For this task,
the conventional linear adaptive filtering approaches may result
in unsatisfactory performance. Kernel adaptive filtering is one
of the practical approaches to such a task, stemming from the
theory of [26]–[29].1 A celebrated example of positive definite
kernels is the Gaussian kernel ,

, for the kernel parameter . The following
section presents an efficient adaptive filtering approach using
multiple kernels.

III. MULTIKERNEL ADAPTIVE ALGORITHMS

We present multikernel NLMS algorithms based on two dif-
ferent sparsification techniques. Let ,

, be a set of distinct kernels to be em-
ployed.

1RKHSs have widely been used on the basis of the following theoretical re-
sults as well as a number of experimental results demonstrating its practical
benefits: Cover’s theorem [30], [31], the representer theorem [32], [33], con-
sistency of empirical risk minimization [34], and the universal approximation
property of Gaussian kernel [35, Example 1], [11]. A rigorous support has been
presented in [36], [37] from a functional-analytic point of view. The reader who
is unfamiliar with RKHS may refer to [31], [34].

A. Multikernel NLMS With Coherence-Based Sparsification

Let indi-
cate the dictionary . Here,
is the size of the dictionary with denoting the cardinality of a
set. Our filter takes the following form:

(1)

where , , . The estimate
of can be rewritten in a vector form as follows:

(2)

where

Moreover, it can be written in a matrix form as

(3)

where

(4)

(5)

Let the initial dictionary be empty (indicated by ),
which makes be the empty matrix. Suppose for sim-
plicity that the kernel has a unit Hilbertian norm, i.e.,
, ; the Gaussian kernel satisfies this condition. The pro-
posed algorithm adds into if the following condition is
satisfied:

(6)

where is the threshold. Note that, if , then (i)
, , and (ii) the condition in (6) is regarded

to be satisfied without any condition.
Let denote the step size and the regulariza-

tion parameter. The update rule is then given as follows.
(i) If (6) is unsatisfied, and

(7)

(ii) If (6) is satisfied, and

(8)

where and with
. Here,

denotes the zero vector.
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We name the above algorithm the multikernel NLMS algorithm
with coherence-based sparsification (MKNLMS-CS). For
, the MKNLMS-CS algorithm coincides with the KNLMS al-
gorithm, and hence it is a generalization of KNLMS. Although
an affine projection version of KNLMS has also been proposed
in [2], we restrict our attention to the NLMS version to present
our idea as simply as possible.

B. Multikernel NLMS With Block Soft-Thresholding

The basic idea of the MKNLMS-BT algorithm is the fol-
lowing: (i) operate the orthogonal projection as in (7) and (8)
for reducing estimation errors, and then (ii) operate block soft-
thresholding for promoting the sparsity at the block level. The
block soft-thresholding operator attracts each column vector of
the coefficient matrix to the zero vector. If some column
of , say , becomes the zero vector, then the set of its
corresponding functions is removed from the
dictionary and will never be used in the rest of the adaptation
process.
With , let

(9)

indicate a dictionary with its size denoted by ,

where and is de-
fined as in Section III-A. We then define the matrices and

as in (4) and (5), respectively. The definition of in
(9) implies that (i) possible zero columns of the coefficient ma-
trix are eliminated and (ii) a new column is al-
ways added to the coefficient matrix (i.e., the set of functions

is always added into the dictionary). Here,
the new column (which corresponds to the new dictionary ele-
ments) is initialized as . The estimate of
is given as

(10)

We shall now present our cost function

(11)

where denotes the weights of the weighted block
norm. The first term is an approximating function to
reduce the empirical risks. The function

defines a metric distance between a point and the following
closed convex set:

(12)

Here , , is the estimation
error function and is a small constant. The set is

called a hyperslab, and it consists of such an that makes the
estimation error sufficiently close to zero. The function
therefore expresses the discrepancy with the instantaneous data
observed at time instant .
The second term is a regularizer to reduce the dic-

tionary size. We thus have two different quantities to reduce
(i.e., the empirical risks and the dictionary size), and the reg-
ularization parameter included in balances
them. For the purpose of sparsification (i.e., reducing the dic-
tionary size), one may think of using the norm penalty which
has widely been reported to yield a sparse solution. However,
to make the multikernel approach efficient in computational
complexity and memory requirements, we need to find a solu-
tion that is sparse at the block level so that becomes fairly
small. (More detailed discussion about complexity is given in
Section III-C.) The weighted block norm in

promotes the block sparsity; it forces all the coefficients
for a given input vector to become zero simultaneously. This
specific norm has been exploited when block sparseness is de-
sired; e.g., the grouped Lasso estimator [38], the block-sparse
signal recovery [39], and the multiple kernel learning [40]. For

, it is reduced to the weighted norm.
We now describe the proposed algorithm. The size and asso-

ciated data indices of the coefficient matrix are
time dependent. We therefore introduce a new matrix

consisting of updated coefficients; i.e., the ele-
ment of is defined by . The ma-

trix consists of nonzero column vectors of
plus a zero column vector at the rightmost position cor-

responding to the new measurements. Since the block norm
is nonsmooth, the stochastic gradient approach cannot be ap-
plied to our cost function . Noticing however that is a
sum of smooth and nonsmooth convex functions, we can apply
the adaptive proximal forward-backward splitting method [24].2

The proposed algorithm is given as follows:

(13)

where is the step size parameter.3 The gradient of
at is given by

with the metric projection having the following
closed form expression:

otherwise.
2The method is an adaptive extension of the proximal forward-backward

splitting method [41], which is a powerful tool for various problems including,
among many others, constrained least-squares problems, multiresolution sparse
regularization problems, and total variation problems.
3The range of step size is generally , where is the Lipschitz

constant of . In our case, the Lipschitz constant is .
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TABLE I
COMPUTATIONAL COMPLEXITY AND MEMORY REQUIREMENTS OF KNLMS,

MKNLMS-CS, AND MKNLMS-BT WITH GAUSSIAN KERNELS

The operator denotes the prox-

imity operator of of index [41] and is given as follows
(see Appendix B):

(14)

where denotes the unit vector with one at the
position and zeros elsewhere. We call the specific proximity op-
erator in (14) the block soft-thresholding operator, which is es-
sentially equivalent to the one exploited in [42, (2.4)]. We thus
name the algorithm in (13) the multikernel NLMS algorithm
with block soft-thresholding (MKNLMS-BT). In (13), the block
soft-thresholding operator shrinks each column vector by

subtracting the vector and, if (i.e.,

the norm is sufficiently small), then such is forced to be
zero. For , the block soft-thresholding operator is re-
duced to the ordinary soft-thresholding proposed in [43]. An ex-
ample of the weights is given below. (A different weight
design based on the quasi-norm is presented in
[44].)
1) Example 1 (Design of the Weights ): For each

otherwise
(15)

where and . The block sparsity is controlled by
the parameters , , and (see also Section III-D).

C. Computational Complexity

We discuss the computational complexity and memory re-
quirements of the proposed algorithms. The overall complexity
depends on the choice of kernels. Suppose that Gaussian
kernels with different kernel parameters , , are em-
ployed. The complexity and memory requirements of the pro-
posed and KNLMS algorithms in this case are summarized in
Table I. Note that, for each , , the computation of

for all requires no more than multipli-
cations and exponential calculations, where denotes the
dimension of the input space (see Section II). This is because
(i) once is computed, it can be used for evaluating
all s, and (ii) , , can be calculated
and stored prior to adaptation. Table I and the discussion above
suggest that a block sparse solution is desired for efficiency in
complexity and memory requirements.
The use of multiple kernels may allow us to achieve the

same amount of error as the single kernel case with a smaller

value of , as will be shown experimentally in Section IV.
Let denote the average ratio of the value of
MKNLMS-CS, or MKNLMS-BT, to that of KNLMS. Then,
MKNLMS-CS, orMKNLMS-BT, could have lower complexity
than KNLMS provided that , or . Here
the complexity for an exponential calculation is counted as
that for a multiplication. Moreover the memory requirements
of both MKNLMS-CS and MKNLMS-BT could be lower
than that of KNLMS provided that . The average
complexity and memory usage of the proposed algorithms
could therefore be lower than that of KNLMS when is large
(see Section IV-B-3). We emphasize that the efficiency of
MKNLMS-BT is due to the block soft-thresholding operator.

D. Adaptive Control of and

The weighted block soft-thresholding operator en-
forces such in (13) having small norms to be the zero vec-
tors. This is reasonable because such vectors would make no
significant contribution in forming an estimate of . The pa-
rameters and in (15) should be sufficiently small so that
those vectors having large norms are not seriously af-
fected. A good choice of and depends on situations, and
hence and would need to be adapted to situations. Although
it could be better, we present a simple update rule of and
which worked well in our experiments (see Section IV-B-2

and Section IV-B-3). The basic idea is the following. Suppose
that one desires to control between and

. To this end, should be increased (decreased) if ex-
ceeds ( remains, or falls, below ). Moreover, abrupt
changes of nonlinear systems tend to cause a sharp rise in ,
and in such cases (as well as ) should also be increased to
drop rapidly back to the desired range.
Define , if , , otherwise, ,

where are constants. For an initial value
and , define and

otherwise
(16)

where , .

E. Remarks on Proposed Algorithms

It is expected that the convergence behavior of the proposed
algorithms will be improved by applying the techniques devel-
oped for linear adaptive filters [45]–[54]. Also we mention that
the proposed algorithms can be applied to online classification
with slight modifications. We present: 1) the difference of the
proposed approach from the existing MKL techniques (in addi-
tion to the fact that the proposed approach is adaptive unlike
the existing MKL techniques); 2) discussions about the dic-
tionary size; and 3) the monotone approximating property of
MKNLMS-BT.
1) Difference From Existing MKL Techniques: The multiple

kernel learning (MKL) methods [15], [16], [18]–[21], [23] se-
lect an optimal kernel among all possible convex-combinations
of given multiple kernels: ,



4676 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 9, SEPTEMBER 2012

, for some satisfying .
An element of its associated RKHS is thus expressed as

,
, for some , , and . We observe that

(i) given any , the ratio of to for arbitrary
is fixed to , and (ii) given any , the ratio of

to for arbitrary is fixed to . To
the best of the author’s knowledge, the only literature on MKL
that removes the particular restriction is [13], [17]. On the other
hand, referring to (1), the ratio of to (as well as

the ratio of to ) is not fixed. The proposed nonlinear
filter is thus able to use different kernels from a point to an-
other ( or ), hence enjoying a higher
degree of freedom than the existing MKL techniques. This is
of particular importance to reduce the dictionary size, as seen
from the following simple example and also demonstrated by
numerical examples in Section IV. Consider an unknown func-
tion which is the sum of two Gaussian functions with different
center points and kernel parameters. Suppose that two “ideal”
Gaussian kernels, each of which has the same kernel parameter
as one of the ’true’ Gaussian functions that are contained in
the unknown function, are employed. In this case, the proposed
approach is able to estimate the unknown function completely
with only two dictionary elements having their centers at the
same points as the ’true’ Gaussian functions. Note that, even
if the Gaussian kernels have non-ideal kernel parameters, the
proposed approach forms a function which maximally fits the
unknown function by adjusting the coefficient matrix . In
practice, a nonlinear filter would have its center points different
from the centers of the true Gaussian functions. Even in such a
case it is still of great benefit that the proposed approach forms
a function fitting the unknown maximally, although more than
two dictionary elements will be required to achieve high esti-
mation accuracy. In contrast, a MKL based approach requires
a large number of dictionary elements to achieve reasonable
performance even if the ideal kernels are available.
2) Dictionary Size: Consider the case of nonstationary data

first. In this case, the dictionary elements that contribute sig-
nificantly in estimation tend to change over time. In such a
scenario, the MKNLMS-BT algorithm automatically discards
wasted elements from the dictionary (see Section IV). In con-
trast, theMKNLMS-CS algorithm keeps all the elements during
the whole adaptation process once they are added into the dic-
tionary.
Consider the general case now. For the MKNLMS-CS algo-

rithm, by following the way in [2, Proposition 2], it can readily
be verified that the dictionary size under the criterion in (6) is
finite for any sequence due to the compactness of
. For the MKNLMS-BT algorithm, we have not yet obtained
such a theoretical support. Nevertheless, the dictionary size was
always finite in our extensive experiments, as also shown in
Section IV-B-2 and Section IV-B-3. The reason is that most filter
coefficients tend to disappear in a number of iterations due to
the weighted block soft-thresholding. Note here that, as the dic-
tionary size grows, the projection operator tends to make
little impacts on most of the coefficients because and

diminish for most and . Sup-

pose that certain computational constraints need to be accom-
modated in the algorithm. One may then discard such an el-
ement from whose corresponding column vector of
has the smallest norm among the columns of when the dic-
tionary size exceeds some given threshold. A simpler way is to
discard the oldest element as suggested in [9, Section 6]. We
however mention that, unlike the case of [9, Section 6] in which
the projection onto the ball is used, the block soft-thresh-
olding is able to keep the dictionary size fairly low without such
an explicit discarding operation because it makes some of the
columns of be exactly the zero vectors in a finite number of
iterations.
3) Monotone Approximation Property of MKNLMS-BT:

The MKNLMS-BT algorithm enjoys the valuable property of
monotone approximation as described below (cf. [24]). Assume
that and .
Then, at each iteration step, the becomes closer mono-
tonically to every point in (the set of minimizers); i.e.,

, for any .

IV. NUMERICAL EXAMPLES

This section shows the efficacy of the multikernel approach
through computer experiments. We adopt two Gaussian kernels

with different kernel parameters for the pro-
posed algorithms, and a (single) Gaussian kernel for KNLMS.
MSE is calculated by taking an arithmetic average over 500 in-
dependent realizations. Following nonlinear channel equaliza-
tion, online prediction of three different time series data is con-
sidered. We finally sum up the advantages of the proposed al-
gorithms.
Our first aim is to investigate the pure effect of using multiple

kernels compared to using a single kernel. We therefore com-
pare KNLMS to its straightforward extension (MKNLMS-CS)
in Sections IV-A and IV-B-1. Performance of MKNLMS-BT
is studied in Sections IV-B-2 and IV-B-3 for online prediction
of nonstationary time-series data for which MKNLMS-BT
has a particular advantage over MKNLMS-CS as stated in
Section IV-C. (See [1] for comparisons of MKNLMS-BT with
KNLMS and MKNLMS-CS for stationary data.)

A. Channel Equalization

1) Case of Static Channel: Consider the simple scenario
where a transmitter sends binary symbols
taking each value with equal probability, and the signal ob-
served at a receiver is given as with

[11]. Namely, the channel is modeled by
a nonlinear Wiener model consisting of a serial connection of
a linear time-invariant system and a memoryless nonlinearity,
followed by the additive white Gaussian noise with

dB, where .
The problem of equalization is to recover the transmitted
symbol from the received signal . In typical
communication systems, pilot symbols are transmitted so that

is available for adapting a nonlinear filter. We let
for and

, where represents the equalization time lag.
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TABLE II
PARAMETER SETTINGS FOR EXPERIMENTS IN SECTION IV-A (FIG. 1). THE
UNSPECIFIED ARE AUTOMATICALLY DETERMINED BASED ON THE IDEA IN

REMARK 1. (THE SAME APPLIES TO TABLES III AND IV)

We compare the performance of MKNLMS-CS, KNLMS,
and the linear LMS algorithm. The set of parameters employed
in this experiment is listed in Table II. The average value of
over samples is denoted by and, in this experiment, it was

approximately for both KNLMS and MKNLMS-CS.
For KNLMS, the kernel parameter gave the best per-
formance among all possible values of in this experiment.
Given kernel(s) in KNLMS or MKNLMS-CS, the dictionary

size is governed by the coherence threshold . For fair compar-
isons, we let the dictionary sizes of KNLMS andMKNLMS-CS
be equal. Indeed, since the Gaussian kernels are adopted in the
experiments, once the value for one of the algorithms is de-
termined, the value for the other to yield the same dictionary
size is given in a simple closed form as shown in the following
remark. (This idea below is extensively exploited in all the ex-
periments in this paper.)
Remark 1 (Setting the Values For Fair Comparisons): Sup-

pose that a set of Gaussian kernels is adopted in MKNLMS-CS.
Then, a simple inspection of (6) implies that a Gaussian kernel
with the smallest kernel parameter gives the maximum value.
This means that the dictionary design depends solely on the
smallest kernel parameter and the threshold , and is indepen-
dent of the other kernel parameters. One would be interested
in comparing the performance for different sets of kernel pa-
rameters under the same dictionary for fairness. How can the
values be chosen for this purpose? Let be the smallest
kernel parameter among a set of kernel parameters, and
be the smallest one among another set of kernel parameters. In
this case, the same dictionary is obtained by letting their corre-
sponding thresholds and satisfy .
Fig. 1(a) depicts the results. It is seen that, thanks to the use

of multiple kernels, MKNLMS-CS exhibits even better perfor-
mance than KNLMS (I) that employs a carefully tuned kernel
parameter.
2) Case of Dynamic Channel: We consider the case where

the channel changes abruptly at the 500th sample in each re-
alization. The transmitter sends binary symbols, the received
signal for is generated in the same way as in the
previous case, and that for is generated by

with . The other conditions
and algorithm parameters are exactly the same as in the previous
case. (The noise power is assumed constant while the power of
the received signal increases due to the change of channel.) The
average dictionary size was approximately for both
algorithms.
Fig. 1(b) depicts the results. It is seen that MKNLMS-CS

outperforms KNLMS (I) as in the static channel case. Looking
at the performance of KNLMS (II) after the change of the
channel, it can be seen that a use of a kernel parameter different

Fig. 1. Performance for equalization of: (a) static channel and (b) dynamic
channel. The average dictionary sizes: (a) and (b) .

slightly from the best one may cause a severe loss of perfor-
mance. (The performance may become even worse than a linear
adaptive filter.) The dependency of the performance on the
choice of the kernel parameter will be graphically illustrated in
Section IV-B-1.

B. Online Prediction

We consider online prediction with three different data de-
scribed below.

Data A: Mackey-Glass chaotic time series [55] char-
acterized by the following differential equation:

. We employ exactly
the same sequence as used in [11, Ch. 2].
Data B: The nonlinear time series generated by the fol-
lowing difference equation (cf. [2], [56]):

for (
), and

for
. Namely the highly nonlinear system changes

abruptly at .
Data C: The chaotic laser time series from the Santa Fe
time series competition [57] (cf. [5]).

For each of the data above, we predict with
, , in an online fashion.

1) Case of Data A: We compare the performance of the
KNLMS and MKNLMS-CS algorithms for Data A with
. The signals are corrupted by additive Gaussian noise with

zero mean and standard deviation 0.04. The following two cases
are considered.
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TABLE III
PARAMETER SETTINGS FOR EXPERIMENTS IN SECTION IV-B-1

Fig. 2. Learning curves for Data A in (a) Case 1 : an inappropriate kernel pa-
rameter and (b) Case 2 : an appropriate kernel parameter. The average dictionary
sizes: (I) and (II) in both cases.

Case 1: Only an inappropriate value of kernel parameter is
available: for KNLMS, and ,
for MKNLMS-CS.
Case 2: An appropriate value of kernel parameter is avail-
able: (recommended in [11]) for KNLMS, and

, for MKNLMS-CS.
It should be mentioned that in each case. The set of
parameters employed in this experiment is listed in Table III.
Fig. 2 depicts the learning curves in (a) Case 1 and (b) Case 2.

The average dictionary sizes were approximately (I)
and (II) in both cases. For reference, the learning
curve of NLMS is also plotted. From the figures, it is seen that
MKNLMS-CS attains reasonable performance even in Case 1. It
is also seen that the performance loss of MKNLMS-CS (II) due

Fig. 3. Impacts of the value of on MSE averaged over (a) the first 200 sam-
ples and (b) the last 500 samples for Data A.

to the insufficient dictionary size is relatively minor compared
to KNLMS (II). Comparing KNLMS (I) and MKNLMS-CS (I)
in Fig. 2(b), it is seen that the performance of the algorithms
could be comparable if (i) the kernel parameter is designed ap-
propriately and (ii) the dictionary size is sufficiently large.
Fig. 3 plots MSE against , both of which are averaged over

(a) the first 200 samples and (b) the last 500 samples (among
the total 2000 samples) in Cases 1 and 2, respectively. It is
seen that MKNLMS-CS attains considerable gains both in the
initial phase [Fig. 3(a)] and the steady state [Fig. 3(b)] when
the dictionary size is not sufficiently large. It is also seen that
MKNLMS-CS is insensitive to the choice of the kernel param-
eters in contrast to KNLMS.
Fig. 4 plots the MSE performance for different choices of

kernel parameters, where the MSEs are averaged over (a) the
first 200 samples and (b) the last 500 samples. We fix to 0.5
and change the values of (KNLMS) and (MKNLMS-CS)
within the range of . The average dictionary sizes
are approximately (a) and (b) for all the
choices of and . The figures clearly show the insensitivity
of MKNLMS-CS to the choice of the kernel parameters (as
observed also in Fig. 3). The insensitivity comes from the par-
ticular feature of the proposed approach that the kernel is not
explicitly designed a priori but it is implicitly being designed
by the filter coefficients .
2) Case of Data B: We compare the performance of the

KNLMS, MKNLMS-CS, and MKNLMS-BT algorithms for
Data B with . The signals are corrupted by additive
Gaussian noise with zero mean and standard deviation 0.1.
The set of parameters employed in this experiment is listed
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Fig. 4. Impacts of the choice of the kernel parameters on MSE averaged over
(a) the first 200 samples and (b) the last 500 samples for Data A. The average
dictionary sizes: (a) and (b) .

TABLE IV
PARAMETER SETTINGS FOR EXPERIMENTS IN SECTION IV-B-2 (FIG. 5)

in Table IV. We mention that for KNLMS is the
recommended value in [2].
Fig. 5 depicts (a) the learning curves and (b) the evolution

of . From Fig. 5(a), it is seen that MKNLMS-CS (I) and
MKNLMS-BT (I) significantly outperformKNLMS (I) after the
change of the nonlinear system, while those algorithms attain
comparable performance before the change. Meanwhile, from
Fig. 5(b), the average dictionary sizes of MKNLMS-CS (I) and
MKNLMS-BT (I) are much smaller than that of KNLMS (I).
Also it should be mentioned that, after the change of the system,
MKNLMS-CS (II) and MKNLMS-BT (II) exhibit comparable
or even better performance with considerably smaller dictio-
nary sizes compared to KNLMS (I). We remark that the sharp
rises right after the change of the system observed on the dictio-
nary-size curves of MKNLMS-BT can be alleviated to a large
extent by devising a better design of the weights as well as con-
trolling the regularization parameter dynamically. (This will
be reported elsewhere.) The complexities (multiplication + ex-
ponential) and memory usages averaged over 10 000 iterations
are given in Table V. It is seen that KNLMS and MKNLMS-CS
are comparable both in complexity and memory usage, while
MKNLMS-BT requires approximately 80%–103% more com-
plexity and 15%–26% more memory usage than KNLMS.

Fig. 5. (a) Learning curves. (b) evolution for Data B.

TABLE V
COMPLEXITIES AND MEMORY USAGES FOR EXPERIMENTS IN

SECTION IV-B-2 (FIG. 5)

TABLE VI
PARAMETER SETTINGS FOR EXPERIMENTS IN SECTION IV-B-3 (FIG. 6)

3) Case of Data C: We compare the performance of the
KNLMS and MKNLMS-BT algorithms for Data C with
. The set of parameters employed in this experiment is listed

in Table VI.Wemention that with for KNLMS
is the recommended value in [5]. Simulations are performed
with 5000 samples.
Fig. 6 plots (a) the learning curves and (b) the evolution

of for the first 2000 samples. From the figures, it is seen
that MKNLMS-BT achieves a lower MSE than KNLMS on
average with its dictionary size kept approximately forty or
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Fig. 6. (a) Learning curves. (b) evolution for Data C.

TABLE VII
COMPLEXITIES AND MEMORY USAGES FOR EXPERIMENTS IN

SECTION IV-B-3 (FIG. 6)

less. We mention that, although omitted to show, the perfor-
mance of MKNLMS-CS in this case is not as good as that of
MKNLMS-BT. The complexities and memory usages averaged
over 5000 iterations are given in Table VII. As opposed to the
experiment in Section IV-B-2, MKNLMS-BT is more efficient;
KNLMS requires approximately 81% more complexity and
109% more memory usage than MKNLMS-BT. The efficiency
of MKNLMS-BT in this experiment is due to the large dimen-
sion of the input space (see Section III-C).

C. Discussion

The major advantages of the multikernel approach indicated
by the simulation results are summarized as follows.
1) The use of multiple kernels brings a considerable gain ei-
ther (i) in the case that the dictionary size is not sufficiently
large or (ii) in the case that an inappropriate kernel is em-
ployed (see Figs. 1– 4). This is because in such cases span

has a large gap to a good filter and the use of
multiple kernels would compensate for it. From another
viewpoint, the multikernel approach is relatively insensi-
tive to the choice of parameters determining the dictio-
nary size and the kernels themselves (see Figs. 3 and 4).
This suggests that the multikernel approach only requires
rough tuning of the parameters, and hence it can alleviate
the computational burdens for finding good values of the
parameters. (Conventionally good parameter values are as-
sumed available by cross validation, which would in gen-
eral be computationally expensive.)

2) The multikernel approach significantly outperforms the
single-kernel approach when applied to nonstationary
data, even though the parameters for the single-kernel ap-
proach are carefully tuned (see Figs. 5 and 6). It should be
mentioned that good parameter values could be time-de-
pendent due to the nonstationarity of data.

3) Themultikernel approach could attain comparable, or even
better, performance with a smaller value of compared
to the single-kernel approach (see Figs. 3 and 6). When
the input-space dimension is large, the complexity and
memory usage of the multikernel approach could be lower
than that of the single-kernel approach (see Section III-C
and Table VII).
In addition, the major advantage of MKNLMS-BT over
MKNLMS-CS is given as follows.

4) For nonstationary data, the MKNLMS-BT algorithm at-
tains reasonable performancewith a fairly small dictionary
size, while the KNLMS and MKNLMS-CS algorithms in-
crease the dictionary size considerably as time goes by. As
a result, the complexity of MKNLMS-BT could be lower
than those of KNLMS and MKNLMS-CS.

V. CONCLUSION

This paper has presented a study on the multikernel ap-
proach to nonlinear adaptive filtering. A pair of fully adaptive
algorithms using multiple kernels have been proposed. The
MKNLMS-CS algorithm exploits the coherence-based criterion
for dictionary designing, while the MKNLMS-BT algorithm
exploits the weighted block soft-thresholding operator. The
remarkable advantages of the proposed algorithms have been
demonstrated, including: (i) insensitivity to the choice of
the kernel parameters (as well as the coherence threshold)
and (ii) significant performance gains and potential computa-
tional/memory efficiency for nonstationary data. Studies on
the use of heterogenius kernels would remain as an interesting
future work.

APPENDIX A
A CLASSIFICATION OF EXISTING KERNEL
ADAPTIVE FILTERING ALGORITHMS

This appendix presents a classification of the existing kernel
adaptive filtering algorithms: (i) a RKHS projection approach
and (ii) a parameter space (Euclidean space) projection ap-
proach. We explain the second approach first. Let and

in (7). The update equation can then be rewritten as
follows:

(A.1)

where . The same ap-
plies to (8) in . Namely the KNLMS algorithm is
based essentially on the projection onto the zero-instantaneous-
error hyperplane in the parameter space . Also the
kernel RLS algorithm proposed in [5] performs the RLS up-
date in a parameter space. The proposed algorithms presented
in Section III are based on the metric projections in the param-
eter space . It is clear that all coefficients are updated at
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every iteration, no matter if the function for the current
input vector is added into the dictionary or not.
Now we explain the first approach. Note that the above defi-

nition of is based on the inner product expression
of the filter output. The first approach is based on another inner
product expression of the filter output, where

is the inner product equipped in the RKHS associated
with a kernel and stands for a function such
as the in (1). The property is
widely known as the reproducing property of RKHSs. One can
thus construct another NLMS-based kernel adaptive filtering al-
gorithm as follows:

(A.2)

where . The algorithm
in (A.2) employs the projection onto the hyperplane in the
RKHS ; this algorithm is described in [11]. Indeed it is a
simple modification of NORMA [4]. The approaches proposed
in [8]–[10] share the same spirit of updating a nonlinear filter in
the RKHS, although more sophisticated algorithms have been
developed therein. The projection brings the current filter to the
hyperplane in the direction of the normal vector
or in its negative direction , provided that is
added into the dictionary. It is therefore seen that only the coef-
ficient for the newly added dictionary element is updated in this
approach.
We explain the difference between the two approaches from

another viewpoint. In the previous paragraph, or is
regarded as a point in the Hilbert space , but it is now regarded
as a function from to . The first approach adds a scaled ver-
sion of the function to the function , and the scale
(which is possibly negative) is determined so that the value at
the current input point becomes equal to (which can
be regarded as the value of the unknown nonlinear function at
). The variation of the function is minimized over in the

Hilbertian norm sense. On the other hand, the second approach
adds a weighted sum of the functions to ,
where indicates the dictionary. The weight to each function

is proportional to , which represents a simi-
larity between and the current input , and the scale is de-
termined in the analogous way to the first approach. In this way,
the variation of the filter coefficients is minimized over the pa-
rameter space , or , although the variation in
is notminimized in the Hilbertian norm sense. Both approaches
work since the filter monotonically approaches a desired point
at every iteration step either in the Hilbertian norm sense or in
the Euclidean norm sense. (See [51] for details about the mono-
tonically approaching principle of NLMS; cf. Section III-E-3.)

APPENDIX B
PROOF OF (14)

To prove (14), the following lemma is used.
Lemma B.1: Let be a real Hilbert space equipped with

the inner product , and an orthonormal basis
of for some . Let , ,

be a lower-semicontinuous4 convex function satisfying
, . Define

. Then:
(a) is a lower-semicontinuous convex function satisfying

, where is the null vector in .
(b) For any

(B.1)

where ,
.

Proof: A proof is obtained by a straightforward extension
of the proof of [41, Example 2.19].
Let in Lemma B.1 , ,

, and for . Then,

we have for
. With a reference to [41, Example

2.16], (14) can be verified.
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